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Unit 1: Measurement and Algebraic Thinking
Connections
This unit will emphasize how the knowledge of measurement contributes
to algebraic thinking.

Unit Focus
Number Sense, Concepts, and Operations
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Select and justify alternative strategies, such as using
properties of numbers, including inverse, identity,
distributive, associative, and transitive, that allow
operational shortcuts for computational procedures in
real-world or mathematical problems. (MA.A.3.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)

Measurement
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
Geometry and Spatial Sense
• Represent and apply geometric properties and
relationships to solve real-world and mathematical
problems including ratio and proportion. (MA.C.3.4.1)
Algebraic Thinking
• Describe, analyze, and generalize relationships, patterns,
and functions, using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)

Vocabulary

ra

angle ( ) .................................... two rays extending from a common
endpoint called the vertex;
measures of angles are
vertex
described in degrees (°)

y

Use the vocabulary words and definitions below as a reference for this unit.

ray

area (A) ...................................... the measure, in square units, of the inside
region of a two-dimensional figure
Example: A rectangle with sides of 4 units by 6
units contains 24 square units or has an area of
24 square units.
base
base

height

base (b) (geometric) ................ the line or plane of a
geometric figure,
base
base
base
from which an
altitude can be constructed, upon which a
figure is thought to rest

binomial ................................... the sum of two monomials; a polynomial with
exactly two terms
Examples: 4x2 + x
2a – 3b 8qrs + qr2
circle .......................................... the set of all points in a plane that are all the
same distance from a given point called the
center
congruent ( ~
= ) ........................... figures or objects that are the same shape and
size
constant ..................................... a quantity that always stays the same
corresponding
angles and sides ...................... the matching angles and sides in similar
figures
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cube ........................................... a rectangular prism that has six
square faces
decimal number ...................... any number written with a decimal point in the
number
Example: A decimal number falls between two
whole numbers, such as 1.5 falls between 1 and
2. Decimal numbers smaller than 1 are
sometimes called decimal fractions, such as
five-tenths is written 0.5.
decimal point ........................... the dot dividing a decimal number’s whole
part from its fractional part
decrease ..................................... to make less
digit ........................................... any one of the 10 symbols 0, 1, 2, 3, 4, 5, 6, 7, 8,
or 9
distributive property .............. the product of a number and the sum or
difference of two numbers is equal to the sum
or difference of the two products
Example: x(a + b) = ax + bx
edge ........................................... the line segment where two
faces of a solid figure meet

edge

face

equation .................................... a mathematical sentence in which two
expressions are connected by an equality
symbol
Example: 2x = 10
expression ................................. a collection of numbers, symbols,
and/or operation signs that stands for a
number
Example: 4r2; 3x + 2y; 25
Expressions do not contain equality (=) or
inequality (<, >, ≤, ≥, or ≠) symbols.

4
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face ............................................. one of the plane surfaces
bounding a threedimensional figure; a side

face

edge

factor .......................................... a number or expression that divides evenly
into another number
Example: 1, 2, 4, 5, 10, and 20 are factors of 20
and (x + 1) is one of the factors of (x2 – 1).
factor pair ................................. two numbers that when multiplied together
yield a given number
Example: Factor pairs for 20:
1

20
20

2
4

10
5

FOIL method ............................ a pattern used to multiply two binomials;
multiply the first, outside, inside, and last
terms:
F
First terms
O
Outside terms
I
Inside terms
L
Last terms.
2 Outside
Example:
1 First

F

O

I

L

(a + b)(x – y) = ax – ay + bx – by
3 Inside
4 Last

formula ..................................... a way of expressing a relationship using
variables or symbols that represent numbers
height (h)................................... a line segment extending from the vertex or
apex (highest point) of a figure to its base and
forming a right angle with the base or plane
that contains the base
height (h)
base (b)

height (h)
base (b)
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increase ..................................... to make greater
length (l) ................................... a one-dimensional measure that is the
measurable property of line segments
monomial ................................. a number, variable, or the product of a number
and one or more variables; a polynomial with
only one term
Examples: 8

x

4c

2y2

-3

xyz2
9

natural numbers
(counting numbers) ................ the numbers in the set {1, 2, 3, 4, 5, …}
opposite sides .......................... sides that are directly across from each other
parallel ( ) ................................ being an equal distance at every point so as to
never intersect
parallelogram ........................... a quadrilateral with two pairs of
parallel sides
perfect square .......................... a number whose square root is a whole number
Example: 25 is a perfect square because
5 x 5 = 25
pi (π)........................................... the symbol designating the ratio of the
circumference of a circle to its diameter; an
irrational number with common
approximations of either 3.14 or 22
7
polygon ..................................... closed-plane figure, having at least three sides
that are line segments and are connected at
their endpoints
Example: triangle (3 sides),
quadrilateral (4 sides),
pentagon (5 sides), hexagon (6 sides), heptagon
(7 sides), octagon (8 sides); concave, convex

6
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polynomial ............................... a monomial or sum of monomials
Examples: x3 + 4x2 – x + 8
5mp2
-7x2y2 + 2x2 + 3
power (of a number) ............... an exponent; the number that tells how many
times a number is used as a factor
Example: In 23, 3 is the power.
product ...................................... the result of multiplying numbers together
Example: In 6 x 8 = 48,
48 is the product.
proportion ................................ a mathematical sentence stating that two ratios
are equal
Example: The ratio of 1 to 4 equals
25
.
25 to 100, that is 41 = 100
proportional ............................. having the same or constant ratio
Example: Two quantities that have the same
ratio are considered directly proportional.
If y = kx, then y is said to be directly
proportional to x and the constant of
proportionality is k.
Two quantities whose products are always the
same are considered inversely proportional.
If xy = k, then y is said to be inversely
proportional to x.
hypotenuse
c

leg
a

Pythagorean theorem ............. the square of the
hypotenuse (c) of a right
b
right angle
leg
triangle is equal to the
sum of the square of the legs (a and b), as
shown in the equation c2 = a2 + b2
quadrilateral ............................ polygon with four sides
Example: square, parallelogram, trapezoid,
rectangle, rhombus, concave quadrilateral,
convex quadrilateral
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radical ........................................ an expression that has a root (square root, cube
root, etc.)
Example: 25 is a radical
Any root can be specified by an index number,
b, in the form b a (e.g., 3 8 ).
A radical without an index number is
understood to be a square root.
root to be taken (index)
radical
sign

3

8=2

root
radicand
radical

radicand .................................... the number that appears within a radical sign
Example: In 25 ,
25 is the radicand.

diameter

us

di

ratio ............................................ the comparison of two quantities
Example: The ratio of a and b is a:b or
where b ≠ 0.

ra

radius (r) ................................... a line segment extending
from the center of a circle or
sphere to a point on the circle
or sphere; (plural: radii)

a
b

,

rectangle ................................... a parallelogram with four
right angles
right angle ................................ an angle whose measure is
exactly 90°
right triangle ............................ a triangle with one right angle

8
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rounded number ..................... a number approximated to a specified place
Example: A commonly used rule to round a
number is as follows.
• If the digit in the first place after the
specified place is 5 or more, round up by
adding 1 to the digit in the specified place
( 461 rounded to the nearest hundred is 500).
• If the digit in the first place after the
specified place is less than 5, round down by
not changing the digit in the specified place
(441 rounded to the nearest hundred is 400).
scale factor ................................ the constant that is multiplied by the lengths of
each side of a figure that produces an image
that is the same shape as the original figure

side
edge of a polygon

de
si

side

e

si

sid

de

side ............................................. the edge of a polygon, the face of a polyhedron,
or one of the rays that make up an angle
Example: A triangle has three sides.

side

ray of an angle
face of a polyhedron

similar figures (~) ................... figures that are the same shape, have
corresponding, congruent angles, and have
corresponding sides that are proportional in
length
simplest form ........................... a fraction whose numerator and denominator
have no common factor greater than 1
Example: The simplest form of

3
6

is

1
2

.

square ........................................ a rectangle with four sides the same
length
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square (of a number) .............. the result when a number is multiplied by itself
or used as a factor twice
Example: 25 is the square of 5.
square root (of a number) ...... one of two equal factors of a number
Example: 7 is the square root of 49.
square units .............................. units for measuring area; the measure of the
amount of an area that covers a surface
sum ............................................ the result of adding numbers together
Example: In 6 + 8 = 14,
14 is the sum.
surface area (S.A.)
(of a geometric solid) .............. the sum of the areas of the faces and any
curved surfaces of the figure that create the
geometric solid
triangle ...................................... a polygon with three sides; the sum of the
measures of the angles is 180°

trinomial ................................... the sum of three monomials; a polynomial with
exactly three terms
Examples: x + y + 2
m2 + 6m + 3
b2 – 2bc – c2 8j2 – 2n + rp3
unit (of length) ........................ a precisely fixed quantity used to measure
measurement in inches, feet, yards, and miles,
or centimeters, meters, and kilometers
whole number ......................... the numbers in the set {0, 1, 2, 3, 4, …}
width (w) .................................. a one-dimensional measure of something side
to side
w
l

10

l

w
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Unit 1: Measurement and Algebraic Thinking
Connections
Introduction
This unit emphasizes how your knowledge of measurement contributes to
algebraic thinking. In the past, you have worked with perimeter and area
of rectangles. You have worked with the surface area of three-dimensional
objects such as cubes. Now you will explore how what you know about
measurement can translate into thinking algebraically.

Lesson One Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of
real numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Select and justify alternative strategies, such as using
properties of numbers, including inverse, identity,
distributive, associative, and transitive, that allow
operational shortcuts for computational procedures in
real-world or mathematical problems. (MA.A.3.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
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• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors on
calculations. (MA.B.3.4.1)
• Represent and apply geometric properties and
relationships to solve real-world and mathematical
problems including ratio and proportion. (MA.C.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions, using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)

12
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Measurement and Formulas
See the chart of quadrilaterals, or polygons with four sides below. A
rectangle is a parallelogram with four right angles. This means that
opposite sides are congruent ( ~
= ). They are equal in length (l), and
parallel ( ). We should remember that squares are rectangles with four
sides of the same length. Although all squares are rectangles, all rectangles
are not squares.
Quadrilaterals
example

name

trapezoid

parallelogram

rectangle

Sides marked the
same are parallel.

Sides marked the
same way are
congruent.

Angles marked with
square corners are
right angles.

description

exactly one pair
of parallel sides

opposite sides
the same length
and parallel
parallelogram
with four right
angles

rhombus

parallelogram
with four
congruent sides

square

rectangle with
four congruent
sides

The formula for the area (A) of a rectangle is as follows:
A = lw
where A represents area,
l represents length and
w represents width.
Since the length and width of a square are the same, the formula for the area
of a square is sometimes given as follows:
A = s2
where A represents area and
s represents the length of a side.
Unit 1: Measurement and Algebraic Thinking Connections
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Practice
Answer the following.
Figures A - H

A

B

E

D

C

scale
F

= 1 cm

G

H

1. Study figures A, B, C, D, E, F, G, and H above to find the area of each
rectangle. Complete the table below. The first one has been done
for you.
Area Dimensions for A - H
Figure

Area

A

2 square centimeters (cm2)

1 cm

A = lw

A 2 cm A = 1 x 2

A = 2 square cm

B
C
D
E
F
G
H
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Think about This!
Figures I - K
scale
= 1 cm

J

I

K

You will notice the following about the three figures above.
• The side lengths for the square in Figure I are greater
than 1 centimeter but less than 2 centimeters.
• The side lengths in Figure J are twice the length of those
in Figure I.
• The side lengths in Figure K are three times as long as
those in Figure I.
As you find the areas of these three squares, use a method of your choice.
• You might find subdividing the figures to be helpful.
• You might use the Pythagorean theorem (c2 = a2 + b2).
hypotenuse
c

leg

b

leg
a

right angle

• You might also use your knowledge of how area is
impacted when side lengths are doubled or tripled.

Unit 1: Measurement and Algebraic Thinking Connections
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2. Find the area of each figure on the previous page. Complete the table
below.
Area and Side Dimensions for I - K
Figure

Area

Side Measure

I

cm

J

cm

K

cm

3. Complete each of the following.
a. The area of Figure D was

square centimeters (cm).

Each side had a length of 2 centimeters, and 2 is the square
root of 4 or 4 = 2.
b. The area of Figure E was 9 square centimeters. Each side had a
length of

centimeters, and 3 is the 9 .

c. The area of Figure G was 16 square centimeters. Each side had a
length of

centimeters, and 4 is the 16 .

d. The area of Figure I was 2 square centimeters and each side had
a length of the

cm.

e. The area of Figure J was

square centimeters and

each side had a length of the

cm.

f. The area of Figure K was 18 square centimeters and each side
had a length of the

16

cm.
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______

1. a quadrilateral with two
pairs of parallel sides

A. congruent (~
=)

______

2. being an equal distance at
every point so as to never
intersect

B. length (l)

______

3. polygon with four sides

______

4. a one-dimensional measure
that is the measurable
property of line segments

______

5. an angle whose measure is
exactly 90°

______

6. a parallelogram with four
right angles

F. quadrilateral

______

7. sides that are directly
across from each other

G. rectangle

______

8. figures or objects that are
the same shape and size

H. right angle

Unit 1: Measurement and Algebraic Thinking Connections

C. opposite sides

D. parallel ( )

E. parallelogram
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Practice
Answer the following.
1. Use the formulas below to solve the items in the table on the
following page. The first one has been done for you.
Formulas
Rectangles

Squares

A represents area
l represents length
w represents width
s represents side
A = lw

A = lw

A
w
A
l

or A = s2

l=
w=

18

s= A
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Formulas and Solutions for Rectangle Dimensions
Problem to Solve

Formula Chosen

a. What is the length of a
rectangle with an area of
60 square meters (m2) and
a width of 5 meters (m)?

l= w

A

Show Work
A

l= w
l = 60
5

l = 12
The length is 12 meters.
b. What is the side measure
of a square with an area
of 64 square inches (in.2)?

c. What is the area of a
rectangle with a length of
25 centimeters (cm) and a
width of 12 centimeters?

d. What is the area of a
square with a side
measure of 40 feet (ft)?

e. What is the width of a
rectangle with an area of
600 square feet (ft2) and a
length of 30 feet?

f. What lengths and widths
are possible for a rectangle
with an area of 40 square
centimeters (cm2) if the
dimensions are natural
numbers (counting
numbers)?
g. What side measures are
possible for a square with
an area of 625 square
meters (m2) if the side
measure is a
natural number?

Unit 1: Measurement and Algebraic Thinking Connections
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2. Complete the following table. Use mental arithmetic for as many as
possible and a calculator for the remainder.
Rectangle Length, Width, and Area Dimensions
Length of
Rectangle
a.

c.

2.5 meters

d.

3 4 inches

e.

1.5 centimeters

20

35 feet
2.5 meters

1

f.

13 square inches (in.2)
10 centimeters
30 millimeters

5 14 yards (yd)

Area of
Rectangle
47.5 square feet (ft2)

5 feet

b. 20 feet

g.

Width of
Rectangle

900 square millimeters (mm2)

0.1 yard
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Practice
Use the list below to write the correct term for each definition on the line provided.
area (A)
formula
Pythagorean theorem
side

square
square root (of a number)
width (w)

________________________ 1. a one-dimensional measure of
something side to side
________________________ 2. a way of expressing a relationship using
variables or symbols that represent
numbers
________________________ 3. the measure, in square units, of the
inside region of a two-dimensional
figure
________________________ 4. the square of the hypotenuse (c) of a
right triangle is equal to the sum of the
square of the legs (a and b)
________________________ 5. one of two equal factors of a number
________________________ 6. a rectangle with four sides the same
length
________________________ 7. the edge of a polygon
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Practice
Answer the following.

Think about This!
It is good to practice shortcuts for mental arithmetic. Consider the
following ways mental math could be used with the previous practice.
Add another idea to each to be shared with the class.
1. length (l) of rectangle = 5 feet
feet
width (w) of rectangle =
area (A) of rectangle = 47.5 square feet
Since 5 times 9 is 45, the width will be more than 9 but less than 10.
5

5
45 9

47.5 x

47.5
– 45.0
2.5

I have 2.5 additional square feet and
5 times

1
2

is 2 12 or 2.5.

Therefore the width must be 9.5 feet.
Another idea: _______________________________________________
___________________________________________________________

22
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2. l = 20 feet
w = 35 feet
A =
square feet
35 times 10 is 350. Twice that will be an area of 700 square feet.
35 x 10 = 350
x2
700 square feet

Another idea: _______________________________________________
___________________________________________________________
3. l = 2.5 meters
w = 2.5 meters
A =
square meters
Remember from perfect squares that 25 times 25 is 625.
The area is 6.25 square meters after counting off 2 decimal places
to the left.

25 x 25 = 625
2.5 x 2.5 = 6.25 move decimal point
two places to the left
Another idea: _______________________________________________
___________________________________________________________
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4. l = 3 14 inches
w =
inches
A = 13 square inches
4 times 3 is 12.
4 times

1
4

is 1.

The width is 4 inches.
Another idea: _______________________________________________
___________________________________________________________
5. l = 1.5 centimeters
w = 10 centimeters
A =
square centimeters
When multiplying by 10, the decimal point moves one place to the
right.
1.5 x 10 = 15. move decimal point
one place to the right

The area is 15 square centimeters.
Another idea: _______________________________________________
___________________________________________________________

24

Unit 1: Measurement and Algebraic Thinking Connections

6. l =
millimeters
w = 30 millimeters
A = 900 square millimeters
30 times 3 is 90, so 30 times 30 must be 900.
30 x 3 = 90

30 x 30 = 900

The length is 30 millimeters.
Another idea: _______________________________________________
___________________________________________________________
7. l = 5 14 or 5.25 yards
w = 0.1 yards
square yards
A =
When multiplying by 0.1 or
the left.
5.25 x 0.1 = 0.525

1
10

, the decimal point moves one place to

move decimal point
one place to the left

The area is 0.525 square yards.
Another idea: _______________________________________________
___________________________________________________________
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Practice
Answer the following.
Complete the following table. Do as many as possible mentally and use a
calculator for those not currently memorized.
For the area of the square having a side measure of 21, try entering 21 x 21
on the calculator. If your calculator has a key for squaring a number, try
using it. Use the method you prefer. The first two have been done for
you.

Finding the Areas of Squares
Side Measure of Square Area of Square
1 inch
1 square inch
2 inches
4 square inches
3 inches
4 inches
5 inches
6 inches
7 inches
8 inches
9 inches
10 inches
11 inches
12 inches
13 inches
14 inches
15 inches
16 inches
17 inches
18 inches
19 inches
20 inches
21 inches
22 inches
23 inches
24 inches
25 inches

26
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Perfect Squares
The number of square inches in the area of each of these squares having
side measures that are natural numbers {1, 2, 3, 4, 5, …} are called perfect
squares or perfect square numbers. See the chart below. You know many of
the squares of the numbers. You are encouraged to make some flash cards
to use for practice until you know all of them. Perfect squares are
frequently used in mathematics.
Perfect Squares
12 =

1

142 = 196

22 =

4

152 = 225

32 =

9

162 = 256

42 = 16

172 = 289

52 = 25

182 = 324

62 = 36

192 = 361

72 = 49

202 = 400

82 = 64

212 = 441

92 = 81

222 = 484

102 = 100

232 = 529

112 = 121

242 = 576

122 = 144

252 = 625
2

7

132 = 169

12 2
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Practice
Answer the following.
1. Complete the following table. Use mental arithmetic for as many as
possible and a calculator for the remainder.
Side Measures of Squares
Area of Square

Side Measure of Square

576 square feet (ft2)
1600 square meters (m2)
1225 square centimeters (cm2)
81 square inches (in.2)
1 square yard (yd2)
10,000 square feet (ft2)
361 square millimeters (mm2)

Think about This!
If you used mental math to determine the side measure for the square
having an area of 576 square feet for the first problem above, you may
have done the following:
• You may have memorized that 242 is 576.
• If you had not memorized 242 but remembered that 202 is 400 and
302 is 900, you could have reasoned the answer would be between
20 and 30. You might then have guessed and checked.
• Since the units digit in 576 is 6, you may have guessed 24 and 26,
since the value of 42 is 16 and has a units digit of 6, as does the value
of 62, which is 36.
• If you used a calculator, you may have guessed and checked.
• If your calculator has a square root key, you may have used it.
Consider which method you prefer.

28
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Try these.
2. The dimensions of a rectangle with an area of 100 square feet consist
of whole numbers. Its length is 4 times its width. What are the
dimensions?
a. Solve this by listing all factor pairs for 100 and determining
which factor pair meets the criteria of the problem. Show all
your work.
Hint: Two of the factor pairs for 100 are as follows.
1 and 100 or 1 x 100
2 and 50 or 2 x 50
Remember: A factor pair is two numbers that when
multiplied together yield a given number.
For example:
20
1

20

2
4

10
5

Answer:

b. Solve this using an equation based on the formula A = lw and
the information provided in the problem. Show your work.
Answer:

Unit 1: Measurement and Algebraic Thinking Connections
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3. The dimensions of a rectangle with an area of 150 square yards are
stated whole numbers. Its width is 23 its length. What are the
dimensions?
a. Solve this by listing all factor pairs for 150 and determining
which factor pair meets the criteria of the problem. Show all
your work.
Answer:

b. Solve this using an equation based on the formula A = lw and the
information provided in the problem.
Hint: Let x represent the length and ( 23 )x represent the width.
The product of the length and width will contain an x2.
This should prompt you to think, “The square of what
?”
number is
Answer:

30
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Practice
Use the list below to write the correct term for each definition on the line provided.
digit
equation
factor pairs
natural numbers

perfect square
square (of a number)
whole number

________________________ 1. the numbers in the set {1, 2, 3, 4, 5, …}
________________________ 2. any one of the 10 symbols 0, 1, 2, 3, 4, 5,
6, 7, 8, or 9
________________________ 3. the numbers in the set {0, 1, 2, 3, 4, …}
________________________ 4. the result when a number is multiplied
by itself or used as a factor twice
________________________ 5. a number whose square root is a whole
number
________________________ 6. two numbers that when multiplied
together yield a given number
________________________ 7. a mathematical sentence in which two
expressions are connected by an equality
symbol

Unit 1: Measurement and Algebraic Thinking Connections
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Lesson Two Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Select and justify alternative strategies, such as using
properties of numbers, including inverse, identity,
distributive, associative, and transitive, that allow
operational shortcuts for computational procedures in
real-world or mathematical problems. (MA.A.3.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
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• Represent and apply geometric properties and
relationships to solve real-world and mathematical
problems including ratio and proportion. (MA.C.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions, using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)

Area
Think about This!
Study the figures on the following page. The original dimensions of
Figure L were 1 centimeter by 2 centimeter.
• The measure of the bottom edge was increased by 2 units.
• The area of the original Figure L was (1)(2) or 2 square centimeters.
• The area of the addition is (2)(2) or 4 square centimeters.
• The total area of the enlarged figure is (1)(2) + (2)(2) or 2 + 4 or 6.
You may also note that the area of the figure including its addition could be
found by doing the following:
A = lw
A = (1 + 2)(2)
A = (3)(2)
A = 6 square
centimeters.

1
2 L
1

2
A = (2)(2)
= 4 cm2

2

A = (1)(2) = 2 cm2
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Figure L
Total area =
2

(1)(2) + (2)(2) =
2 + 4 = 6 cm2
or
(1 + 2)2 = (3)2 = 6 cm2

33

Note: Shaded areas represent additions to original figures.
Figures L - Q

2 L

4

2

1

A = (2)(2)
= 4 cm2

1

A = (1)(2) = 2 cm2

A = (4)(1) = 4 cm2

1
2

1

2

A = (4)(2) = 8 cm

2

2

2

M

A = (1)(2) = 2 cm2

2

1

A = (2)(2)
2
2 = 4 cm

2

N
2

4

1

Figure L
Total area =
(1)(2) + (2)(2) =
2 + 4 = 6 cm2
or
(1 + 2)2 = (3)2 = 6 cm2

3

3

3

2

A = (3)(3)
= 9 cm2

A = (2)(3)
= 6 cm2

A = (3)(6)
= 18 cm2

3

O

1
6

3

6

P

6

2

A = (3)(2)
= 6 cm2

2

1

Q
3

2

A = (6)(1) = 6 cm2

A = (6)(3) = 18 cm2

3

6

3
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Practice
Answer the following.
1. Using figures L, M, N, O, P, and Q on the previous page, complete
the following table. The first one has been done for you.
Areas of Figures L - Q
Figure

Original
Dimensions

Original
Area

New
Dimensions

New Area

L

1 by 2

1x2=2

(1 + 2) by 2

(1 + 2)(2) =
3x2=
6
or
(1)(2) + (2)(2) =
2+4
=6
6 square centimeters

2 square
centimeters

M

4 by 2

4 by (1 + 2)

N

2 by 2

(2 + 1) by 2

O

3 by 3

(3 + 2) by 3

P

3 by 6

3 by (6 + 2)

Q

6 by 3

6 by (1 + 3)
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Distributive Property
The distributive property tells us that 2(2 + 1) = 6, whether we add first:
2(2 + 1) =
2(3) =
6
or whether we multiply each of the addends (any number being added) by
the factor of 2 and add the products:
(2 x 2) + (2 x 1) =
4 +2
=
6
It also tells us that (2 + 1)(2) = 6, whether we add first:
3(2)
6

=

or whether we multiply 2 by each of the addends:
2(2) + 1(2)
4 +2
6

36

=
=

Unit 1: Measurement and Algebraic Thinking Connections

Finding Area Using Scale Factor
Similar figures (~) have the same shape; have corresponding, congruent
angles ( ); and have corresponding sides that are proportional in length.
The scale factor is the constant that is multiplied by the lengths of each
side of a figure. It produces the same shape as the original figure.
Study Figures S and T.
Areas of Figures S + T
A = 1 cm2
A = 4 cm2
A=
4 cm2
Figure S
Total area
5 cm2
side length =

A=
4 cm2 A = 2
4 cm
Figure T

A = 4 cm2

Total area
20 cm2
side length = 20 or 2 5

5

Think about This!
The subdivision of Figure S above can also be described as follows.
• The small square in the center of the large square of Figure S has
area of 1 square centimeter.
It is surrounded by four congruent right triangles.
Each has a base (b) of 1 unit, a height (h) of 2 units,
and an area of ( 12 )(1)(2) or 1 square unit.
Remember: The formula for area of a triangle is
A=

1
2

bh where
A represents area,
b represents base, and
h represents height.

• The area of the large square of Figure S is therefore 5 square
centimeters.
Each side of the square has length of 5 .
Unit 1: Measurement and Algebraic Thinking Connections
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If the side lengths of Figure S are doubled, Figure T is the result.
• The area of Figure T can be determined by subdivision as
illustrated on the previous page.
• The area of Figure T can also be determined by applying
the knowledge that area increases by the square of the
scale factor.
Since we used a scale factor of 2 (doubling the length of
each side), the area of Figure T will be 4 times as great
as the area of Figure S.
The area will be 20 square centimeters and each side
will have length of 20 .
We know each side of the square of Figure T is twice
as long as each side of the square of Figure S.
We therefore know that the length of a side must be
2 5.
This would indicate that the expressions 20 and
2 5 must have the same value.
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Rules for Simplifying Radical Expressions
We will look at a rule for simplifying radical expressions. When a radicand
is in its simplest form, it does not have a factor that is a perfect square
greater than 1. See examples below.
• The square root of 5 or 5

radical
sign

5 has no perfect square factor greater
than 1. This is in simplest form.

5
radicand

simplified radical expression

• The square root of 20 or 20
20 has a perfect square factor of 4. Therefore

20 =

4 •␣ 5

=2 5

• The square root of 2 or 2
2 has no perfect square factor greater than 1. This is in
simplest form.
• The square root of 8 or 8
8 has a perfect square factor of 4. Therefore
8 =

4 •␣ 2

=2 2

• The square root of 18
18 has a perfect square factor of 9. Therefore

18 =

9 •␣ 2

=3 2

Unit 1: Measurement and Algebraic Thinking Connections

39

Practice
Simplify the following:

40

1.

50 =

7.

98 =

2.

80 =

8.

125 =

3.

500 =

9.

300 =

4.

150 =

10.

72 =

5.

63 =

11.

48 =

6.

90 =

12.

108 =
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Practice
Simplify the following:
1.

20 =

7.

75 =

2.

128 =

8.

100 =

3.

147 =

9.

625 =

4.

162 =

10.

96 =

5.

10 =

11.

12 =

6.

45 =
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Answer the following.
12. The surface area (S.A.) of a cube is made up of 6
congruent square faces. If the surface area of a cube
is 96 square inches, what is the length of one edge
of the cube? Explain how you got your answer.
Answer:

surface area (S.A.)
of cube =
96 square inches

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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13. The dimensions of a rectangle with an area of 24 square meters are
whole numbers. The length is 5 meters greater than the width. What
are its dimensions?
a. Solve this by listing all factor pairs for 24 and determining which
meets the criteria of the problem. Show all your work.
Answer:

meters by

meters

b. Write and solve an equation using your chosen factor pair for
the area of 24 to determine the dimensions. Show all your
work.
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______

______

______

44

1. a line segment extending from
the vertex or apex (highest point)
of a figure to its base and
forming a right angle with the
base or plane that contains the
base
2. a precisely fixed quantity used
to measure measurement in
inches, feet, yards, and miles, or
centimeters, meters, and
kilometers
3. figures that are the same shape,
have corresponding, congruent
angles, and have corresponding
sides that are proportional in
length

A. base (b)

B. constant

C. height (h)

D. product

E. right triangle

______

4. a quantity that always stays the
same

______

5. a triangle with one right angle

F. scale factor

______

6. the ratio between the lengths of
corresponding sides of two
similar figures

G. similar figures (~)

______

7. the result of multiplying
numbers together

______

8. the line or plane of a geometric
figure, from which an altitude
can be constructed, upon which
a figure is thought to rest

H. unit (of length)
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Practice
Use the list below to write the correct term for each definition on the line provided.
cube
increase
radical
radicand

simplest form
square units
surface area (S.A.)
triangle

________________________ 1. the sum of the areas of the faces and any
curved surfaces of the figure that create
the geometric solid
________________________ 2. the number that appears within a
radical sign
________________________ 3. an expression that has a root (square
root, cube root, etc.)
________________________ 4. units for measuring area; the measure of
the amount of an area that covers a
surface
________________________ 5. to make greater
________________________ 6. a rectangular prism that has six square
faces
________________________ 7. a polygon with three sides; the sum of
the measures of the angles is 180°
________________________ 8. a fraction whose numerator and
denominator have no common factor
greater than 1
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Lesson Three Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of
real numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Select and justify alternative strategies, such as using
properties of numbers, including inverse, identity,
distributive, associative, and transitive, that allow
operational shortcuts for computational procedures in
real-world or mathematical problems. (MA.A.3.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
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• Represent and apply geometric properties and
relationships to solve real-world and mathematical
problems including ratio and proportion. (MA.C.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions, using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
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Corresponding Parts of Similar Figures
We sometimes increase or decrease the size of a figure by changing one or
more of its dimensions. Study Figures 1, 2, 3, 4, and 5 below.
Changing Dimensions of Figures 1 - 5
Figure 1

Figure 2

Figure 3

x

y

z

x

x
1

y

y

2

2

1

z

z

3

3

y

x

z
Figure 4

Figure 5

a

a

b

b

4

4

c

c

6

6

a

• Figures 1, 2, and 3 above were originally squares—one of
the dimensions of each was increased.
• Figures 4 and 5 above were rectangles—one of the
dimensions of each was increased.
You will consider the area of the original figure as well as the area of the
new figure resulting from the increase of a dimension.
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Practice
Answer the following.
1. Using Figures 1, 2, 3, 4, and 5 on the previous page, complete the
following table. The first one has been done for you.
Areas of Figures 1 - 5
Figure Original
Dimensions
1

x by x

2

y by y

3

z by z

4

a by b

5

a by c

Original
Area

x2

New
Dimensions
x by (x + 1)

New Area
x(x + 1) = x 2 + 1x

y by (y + 2)

z 2 + 3z

ab
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Congruent Figures and Similar Figures
Think about This!
Recall the following:
• Two figures are congruent if they have the same size and
shape. This means that if one is placed directly over the
top of the other, the fit is perfect.
• Two figures are similar if corresponding angles are
congruent and corresponding sides are in proportion
and have equivalent ratios. Since all angles in a rectangle
are right angles, we know corresponding angles are
congruent.
• To test for similarity in rectangles, we must determine
whether or not corresponding sides are in proportion and
have equivalent ratios. If we double the length of a
rectangle, we must also double its width if the larger
rectangle is to be similar to the smaller.
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Practice
Answer the following.
Figures A - H

A

B

E

D

C

scale
F

= 1 cm

G

H

1. Use Figures A, B, C, D, E, F, G, and H above to complete each of the
following:
a. Figures D and G are
(congruent, similar) because
their corresponding angles are congruent and the side lengths
of figure D have been doubled to produce figure G. Therefore,
corresponding sides are in proportion and have equivalent
ratios.
(congruent, similar) because
b. Figures B and C are
they are the same size and shape.
c. Figures A, B, and F are
(congruent, similar)
because their corresponding angles are congruent and
corresponding sides are in proportion and have equivalent
ratios.
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d. When all 4 side lengths of Figure A were doubled to produce
Figure B, the area of Figure B became

times as

great as the area of Figure A.
e. When all 4 side lengths of Figure A were tripled to produce
Figure C, the area of Figure C became

times as

great as the area of Figure A.

f. Since all 4 side lengths of Figure F are

3
2

times as long as the

side lengths of Figure B, the area of Figure F is
times as great as the area of Figure B.
(congruent, similar)
g. Figures D, E, and G are
because corresponding angles are congruent and corresponding
sides are in proportion and have equivalent ratios.
h. Figures B and H
(are, are not) similar even
though they have the same area.
i. The statement, “All squares are similar,” is
(true, false)
j. The statement, “All rectangles are similar,” is
(true, false)
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2. The surface area of a cube is 54 square centimeters.
The dimensions of the cube are doubled. What is the surface area of
the larger cube? Explain how you got your answer.
Answer:
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

3. The surface area of a cube is 486 square inches. The length of one
edge of a smaller cube is 13 the length of an edge of this larger cube.
What is the length of an edge for the smaller cube? Explain how you
got your answer.
Answer:
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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Lesson Four Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Select and justify alternative strategies, such as using
properties of numbers, including inverse, identity,
distributive, associative, and transitive, that allow
operational shortcuts for computational procedures in
real-world or mathematical problems. (MA.A.3.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors on
calculations. (MA.B.3.4.1)
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• Represent and apply geometric properties and
relationships to solve real-world and mathematical
problems including ratio and proportion. (MA.C.3.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
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Writing and Solving Equations
You will apply your knowledge of area as you write and solve equations in
this lesson. First we will examine polynomials. A polynomial is either a
monomial or the sum of monomials. Some polynomials have special
names.
Remember: It says the sum of monomials above because to
subtract you add the opposite.
Classifications of Polynomials
Name

Number of
Terms

Examples

monomial

one term

8

binomial

two terms

4x 2 + x

trinomial

three terms

x+y+z

m 2 + 6m + 3

8j 2 – 2n + rp 3

-7x 2 y 2 + 2x 2 + 3

x

4c

2y

-3

2a – 3b

xyz 2
9

5mp 2

8qrs + 9r 2
b 2 – 2bc – c 2

Polynomials can be arranged in any order. In standard form, polynomials
are arranged from left to right, from greatest to least degree of power. For
example:
x7 – x2 + 8x
The dimensions for each of the figures described in numbers 1-5 in the
next practice can be represented as monomials such as x and 1.25x.
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Practice
Answer the following.
1. The area of a square office is 256 square feet.
What is the length of each side?

A = 256
square feet

Answer:

2. The area of a square closet is 40 square feet. The length of
a side is not a whole number. Give the length of a side in
simplified radical form as well as a decimal number
rounded to the nearest tenth.

A = 40
square
feet

Answer in simplified radical form:
Answer in decimal number rounded to the nearest tenth:

3. The area of a rectangular garage is 500 square feet. The length is 1.25
times the width. What are the dimensions?
Answer:

4. The area of a triangular flower bed is 20 square feet. Its base is 1.6
times the height.
Remember: The area of a triangle
is

1
2

A=

the base times the height.
1
2

bh

What are the dimensions?
Answer:
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Teacher tip: If the
name of the shape
begins with a T
(such as triangle or
trapezoid) then you
multiply by 12 (or
divide by 2).
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5. The area of a circular flowerbed is 50 pi (π)
square feet—π has the approximate value (≈) of
3.14 or 22
7 . What is the measure of the
radius (r) in simplified radical form? What is
the measure of the radius rounded to the nearest
whole number?

radius
A = 50π ft2

Remember: Area (A) of a circle is
pi (π) multiplied by the radius (r) squared.
A = πr2
Answer in simplified radical form:
Answer rounded to the nearest whole number:

6. Complete the table below.
Area of Rectangles
Length of Rectangle
in Units

58

Width of Rectangle
in Units

x

x

x

3

7

x

7

3

2x

2x

2x

1

2x

3

a

2b

2b

4

a

12

x

y

x

5

Area of Rectangle
in Square Units
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Solving Equations with Binomials
Think about This!
A rectangle is formed by increasing the length of a square by 7 feet and the
width 3 feet. The length of a side of the original square was represented as
x feet. To find the area of the rectangle, the product of the length and
width is needed.
length (l) = x + 7
width (w) = x + 3
area (A) = lw
A = (x + 7)(x + 3)

x + 7 feet
x + 3 feet

A = (x + 7)(x + 3)

Each of these dimensions is represented by a binomial (the sum of two
monomials), and the product of the two binomials must be found to
determine the area.
From the illustration above, you can see the area of each of the four parts
of the rectangle:
Part One: A =

(x + 7)(x + 3)
(x)(x) or x2

Part Two: A =

(x + 7)(x + 3)

Part Two
3 A = (3)(x)
A = 3x

Part Four
A = (7)(3)
A = 21

Part One
x A = (x)(x)
A = x2

Part Three
A = 7(x)
A = 7x

(3)(x) or 3x

x

7

Part Three: A = (x + 7)(x + 3)
(7)(x) or 7x
Part Four: A = (x + 7)(x + 3)
(7)(3) or 21

Teacher tip: Do you recognize the
FOIL Method in Parts One-Four?
F - first terms
O - outside terms
I - inside terms
L - last terms
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The sum of these four parts of the rectangle can be represented as follows:
x2 + 3x + 7x + 21
This polynomial can be simplified by combining the two like terms, 3x
and 7x.
x2 + 10x + 21.
This trinomial (the sum of three monomials) represents the area of the
rectangle.
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Practice
Answer the following. Find the area of each figure below and express in
simplest form.
Remember: The area (A) of a rectangle is length (l) times
width (w).
A = lw
x

1.

2

5

x

Area =
x

10

2.

12

x

Area =

3.

1
2x
2x

3

Area =
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4.

5

y
x

4

Area =

5.

4
a
2b

12

Area =
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Using Equations to Find Area of Rectangles
Think about This!
In the example provided at the beginning of this lesson on pages 59-60,
the dimensions of the rectangle were (x + 7) and (x + 3). The area was their
product. Consider the following.
(x + 7)

(x + 3)

=

x(x + 3) + 7(x + 3)

=

x2 + 3x + 7x + 21

=

x2 + 10x +

3
A = x2 + 10x + 21
x

21

x

7

(x + 4)

(y + 5)

=

x(y + 5) + 4(y + 5)

=

A = xy + 5x + 4y + 20

In number 4 in the previous practice, the dimensions of the rectangle were
(x + 4) and (y + 5). The area was their product. Consider the following.

5

xy + 5x + 4y + 20
y
x
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Now consider finding the product
of 26 and 43 in a similar manner.
(26)
(20 + 6)

(43)

=

(40 + 3) =

20(40 + 3) + 6(40 + 3) =

Also consider the following:
43
x 26
258 (6 x 3) + (6 x 40)
+ 860 (20 x 3) + (20 x 40)
1,118

800 + 60 + 240 + 18 =
1,118
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Practice
Answer the following.
Complete the table below. If an illustration of a rectangle having these
dimensions would be helpful, sketch one.
Areas of Rectangles
Length of Rectangle
in Units

Width of Rectangle
in Units

(2x + 5)

(x + 2)

(x + 15)

(y + 3)

(a + 2.5)

(b + 2.5)

(x + y)

(a + b)

(3x + 5)

(2x + 7)

Area of Rectangle
in Square Units

Think about This!
To find the product of two binomials, each term of the first binomial must
be multiplied by each term of the second binomial, yielding a four-term
polynomial. This polynomial should be simplified, if possible.

Unit 1: Measurement and Algebraic Thinking Connections

65

Practice
Answer the following.
Find the area of each of the following figures.

c
1. b

7

a

Area =

a

2.

d
c
b

Area =
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3.

5
d
c
c

a
Area =

4.

5

y
x
x

7

Area =

Think about This!
In numbers 1 and 2, the area of the figure was represented by the product
of a monomial and a trinomial. To find this product, you multiplied the
monomial by each term of the trinomial. Since there were no like terms in
the product, the resulting trinomial could not be simplified.
In numbers 3 and 4, the area of the figure was represented by the product
of a binomial and a trinomial. To find this product, you multiplied each term
of the binomial by each term of the trinomial and simplified the resulting
polynomial, if possible.
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Practice
Answer the following.
Complete the table below. If an illustration of a rectangle having these
dimensions would be helpful, sketch one.
Areas of Rectangles
Length of Rectangle
in Units

68

Width of Rectangle
in Units

(2a + b)

(2a + c)

(3x + y)

(2x + 3y + 7)

(m + 6)

(n + 4)

(4r + s)

(r + 2s + 4)

(5c + 6)

(2c + 20)

Area of Rectangle
in Square Units
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Using Equations to Find the Area of Circles
The formula for the area of a circle is the product of the square of the
radius and pi.
A = πr2
Consider the following.
A circle has a radius of (x + 4). To find its area, the square of the radius
must be multiplied by pi (π). Consider the squaring of a radius with a
measure of (x + 4).
(x + 4)2
(x + 4)

=

(x + 4) =

x(x + 4) + 4(x + 4) =
x2 + 4x + 4x + 16 =
x2 + 8x + 16
When the square of the radius is multiplied by an approximate value for
pi, 3.14, the result will be as follows:
3.14(x2 + 8x + 16) =
3.14x2 + 25.12x + 50.24
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Practice
Answer the following.
Complete the table below, substituting 3.14 for pi (π).
Area of Circles
Radius of
Circle in Units

Area of Circle
in Square Units

(2a + 6)
(3x + y)
(4r + 2s)
(8v + 7)
(12c + 13d)
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______

1. a number, variable, or the product of
a number and one or more variables

A. binomial

______

2. a polynomial with exactly two terms

B. length (l)

______

3. a monomial or sum of monomials

______

4. a line segment extending from the
center of a circle or sphere to a point
on the circle or sphere

______

5. a one-dimensional measure that is the
measurable property of line segments

______

6. a polynomial with exactly three terms

______

7. the symbol designating the ratio of
the circumference of a circle to its
diameter; an irrational number with
common approximations of either
3.14 or 22
7

______

8. a one-dimensional measure of
something side to side
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C. monomial

D. pi (π)

E. polynomial

F. radius (r)

G. trinomial

H. width (w)
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Practice
Use the list below to write the correct term for each definition on the line provided.

area (A)
factor pair
proportion
radical

scale factor
similar figures (~)
simplest form

________________________ 1. a mathematical sentence stating that
two ratios are equal
________________________ 2. two numbers that when multiplied
together yield a given number
________________________ 3. figures that are the same shape, have
corresponding, congruent angles, and
have corresponding sides that are
proportional in length
________________________ 4. a fraction whose numerator and
denominator have no common factor
________________________ 5. an expression that has a root (square
root, cube root, etc.)
________________________ 6. the measure, in square units, of the
inside region of a two-dimensional
figure
________________________ 7. the constant that is multiplied by the
lengths of each side of a figure that
produces an image that is the same
shape as the original figure
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Unit 2: More Measurement and Algebraic Thinking
Connections
This unit emphasizes how measurements can contribute to algebraic
thinking and expands upon lessons in the previous unit.

Unit Focus
Number Sense, Concepts, and Operations
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Select and justify alternative strategies, such as using
properties of numbers, including inverse, identity,
distributive, associative, and transitive, that allow
operational shortcuts for computational procedures in
real-world or mathematical problems. (MA.A.3.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)

Measurement
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
Geometry and Spatial Sense
• Represent and apply geometric properties and
relationships to solve real-world and mathematical
problems including ratio and proportion. (MA.C.3.4.1)
Algebraic Thinking
• Describe, analyze, and generalize relationships, patterns,
and functions, using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Represent real-world problem situations using finite
graphs, matrices, and sequences. (MA.D.2.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)

Vocabulary
Use the vocabulary words and definitions below as a reference for this unit.
algorithm ........................................ procedures or series of steps used to
solve a problem
Example: A flow chart is a visual
representation of an algorithm.
area (A) ............................................ the measure, in square units, of the
inside region of a two-dimensional
figure
Example: A rectangle with sides of 4
units by 6 units contains 24 square units
or has an area of 24 square units.
binomial ......................................... the sum of two monomials; a
polynomial with exactly two terms
Examples: 4x2 + x
2a – 3b 8qrs + qr2
common factor ............................... a number that is a factor of two or more
numbers; a multiplier shared by the
terms in an expression
Examples: 3 is a common factor of 15, 21,
and 24 and in the expression 2b + 3b, b is
common to both terms, so b is the
common factor.
constant ........................................... a monomial with no variables
Example: In (4x + 5) + (8x + 1), 5 and 8
are constants.
difference........................................ a number that is the result of subtraction
Example: In 16 – 9 = 7,
7 is the difference.
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exponent (exponential form) ...... the number of times the base occurs as a
factor
Example: 23 is the exponential form of
2 x 2 x 2. The numeral two (2) is called
the base, and the numeral three (3) is
called the exponent.
expression ....................................... a collection of numbers, symbols,
and/or operation signs that stands for a
number
Example: 4r2; 3x + 2y; 25
Expressions do not contain equality (=)
or inequality (<, >, ≤, ≥, or ≠) symbols.
factor ................................................ a number or expression that divides
evenly into another number
Example: 1, 2, 4, 5, 10, and 20 are factors
of 20 and (x + 1) is one of the factors of
(x2 – 1).
factor pair ....................................... two numbers that when multiplied
together yield a given number
Example: Factor pairs for 20

20
1 20
2 10
4 5
greatest common factor (GCF) .... the largest of the common factors of two
or more numbers
Example: For 6 and 8, 2 is the greatest
common factor.
integers ........................................... the numbers in the set
{… , -4, -3, -2, -1, 0, 1, 2, 3, 4, …}
length (l) ......................................... a one-dimensional measure that is the
measurable property of line segments
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like terms ........................................ terms that have the same variables and
the same corresponding exponents
Example: In 5x2 + 3x2 + 6, 5x2 and 3x2 are
like terms
monomial ....................................... a number, variable, or the product of a
number and one or more variables; a
polynomial with only one term
Examples: 8

x

4c

2y2

-3

xyz2
9

negative numbers ......................... numbers less than zero
perfect square ................................ a number whose square root is a whole
number
Example: 25 is a perfect square because
5 x 5 = 25
perimeter (P) .................................. the distance around a polygon
polygon ........................................... a closed-plane figure, having at least
three sides that are line segments and are
connected at their endpoints
Example: triangle (3 sides),
quadrilateral (4 sides),
pentagon (5 sides), hexagon (6 sides),
heptagon (7 sides), octagon (8 sides);
concave, convex

polynomial ..................................... a monomial or sum of monomials
Examples: x3 + 4x2 – x + 8
5mp2
-7x2y2 + 2x2 + 3
positive numbers .......................... numbers greater than zero
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power (of a number) ..................... an exponent; the number that tells how
many times a number is used as a factor
Example: In 23, 3 is the power.
prime number ................................ any whole number with only two whole
number factors, 1 and itself
Example: 2, 3, 5, 7, 11, etc.
prime polynomial ......................... a polynomial that cannot be factored
product ............................................ the result of multiplying numbers
together
Example: In 6 x 8 = 48,
48 is the product.
quotient ........................................... the result of dividing two numbers
Example: In 42 ÷ 7 = 6,
6 is the quotient.
rectangle ......................................... a parallelogram with
four right angles
square .............................................. a rectangle with four sides the
same length
square root (of a number) ............ one of two equal factors of a number
Example: 7 is the square root of 49.
square units .................................... units for measuring area; the measure of
the amount of an area that covers a
surface
sum .................................................. the result of adding numbers together
Example: In 6 + 8 = 14,
14 is the sum.
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table (or chart) ............................... a data display that organizes
information about a topic into categories
term .................................................. a number, variable, product, or quotient
in an expression
Example: In the expression 4x2 + 3x + x,
4x2, 3x, and x are terms.
trinomial ......................................... the sum of three monomials; a
polynomial with exactly three terms
Examples: x + y + 2
m2 + 6m + 3
b2 – 2bc – c2 8j2 – 2n + rp3
unlike terms ................................... terms that have different variables
Example: In 8x + y, x and y are unlike
terms
value (of a variable) ...................... any of the numbers represented by the
variable
variable ........................................... any symbol, usually a letter, which
could represent a number
whole number ............................... the numbers in the set {0, 1, 2, 3, 4, …}
width (w) ........................................ a one-dimensional measure of
something side to side
w
l
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Unit 2: More Measurement and Algebraic Thinking
Connections
Introduction
In your early studies of whole numbers, you learned to find the product of
two whole numbers, write factor pairs for a number, and find the greatest
common factor (GCF) for two or more numbers. Now you will take that
knowledge and apply it to algebraic expressions.

Lesson One Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Select and justify alternative strategies, such as using
properties of numbers, including inverse, identity,
distributive, associative, and transitive, that allow
operational shortcuts for computational procedures in
real-world or mathematical problems. (MA.A.3.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
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• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors on
calculations. (MA.B.3.4.1)
• Represent and apply geometric properties and
relationships to solve real-world and mathematical
problems including ratio and proportion. (MA.C.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions, using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Represent real-world problem situations using finite
graphs, matrices, and sequences. (MA.D.2.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
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Effects of Operations on Numbers and Variables
Think about This!
Products
Study the following products.

(3)(8) = 24
multiply

(3)(8xy) = 24xy
multiply

(3)(4 + 7) = 12 + 21 = 33
add

multiply

(3)(4x + 7x) = 12x + 21x = 33x
multiply

add

(3)(4x + 7y) = 12x + 21y
multiply

(2)(2)(2) = 23 or 8

12x and 21x are like terms and can
be combined.

12x and 21y are unlike terms and
cannot be combined.
23 means 3 factors of 2

multiply

(2x)(2x)(2x) = (2x)3 or 8x3

(2x)3 means 3 factors of 2x

multiply

Remember: The exponent, or power of a number, indicates
how many times the number or variable is used as a factor.
• 34 means (3)(3)(3)(3) or 81.
• (3x)3 means (3x)(3x)(3x) or 27x3.
One of the rules for exponents tells you the following:
(x1)(x3) = (x)(x • x • x) = x(1 + 3) or x4.
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This rule can be seen when you consider the following:
(x1)(x3) = (x)(x)(x)(x) = x4
We see that one factor of x (written as x1) multiplied by 3 factors of x
(written as x3) yields 4 factors of x (x4). Therefore,
(xa)(xb) = x(a + b)
Rules for Multiplying Integers
What are the rules for multiplying positive and negative integers?
Rules for Multiplying Integers
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(positive) • (positive) =

(positive)

so
(4)(4) = 16
or (4x)(4x) = 16x2

(negative) • (negative) =

(positive)

so (-4)(-4) = 16
or (-4x)(-4x) = 16x2

(positive) • (negative) =

(negative)

so (4)(-4) = -16
or (4x)(-4x) = -16x2

(negative) • (positive) =

(negative)

so (-4)(4) = -16
or (-4x)(4x) = -16x2
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Practice
Find the area (A) of each of the following rectangles.
Remember: The area (A) of a rectangle is length (l) x width (w).
3

1.

x
2

A = (3)(x + 2)
A=
2

2.

x

A = (2)(x)
A=
2x

3.

x

A = (2x)(x)
A=
x

4.

x
x
2

A = (x)(x + x + 2)
A=
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Find the following products.
5. 4(50x) =

6. (4x)(50x) =

7. (3xy)(-4) =

8. (3xy)(-4x) =

9. (-2)(-5xz) =

10. (-2xyz)(-5xz) =

11. (7)(20x3) =

12. (7x2)(20x3) =

Remember: (x2)(x3) = (x)(x)(x)(x)(x) = x(2 + 3) = x5

13. (15a)(-15) =

14. (15a)(-15b) =

15. (x)(x4) =

16. (-10x)(-14x4) =
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Find the following products.
17. -4(10a + 7b2) =
18. -4a(10a + 7b2) =
19. b(9b3 – 6a) =
20. 9b(9b3 – 6a) =
21. 12x(x – y2) =
22. 12x(12x – 10y2) =
23. -15(c – 20) =
24. -15(15c – 20d2) =

Answer the following.
25. Which of the problems in numbers 5-24 represent the product of two
monomials?
Remember: A monomial is a number, a variable, or the
product of a number and one or more variables, and a
constant is a monomial with no variables.
Problem numbers

26. Which of the problems in numbers 5-24 represent the product of a
monomial and a binomial?
Remember: A binomial is the sum of two monomials.
Problem numbers
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______

1. a monomial with no variables

A. area (A)

______

2. a number, variable, or the product
of a number and one or more
variables

B. binomial

______

3. terms that have the same variables
and the same corresponding
exponents

______

4. terms that have different variables

______

5. any symbol, usually a letter, which
could represent a number

______

6. numbers less than zero

______

7. a number or expression that divides
evenly into another number

______

8. the sum of two monomials

______

9. the numbers in the set
{… , -4, -3, -2, -1, 0, 1, 2, 3, 4, …}

______ 10. the measure, in square units, of the
inside region of a two-dimensional
figure
______ 11. numbers greater than zero
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C. constant
D. factor
E. integers
F. like terms
G. monomial
H. negative
numbers
I. positive
numbers
J. unlike terms
K. variable
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Factors and Factor Pairs
Remember:
Factors are numbers or expressions that divide evenly into
another number.
Factor pairs are two numbers that when multiplied together
yield a given number.
Think about This!
The following are examples of factors and factor pairs of 12.
The factors of 12 are

The factor pairs of 12 are

1, 2, 3, 4, 6, and 12.

(1)(12), (2)(6), and (3)(4).

The following are examples of factors and factor pairs of 15.
The factors of 15 are

The factor pairs of 15 are

1, 3, 5, and 15.

(1)(15) and (3)(5).

The following are examples of factors and factor pairs of 12x.
The factors of 12x are

The factor pairs of 12x are

x, 1, 2, 3, 4, 6, and 12.

(1)(12x), (1x)(12), (2x)(6), (2)(6x),
(3)(4x), and (3x)(4).

Factors are generally considered to be positive numbers. However, we
know that a product of -12 requires one positive factor and one negative
factor. Therefore, we may think of the factors of -12 as being the following.
The following are examples of factors and factor pairs of -12.
The factors of -12 are

The factor pairs of -12 are

1, -1, 2, -2, 3, -3, 4, -4,
6, -6, and 12, -12.

(1)(-12), (-1)(12), (2)(-6), (-2)(6),
(3)(-4), and (-3)(4).
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Common Factors
When an expression has a common factor, it can be written in factored form
as the product of two or more factors. You found this to be true in Unit 1.
The expression
24x + 6x2
can represent the area of a rectangle written as the sum of the areas of the
two portions making up the rectangle.
Study the two examples below. Each rectangle has the same area of
24x + 6x2; however, each rectangle’s dimensions are different.

3x

6x

A = (3x)(8)
A = 24x

A = (6x)(4)
A = 24x

4

A = (6x)(x) = 6x2

x

A = 6x(4 + x)
A = (6x)(4) + (6x)(x)
A = 24x + 6x2

A = (3x)(2x)
A = 6x2

8

2x

A = 3x(8 + 2x)
A = (3x)(8) + (3x)(2x)
A = 24x + 6x2

A rectangle having an area of 24 square units may have dimensions of
1 by 24,
2 by 12,
3 by 8, or
4 by 6.
Likewise, a rectangle having an area of 24x + 6x2 could have more than one
set of dimensions, including those shown above.
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Greatest Common Factor (GCF)
You can write the expression 24x + 6x2 as the product of two factors where
one of the factors represents the greatest common factor (GCF) of the
terms of the original polynomial. A term is a number, variable, product, or
quotient in an expression. Since the greatest common factor of 24x and 6x2 is
6x, this is written as
6x(4 + x).
You can write the expression 24x + 6x2 as the product of two factors where
common terms remain, such as in the following.
6(4x + x2) or
2(12x + 3x2)
When writing an equivalent (same value) expression of a polynomial as a
product of factors, the factors should be relatively prime numbers. No
common term should remain in a factor.
Here are three different examples.

Example 1
25xy + 10y2
5y(5x + 2y)

=

rewrite using the GCF of 5y

=

rewrite using the GCF of 15

180a4 + 15b2 =
15(12a4 + b2)

rewrite using the GCF of 15

Example 2
180a4 + 15
4
15(12a + 1)
Example 3
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Practice
Write each polynomial as the product of two polynomials where one is the
greatest common factor (GCF) of the terms of the original polynomial.

1. 15xy + 6 =

7. 196x + 14 =

2. 15xy + 6y2 =

8. 196x4 + 14y2 =

3. 42abc – 12 =

9. 100 – 10x =

4. 42abc – 12b2c2 =

10. 100xy2 – 10x2y =

5. 16c + 256 =

6. 16c3 + 256cd =
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Practice
Write each polynomial as the product of two polynomials where one is the
greatest common factor (GCF) of the terms of the original polynomial.
1. 13b – 169 =

6. 25bcd + 625abc =

2. 13b2 – 169b2c =

7. 400x2 + 40 =

3. 21 + 30a =

8. 400x2y2z2 + 40xyz2 =

4. 21a4 + 30a6 =

9. xy – x2 =

5. 25 + 625abc =

10. 13xy – 17x2 =
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Practice
Use the list below to write the correct term for each definition on the line provided.
common factor
expression
factor pair
greatest common factor (GCF)
polynomial

prime number
quotient
square units
term

________________________ 1. any whole number with only two whole
number factors, 1 and itself
________________________ 2. a collection of numbers, symbols,
and/or operation signs that stands for a
number
________________________ 3. a number, variable, product, or quotient
in an expression
________________________ 4. a monomial or sum of monomials
________________________ 5. a number that is a factor of two or more
numbers; a multiplier shared by the
terms in an expression
________________________ 6. the largest of the common factors of two
or more numbers
________________________ 7. the result of dividing two numbers
________________________ 8. units for measuring area; the measure of
the amount of an area that covers a
surface
________________________ 9. two numbers that when multiplied
together yield a given number

94

Unit 2: More Measurement and Algebraic Thinking Connections

Lesson Two Purpose
• Associate verbal names, written word names, and standard
numerals with integers, rational numbers, irrational
numbers, and real numbers. (MA.A.1.4.1)
• Understand that numbers can be represented in a variety of
equivalent forms, including integers, fractions, decimals,
percents, scientific notation, exponents, radicals, and
absolute value. (MA.A.1.4.4)
• Understand and use the real number system. (MA.A.2.4.2)
• Select and justify alternative strategies, such as using
properties of numbers, including inverse, identity,
distributive, associative, and transitive, that allow
operational shortcuts for computational procedures in realworld or mathematical problems. (MA.A.3.4.2)
• Add, subtract, multiply, and divide real numbers, including
square roots and exponents, using appropriate methods of
computing, such as mental mathematics, paper and pencil,
and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time, weight/
mass, temperature, money, perimeter, area, and volume and
estimate the effects of measurement errors on calculations.
(MA.B.3.4.1)
• Represent and apply geometric properties and relationships
to solve real-world and mathematical problems including
ratio and proportion. (MA.C.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions, using words, symbols, variables, tables, and
graphs. (MA.D.1.4.1)
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• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Represent real-world problem situations using finite
graphs, matrices, and sequences. (MA.D.2.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
12 inches

Think about This!
1.5 inches

Sampson’s square
cake pan
9 inches

inc
15

Eddie claims to have the same amount of area
frosted on his cake that Sampson has. He reasons
that his cake is 3 inches less in one dimension,
but 3 inches more in the other and only the top of
each cake is frosted. Eddie thinks the following:

he

s

Suppose Sampson purchases a cake in a square
pan measuring 12 inches by 12 inches with a
depth of 1.5 inches, and Eddie purchases a cake in
a rectangular pan measuring 9 inches by 15 inches
with a depth of 1.5 inches. Both Sampson and Eddie
like the frosting on the cake best.

12

inc

he

s

Area of Rectangles

1.5 inches

Eddie’s rectangular
cake pan

“If the sum of the dimensions are the same, the areas represented by the
tops of the cakes are the same.”
The area to be frosted on top of the square cake is as follows:
(12)(12) = 144 square inches
The area to be frosted on top of the rectangular cake is as follows:
(9)(15) = 135 square inches
Eddie finds that Sampson’s square cake has more area on top for frosting.
He wonders if this will be true for any square cake and rectangular cake
when the sum of the dimensions is the same. Investigate this by
completing the tables in the next practice and reflecting on your results.
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17 inches by
23 inches
21 inches by
27 inches
97 inches by
103 inches
(x – 3) inches by
(x + 3) inches

20 inches by
20 inches

24 inches by
24 inches

100 inches by
100 inches

x inches by
x inches

9 inches by
15 inches

Dimensions of
rectangular cake

13 inches by
19 inches

144 square inches

Area of top
to be frosted

16 inches by
16 inches

12 inches by
12 inches

Dimensions
of square cake
135 square inches

Area of top
to be frosted
9 square inches

Difference in
areas to be frosted

Effect on Area When Changing Cake Area Dimensions by 3

Practice

Answer the following.
1. Complete the table below.
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2. In each case, the rectangular cake was 3 inches less in width and 3
inches greater in length than the square cake. The area of the
rectangular cake to be frosted was

square inches less

in each case.
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30 inches by
40 inches
45 inches by
55 inches
60 inches by
70 inches
(x – 5) inches by
(x + 5) inches

35 inches by
35 inches

50 inches by
50 inches

65 inches by
65 inches

x inches by
x inches

Dimensions of
rectangular cake
15 inches by
25 inches

Area of top
to be frosted

20 inches by
20 inches

Dimensions
of square cake

Area of top
to be frosted

Difference in
areas to be frosted

Effect on Area When Changing Cake Area Dimensions by 5

3. Now investigate the results when the rectangular cake is 5 inches
less in width but 5 inches greater in length. Complete the table below.
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4. In each case, the rectangular cake was 5 inches less in width and 5
inches greater in length than the square cake. The area of the
rectangular cake to be frosted was

square inches less

in each case.
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More Products
Think about This!
When you first learned to multiply, you learned what the products of two
one-digit numbers were, such as 8 x 7 = 56. You have also practiced
multiplying terms such as (3xy)(4x2) = 12x3y.
You then learned to find the product of a one-digit number and a
two-digit number, such as 4 x 32 = 128.
4 x 32 =
(4)(30 + 2) =
4(30) + 4(2) =
120 + 8 =
128
You have practiced multiplying algebraic terms such as
(5x)(2x + 6y) =
5x(2x) + 5x(6y) =
10x2 + 30xy
You then learned to find the product of two two-digit numbers such as
23 x 31 = 713. Consider the following examples.
Example One
An algorithm is a series of steps or procedures used to solve a problem. A
traditional algorithm results in the following:
23
x 31
23
69
713
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Example Two
Many students in elementary schools today are finding the product as
shown below:

23
x 31
20
3
600
90

(1 x 20)
(1 x 3)
(30 x 20)
(30 x 3)
713

Example Three
• This can also be seen in a horizontal (

) format:

23 x 31 = (30 + 1)(20 + 3) = (30)(20) + (30)(3) + (1)(20) + (1)(3) =
multiply

600 + 90 + 20 + 3 = 713
The same method of multiplication can be used to find the product of two
binomials.

(x + 3)(x – 3) = (x)(x) + (x)(-3) + (3)(x) + (3)(-3) =
multiply

x2
x2

+
+

-3x + 3x +
0
+
x2 – 9

-9
-9

=
=

Each term in the first binomial is multiplied by each term in the second
binomial to find the sum of the products.
• In vertical ( ) format the product of (x – 5)(x + 5) may look like the
following:

(x + -5)
x (x + 5)
x2
-5x
5x
-25

the product of (x)(x)
the product of (x)(-5)
the product of (5)(x)
the product of (5)(-5)

x2 + -5x + 5x + -25 =
0
+ -25 =
x2 +
x2 – 25
102
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Practice
Find the following products.
1. (a + 2)(a – 2) =

2. (b + 7)(b – 7) =

3. (c + 20)(c – 20) =

4. (d + 15)(d – 15) =

5. (e + 17)(e – 17) =
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Perfect Squares
Think about This!
The factor pair 3 and 5 will yield a product of 15.
3 x 5 = 15
What factor pair will yield a product of (a2 – 9)?
The answer can be see in previous work and is
(a + 3)(a – 3).
In algebra, the binomial (a2 – 9) is called the difference of two perfect
squares because a2 is a perfect square, 9 is a perfect square, and the
operation expressed is subtraction.
Remember: A perfect square is a number whose square root is a
whole number. A square root of a number is one of two equal
factors of a number.

Difference of Perfect Squares and Product of Binomials
The difference of two perfect squares can be written as the product of two
binomials.
• The first binomial will contain the square root of the first
term plus the square root of the second term and
• the second binomial will contain the square root of the
first term minus the square root of the second term.
a2 – b2 = (a + b)(a – b)
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Practice
Write each of the following as the product of two prime binomials.
Remember: Prime binomials cannot be factored.
1. f2 – 25 =

6. k2 – 400 =

2. g2 – 64 =

7. m2 – 81 =

3. h2 – 121 =

8. n2 – 1 =

4. i2 – 169 =

9. p2 – 9 =

5. j2 – 225 =

10. q2 – 36 =
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Practice
Write each of the following as the product of two prime binomials.
1. r2 – 100 =

6. w2 – 144 =

2. s2 – 49 =

7. x2 – 256 =

3. t2 – 16 =

8. y2 – 900 =

4. u2 – 4 =

9. z2 – 1,600 =

5. v2 – 196 =
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Sum of Perfect Squares and Product of Binomials
Think about This!
You may wonder if the sum of two perfect squares can also be written as
the product of two binomials. Consider the following:
x2 + 1
If this polynomial is written as (x + 1)(x + 1), the product is as follows:
x2 + 1x + 1x + 1 or
x2 + 2x + 1
This is not the same as x2 + 1.
If this polynomial is written as (x – 1)(x – 1), the product is as follows:
x2 – 1x – 1x + 1 or
x2 – 2x + 1
This is not the same as x2 + 1.
You will find that the sum of two perfect squares cannot be written as the
product of two binomials. Remember, however, that the sum of two
perfect squares may have a common term. If this is true, the sum can be
written as the product of a monomial and a binomial. For example:
25x2 + 625y2 =

rewrite using the GCF of 25

25(x2 + 25y2)
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Remember: When writing a polynomial as the product of two
polynomials:
•

first look for a common term. This requires
knowledge of common factors

•

second look for the difference of two perfect
squares. This requires knowledge of perfect
squares.

Sometimes, a polynomial may be written as the product of a monomial
and binomial, and the resulting binomial may represent the difference of
two perfect squares. Writing a polynomial as the product of prime factors
requires two steps. For example:
72x2 – 98y2

=

rewrite using the GCF of 2

2(36x2 – 49y2)

=

rewrite 36x2 and 49y2 as the product of
prime numbers

2(6x + 7y) (6x – 7y)

When a polynomial cannot be factored, it is said to be a prime
polynomial.
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Practice
Answer the following.
Write each of the following polynomials as the product of two or more
prime factors. If this cannot be done, write “not factorable” after the
equal sign.
Note: Pay attention to the positive and negative signs.
1. 4x2 + 16y2 =

2. 8x2 – 18y2 =

3. 27x2 – 12y2 =

4. 27x2 + 108y2 =

5. 125x2 – 5y2 =
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Practice
Match each definition with the correct term. Write the letter on the line provided.
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______

1. one of two equal factors of a
number

______

2. a number that is the result of
subtraction

______

3. a number whose square root is
a whole number

______

4. procedures or series of steps
used to solve a problem

______

5. a rectangle with four sides the
same length

______

6. a polynomial that cannot be
factored

______

7. the numbers in the set
{0, 1, 2, 3, 4, …}

______

8. a data display that organizes
information about a topic into
categories

A. algorithm
B. difference
C. perfect
square
D. prime
polynomial
E. square
F. square root
(of a number)
G. table
(or chart)
H. whole
number
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Lesson Three Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Select and justify alternative strategies, such as using
properties of numbers, including inverse, identity,
distributive, associative, and transitive, that allow
operational shortcuts for computational procedures in
real-world or mathematical problems. (MA.A.3.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Represent and apply geometric properties and
relationships to solve real-world and mathematical
problems including ratio and proportion. (MA.C.3.4.1)
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• Describe, analyze, and generalize relationships, patterns,
and functions, using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Represent real-world problem situations using finite
graphs, matrices, and sequences. (MA.D.2.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
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Continuing to Work with Polynomials
In working with polynomials, you may sometimes find it convenient to
solve a problem leaving the polynomial in its original form. However,
sometimes you may find it convenient to rewrite the polynomial as the
product of two or more polynomials to solve the problem. Consider the
following examples.
Example One
The area of a rectangle is expressed as follows:
2x2 + 11x + 15.

A = 2x2 + 11x + 15
Example One

You are asked to find the number of square units in the area when the value
of x is 6.
Finding the Area of Example One
Problem solved using
original polynomial

Problem solved using
polynomial written as
product of two factors

If the value of x is 6,

If the value of x is 6,

2x2 + 11x + 15 =

(2x +5)(x + 3) =

2(62) + 11(6) + 15 =

[2(6)+ 5](6 + 3) =

2(36) +

66 + 15 =

(12 + 5)(9)

=

72 +

66 + 15 =

(17)(9)

=

153

153

Note: Example One (2x2 + 11x + 15) is a trinomial. A trinomial is the sum of
three monomials.
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Example Two
The dimensions of two rectangles are as follows:

x+3

x+5

Rectangle One: (x + 5)(x + 8)
Rectangle Two: (x + 3)(x + 10)

x + 10

x+8

Assuming the value of x is the same for
both rectangles, which rectangle has the
greater area? How much?

Rectangle One

Rectangle Two

Example Two

Finding the Area of Example Two
Problem attempted using area
written as two factors
If the value of x is 5,

If the value of x is not known,

the area of Rectangle One would be

the area of Rectangle One
(x + 5)(x + 8) =
x2 + 8x + 5x + 40 =
x2 + 13x + 40

(x + 5)(x + 8) =
(5 + 5)(5 + 8) =
(10)(13) =
130
the area of Rectangle Two would be
(x + 3)(x + 10) =
(5 + 3)(5 + 10) =
(8)(15)
=
120

the area of Rectangle Two
(x + 3)(x + 10) =
x2 + 10x + 3x + 30 =
x2 + 13x + 30

Rectangle One – Rectangle Two =

Rectangle One – Rectangle Two =
x2 + 13x + 40 – (x2 + 13x + 30) =
x2 + 13x + 40 – x2 – 13x – 30 =
10

130 – 120 =
10
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Problem solved using area
expressed as a polynomial

Answer after 1st try

Conclusion

The area of Rectangle One exceeds
the area of Rectangle Two by 10
square units.

No matter what value is substituted for
x, Rectangle One will have an area of
10 square units greater than Rectangle
Two.
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Problem attempted using area
written as two factors continued
If the value of x is 7,
the area of Rectangle One would be
(x + 5)(x + 8) =
(7 + 5)(7 + 8) =
(12)(15) =
180
the area of Rectangle Two would be
(x + 3)(x + 10) =
(7 + 3)(7 + 10) =
(10)(17)
=
170
Rectangle One – Rectangle Two
180 – 170 =
10
Answer after 2nd try
The area of Rectangle One exceeds
the area of Rectangle Two by 10 square
units.
Conclusion
It appears that the area of Rectangle
One is greater than the area of
Rectangle Two but keep in mind that
only two values for x have been tried.
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Example Three

2x + 7
A = 90
x+2
square units

The area of a certain rectangle is expressed as follows:

Example Three

(x + 2)(2x + 7).

The number of square units in the area of the rectangle is 90 and its
dimensions are whole numbers. What are the actual dimensions of the
rectangle?
Finding the Area of Example Three
Problem attempted with area represented
as the product of two binomials
(x + 2)(2x + 7) = 90
If the product of two factors is 90, the two
factors could be as follows.
(1, 90)
(2, 45)

(3, 30)
(5, 18)

(6, 15)
(9, 10)

(x + 2) will represent the smaller of the
two factors and
(2x + 7) will represent the larger of the
two factors.
For (x + 2) to have a value of 1, x would have
a value of (-1). The value of 2(-1) + 7 does
not equal 90, so the dimensions cannot be
1 by 90.
For (x + 2) to have a value of 2, x would have
a value of 0. The value of 2(0) +7 does
not equal 45, so the dimensions cannot be
2 by 45.
For (x + 2) to have a value of 3, x would have
a value of 1. The value of 2(1) + 7 does
not equal 30, so the dimensions cannot be
3 by 30.
For (x + 2) to have a value of 5, x would have
a value of 3. The value of 2(3) + 7 does
not equal 18, so the dimensions cannot be
5 by 18.

Problem solved with area
represented as a polynomial
(x + 2)(2x + 7)
= 90
2x2 + 7x + 4x +14
= 90
2x2 + 11x + 14
= 90
2x2 + 11x + 14 + (-90) = 90 + (-90)
2x2 + 11x – 76
=0
(2x + 19)(x – 4)
=0
If the product of two factors is zero,
one or both of the factors must have
a value of zero.
2x + 19
=
2x + 19 (-19) =
2x
=
x
=

0
0 + (-19)
-19
-9.5

This value for x would yield negative
values for the dimensions. This is
not reasonable for the problem.
x –4
= 0
x – 4 (+ 4) = 0 (+ 4)
x
= 4
If x has a value of 4, the dimensions
of the rectangles would be 6 by 15.
(x + 2) (2x + 7)
(4 + 2) [2(4) + 7]
(6) (15)
90

=
=
=
=

90
90
90
90

For (x + 2) to have a value of 6, x would have
a value of 4. The value of 2(4) + 7 does equal
15, so the dimensions can be 6 by 15.
For (x + 2) to have a value of 9, x would have
a value of 7. The value of 2(7) + 7 does
not equal 10, so the dimensions cannot be
9 by 10.
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Example Four
The area of a rectangle is expressed as follows:
x2 + 3x + 2.
A = x2 + 3x + 2
Example Four

What is the perimeter (P) of the rectangle?
Remember: The perimeter is the distance around a polygon,
which in this case is a rectangle.
Finding the Perimeter of Example Four
The polynomial should be written in factored form in
order to identify the dimensions of the rectangle.
x2 + 3x + 2 =
(x + 2)(x + 1)
The perimeter of the rectangle can be expressed as
2 lengths (l) + 2 widths (w) or 2(l + w).
2(x + 2) + 2(x + 1) =
2x + 4 + 2x + 2 =
4x + 6

The ability to write a polynomial in factored form (as the product of two or
more factors) will prove helpful in the future.
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Practice
Write the problems on the next pages as a product of two or more prime
polynomials. As you seek the factor pairs, remember the following.
Finding Factor Pairs
•

If the constant term is positive, the members of the factor pair yielding
it must both be positive or both be negative. The coefficient of the
middle term will determine this.
For example:
In number 1 on the following page, the constant term is 75.
Factor pairs include (1 x 75), (3 x 25), and (5 x 15).
We know the sum of positive 5 and positive 15 is 20.
Therefore, the factor pair chosen will be positive 5 and
positive 15.
The binomial factors of x2 + 20x + 75 will be (x + 5)(x + 15).
If the product of these factors is found we see the following:
(x)(x) + (x)(15) + (5)(x) + (5)(15) =
x2 + 15x + 5x + 75 =
x2 + 20x + 75
• If the constant term is negative, one of the members of the
factor pair yielding it must be positive and one must be
negative. Your clue will be found in the middle term.
For example:
In number 11 on the following page, the constant term
is negative 3.
The factor pairs can be (-1)(3) or (1)(-3)
Since the middle term is positive 2x, the factor pair
to choose will be (-1)(3).
• You should always find the product of the two binomial
factors you choose to verify that their product is the original
polynomial.
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Write the following as a product of two or more prime polynomials. Refer to
the previous page as needed.
1. x2 + 20x + 75 =

2. x2 – 20x + 75 =

3. x2 + 3x + 2 =

4. x2 – 3x + 2 =

5. x2 + 9x + 14 =
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6. x2 – 9x + 14 =

7. 2x2 + 3x + 1 =

8. 2x2 – 3x + 1 =

9. 2x2 + 5x + 3 =

10. 2x2 – 5x + 3 =
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Practice
Write the following as a product of two or more prime polynomials. Refer to
the chart on page 118 as needed.
1. 2x2 + 7x + 6 =

2. 5x2 + 16x + 3 =

3. 6x2 + 5x + 1 =

4. 9x2 + 9x + 2 =

5. 10x2 + 7x + 1 =
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6. 10x2 – 7x + 1 =

7. x2 + 2x – 3 =

8. x2 + 2x – 15 =

9. x2 – 5x + 6 =

10. x2 – 9x + 20 =
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11. 2x2 – 7x – 15 =

12. x2 + 4x – 21 =

13. x2 – 4x – 21 =

14. 2x2 + 9x – 5 =

15. 2x2 – 9x – 5 =
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Practice
Solve the following problems. Show all work.
A = 3x2 + 13x – 10

1. The area of a rectangle is expressed as
3x2 + 13x – 10.

a. If the value of x is 7 inches, what is the area of rectangle?
Area:

square units

b. If the value of x is 7 inches, what is the perimeter of the
rectangle?
units

Perimeter:

2. The dimensions of two
rectangles are shown below.

x+5
x+5

Rectangle One: (x + 5)(x – 5)

x+5
x–5

Rectangle One

Rectangle Two: (x + 5)(x + 5)

Rectangle Two

a. The area of Rectangle Two exceeds the area of Rectangle One by
how many square units?
Area:

square units

b. The perimeter of Rectangle Two exceeds the perimeter of
Rectangle One by how many units?
Perimeter:
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3. The dimensions of a rectangle and a square are shown below.
Rectangle: (x + 6)(x + 8)
x+8
x+6
Rectangle

Square: (x + 7)(x + 7)
x+7
x+7
Square

a. Write a statement comparing their areas.
Statement: ______________________________________________
_______________________________________________________

b. Write a statement comparing their perimeters.
Statement: ____________________________________________
_____________________________________________________
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4. The area of a certain rectangle is expressed as
(x + 7)(x + 3). The number of square units in
the area is 117 and the number of units in
each dimension is a whole number.

x+7
A = 117
square units

x+3

a. What are the dimensions of the rectangle?
Dimensions:

b. What is the perimeter of the rectangle?
Perimeter:

units

5. The area of a certain rectangle is expressed as
x2 + 5x – 24. The number of square units in
the area of the rectangle is 12. The
dimensions are whole numbers.

A = x2 + 5x – 24 =
12 square units

a. What are the dimensions of the rectangle?
Dimensions:

b. What is the perimeter of the rectangle?
Perimeter:
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Practice
Use the list below to write the correct term for each definition on the line provided.

area (A)
factor
greatest common factor (GCF)
perimeter (P)
polynomial

prime number
prime polynomial
product
square units
value (of a variable)

________________________ 1. the distance around a polygon
________________________ 2. any of the numbers represented by the
variable
________________________ 3. any whole number with only two whole
number factors, 1 and itself
________________________ 4. a polynomial that cannot be factored
________________________ 5. the largest of the common factors of two
or more numbers
________________________ 6. a monomial or sum of monomials
________________________ 7. units for measuring area; the measure of
the amount of an area that covers a
surface
________________________ 8. a number or expression that divides
evenly into another number
________________________ 9. the result of multiplying numbers
together
________________________ 10. the measure, in square units, of the
inside region of a two-dimensional
figure
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Unit 3: Rates and Equations
This unit emphasizes how rates and equations are used in real-world
applications.

Unit Focus
Number Sense, Concepts, and Operations
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand the basic concepts of limits and infinity.
(MA.A.2.4.1)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)

Measurement
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors on
calculations. (MA.B.3.4.1)
Algebraic Thinking
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Represent real-world problem situations using finite
graphs, matrices, and sequences. (MA.D.2.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)

Vocabulary
Use the vocabulary words and definitions below as a reference for this unit.
constant ........................................... a quantity that always stays the same
coordinate grid or plane .............. a two-dimensional network of
horizontal and vertical lines that are
parallel and evenly-spaced; especially
designed for locating points, displaying
data, or drawing maps
decimal number ............................ any number written with a decimal
point in the number
Example: A decimal number falls
between two whole numbers, such as
1.5 falls between 1 and 2. Decimal
numbers smaller than 1 are sometimes
called decimal fractions, such as
five-tenths is written 0.5.
difference........................................ a number that is the result of subtraction
Example: In 16 – 9 = 7,
7 is the difference.
equivalent (form of a number) ... the same number expressed in different
forms
Example: 43 , 0.75, and 75%
formula ........................................... a way of expressing a relationship using
variables or symbols that represent
numbers
fraction ............................................ any part of a whole
Example: One-half written in
fractional form is 12 .
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graph ............................................... a drawing used to represent data
Example: bar graphs, double bar graphs,
circle graphs, and line graphs
increase ........................................... to make greater
line (

A
B
) ........................................ a collection of an
infinite number of points in a straight
pathway with unlimited length and
having no width

linear relationship ........................ relationships between two variables that
can be expressed as straight-line graphs
line segment (—) ........................... a portion of a line that consists of two
defined endpoints and all the points in
between
A
B
Example: The line segment
AB is between point A and point B and
includes point A and point B.
maximum ........................................ the largest amount or number allowed
or possible
minimum ........................................ the smallest amount or number allowed
or possible
ordered pair .................................... the location of a single point on a
rectangular coordinate system where the
first and second values represent the
position relative to the x-axis and y-axis,
respectively
Example: (x, y) or (3, -4)
percent (%) ..................................... a special-case ratio which compares
numbers to 100 (the second term)
Example: 25% means the ratio of 25 to
100.
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point ................................................ a specific location in space that has no
discernable length or width
positive numbers .......................... numbers greater than zero
rate ................................................... a ratio that compares two quantities of
different units
Example: feet per second
rate of change ................................. how a quantity is changing over time
rounded number ........................... a number approximated to a specified
place
Example: A commonly used rule to
round a number is as follows.
• If the digit in the first place after
the specified place is 5 or more,
round up by adding 1 to the digit
in the specified place ( 461 rounded
to the nearest hundred is 500).
• If the digit in the first place after
the specified place is less than 5,
round down by not changing
the digit in the specified place ( 441
rounded to the nearest hundred
is 400).
slope ................................................ the ratio of change in the vertical axis
(y-axis) to each unit change in the
horizontal axis (x-axis) in the form rise
run
∆y

or ∆x ; the constant, m, in the linear
equation for the slope-intercept form
y = mx + b
table (or chart) ............................... a data display that organizes
information about a topic into categories
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x-coordinate ................................... the first number of an ordered pair
y-coordinate ................................... the second number of an ordered pair
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Unit 3: Rates and Equations
Introduction
Some examples of rates used in everyday life are rates of pay and rates of
various taxes. This unit will deal with some examples of rates and how
equations and technology can be used together to support such
applications in the real world.

Lesson One Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand the basic concepts of limits and infinity.
(MA.A.2.4.1)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
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• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Represent real-world problem situations using finite
graphs, matrices, and sequences. (MA.D.2.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
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Rates of Taxes
Deidre earned $8.00 per hour working at a fast food
restaurant. During the first week she worked 20 hours.
She was very surprised when her first paycheck was for
significantly less than the $160.00 she expected. One of the
amounts withheld was for Social Security and Medicare
taxes.
When Deidre inquired, she was told that 7.65 percent (%)
of her wages were withheld for Social Security and
Medicare taxes and that her employer had to pay an equal
amount on her behalf. Since 7.65% of $160.00 is $12.24,
that amount was deducted from her earnings. Her
employer had to match this with $12.24 and send the total
of $24.48 to the federal government’s office of Social
Security.

Deidre began
working at a fast
food restaurant.

The 7.65% deduction is another example of a rate. The decimal number
equivalent for 7.65% is 0.0765. The formula an employer might use would
be as follows:
s = 0.0765w
where s represents Social Security and Medicare taxes and
w represents wages.
Of the 7.65% deduction, 6.2% is for Social Security and 1.45% is for
Medicare. Later in this unit, you will see other formulas, since a different
rate becomes effective when earnings for an individual exceed $76,200.
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Practice
Answer the following.
1. Complete the following table using the tax rate of 7.65%.

Social Security and Medicare Taxes to Be
Paid by Employee and Employer
When Wages are Less Than $76,200
Wages

Social Security and
Medicare Taxes to Be
Paid by Employee

$1,000

$76.50

$2,000
$3,000
$4,000
$5,000
$6,000
$7,000
$8,000
$9,000
$10,000

2. As wages increase by $1,000, the amount of Social Security
and Medicare taxes to be paid by an employee increases by
. Since the rate of change is constant and does not
change, this represents a linear relationship, which is expressed as
a straight line (
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3. Plot these points on the coordinate grid provided below. Since
Social Security taxes are paid on each dollar or part of each dollar,
connect the points.
Remember: Connect each point as a line segment (—)
rather than a line, since this relationship ends when
earnings exceed $76,200.
Social Security and Medicare Taxes to Be Paid by an Employee
and Matched by Employer for Earnings Less Than $76,200
y-axis
800

Social Security and Medicare Taxes in Dollars

700

600

500

400

300

200

100

x-axis
0

1,000 2,000 3,000 4,000 5,000 6,000 7,000 8,000 9,000 10,000

Earnings in Dollars
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4. Complete the following table using the tax rate of 7.65%.
Social Security and Medicare Taxes to Be
Paid by Employee and Employer
When Wages are Less Than $76,200
Social Security and
Medicare Taxes to Be
Paid by Employee

Wages
$10,000

$765.00

$20,000
$30,000
$40,000
$50,000
$60,000
$70,000

5. As wages increase by $10,000, the amount of Social Security and
Medicare taxes to be paid by the employee increases by
. Since the rate of change is constant, this represents a
linear relationship.
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6. Plot these points on the coordinate grid provided below. Since Social
Security and Medicare taxes are paid on each dollar or part of each
dollar, connect the points.
Remember: Connect each point as a line segment, rather
than a line, since this relationship ends when earnings
exceed $76,200.
Since the rate of change is constant, all the points lie in a straight
line.
Social Security and Medicare Taxes to Be Paid by an Employee
and Matched by Employer for Earnings Less Than $76,200
y-axis

Social Security and Medicare Taxes in Dollars

6,000

5,000

4,000

3,000

2,000

1,000

x-axis
0

10,000 20,000 30,000 40,000 50,000 60,000 70,000

Earnings in Dollars
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7. Use a graphing calculator or computer software, produce the tables
and graphs requested on the previous pages. Consider the values
you select for the minimum and maximum values for the
x-coordinate and y-coordinate when setting up the graphs. Consider
the interval you select for producing the tables. Allow your interval
to be $1,000 and then change it to $1.
Remember: The x-coordinate is the first number in an
ordered pair and the y-coordinate is the second number of
the ordered pair.
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Practice
Answer the following.
At the time this lesson was written, wages in excess of $76,200 were not
subject to the 6.2% deduction for Social Security, but they were subject to
the 1.45% deduction for Medicare.
1. Based on the previous statement more than one formula could be
derived. Consider and explain the basis for each of the following:
a. For wages greater than $76,200 per year,
s = 0.0765(76,200) + 0.0145(w – 76,200)
where s represents Social Security and Medicare taxes and
w represents wages.
Explanation: __________________________________________
_____________________________________________________
_____________________________________________________
_____________________________________________________
b. For wages greater than $76,200 per year,
s = 0.062(76,200) + 0.0145w
where s represents Social Security and Medicare taxes and
w represents wages.
Explanation: __________________________________________
_____________________________________________________
_____________________________________________________
_____________________________________________________
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2. Complete the following table using your choice of the formulas
provided above.
Social Security and Medicare Taxes to Be Paid
by Employee and Matched by Employer
on Wages of $76,200 and Greater
Wages

Social Security and
Medicare Taxes to Be
Paid by Employee

$76,500

$5,833.65

$77,500
$78,500
$79,500
$80,500
$81,500

3. As wages of $76,200 or more increase by $1,000, the amount of
Social Security and Medicare taxes to be paid by the employee
increases by

. Since this is a constant rate of change,

this is a linear relationship.
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4. Complete the following table.
Social Security and Medicare Taxes to Be Paid
by Employee and Matched by Employer
on Wages of $76,200 and Greater
Wages

Social Security and
Medicare Taxes to Be
Paid by Employee

$80,000

$5,884.40

$90,000

$6,029.40

$100,000
$110,000
$120,000
$130,000

5. As wages of $76,200 or more increase by $10,000, the amount of
Social Security and Medicare taxes to be paid by the employee
increases by

. Since this is a constant rate of change,

this is a linear relationship.
6.

a. As wages less than $76,200 increase by $1,000, the amount of
Social Security and Medicare taxes paid by the employee
increases by

.

b. As wages of $76,200 or more increase by $1,000, the amount of
Social Security and Medicare taxes paid by the employee
increases by
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c. The positive difference in these two amounts is
and

(does, does not) represent 6.2% of $1,000.

7. A graph of the amount of Social Security and Medicare taxes paid
on income from $72,000 and above in increments of $600 is provided
for you. Describe how the slope of the line changes when income
reaches $76,200. Explain why this is true.
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

Social Security and Medicare Taxes on Income of $72,000 and Greater
y-axis

Social Security and Medicare Taxes in Dollars

5,900

5,800

5,700

5,600

5,500

,4
00
80

,8
00
79

,2
00
79

,6
00
78

,0
00
78

,4
00
77

,8
00
76

,2
00
76

,6
00
75

,0
00
75

,4
00

,8
00

74

73

,2
00
73

,6
00
72

72

,0
00

x-axis
0

Earnings in Dollars
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Practice
Use the list below to write the correct term for each definition on the line provided.

constant
decimal number
formula

linear relationship
line segment (—)
percent (%)

rate
rate of change
table (or chart)

________________________ 1. a special-case ratio which compares
numbers to 100 (the second term)
________________________ 2. how a quantity is changing over time
________________________ 3. a ratio that compares two quantities of
different units
________________________ 4. a data display that organizes
information about a topic into categories
________________________ 5. a way of expressing a relationship using
variables or symbols that represent
numbers
________________________ 6. any number written with a decimal
point in the number
________________________ 7. a portion of a line that consists of two
defined endpoints and all the points in
between
________________________ 8. relationships between two variables that
can be expressed as straight-line graphs
________________________ 9. a quantity that always stays the same
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Practice
Use the list below to write the correct term for each definition on the line provided.
difference
graph
maximum

minimum
ordered pair
positive numbers

slope
x-coordinate
y-coordinate

________________________ 1. the largest amount or number allowed
or possible
________________________ 2. the first number of an ordered pair
________________________ 3. a drawing used to represent data
________________________ 4. the second number of an ordered pair
________________________ 5. the location of a single point on a
rectangular coordinate system where the
first and second values represent the
position relative to the x-axis and y-axis,
respectively
________________________ 6. the smallest amount or number allowed
or possible
________________________ 7. numbers greater than zero
________________________ 8. a number that is the result of subtraction
________________________ 9. the ratio of change in the vertical axis
(y-axis) to each unit change in the
horizontal axis (x-axis) in the form rise
run
or
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Lesson Two Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand the basic concepts of limits and infinity.
(MA.A.2.4.1)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
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• Represent real-world problem situations using finite
graphs, matrices, and sequences. (MA.D.2.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
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Rates and Formulas
People who are self-employed must pay 15.3% of their wages up to
$76,200 in Social Security and Medicare taxes. This represents the 7.65%
deduction an employer would withhold and the 7.65% contribution the
employer must pay on the employee’s behalf. Their wages above $76,200
would require payment of 2.9%. This would represent 1.45% for Medicare
and an employer’s matching payment. Formulas that may be used include
the following:
• For wages from self-employment less than $76,200 per year,
s = 0.153w
where s represents Social Security and Medicare taxes and
w represents wages.
• For wages from self-employment greater than $76,200 per year,
s = 0.153(76,200) + 0.029(w – 76,200)
where s represents Social Security and Medicare taxes and
w represents wages of $76,200 or more.
or
s = 0.124(76,200) + 0.029w
where s represents Social Security and Medicare taxes and
w represents wages.
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Practice
Answer the following.
1. Complete the following table.
Social Security and Medicare Taxes
to Be Paid by Self-Employed People
on Wages Less Than $76,200
Wages

Social Security and
Medicare Taxes to Be Paid
by Self-Employed Person

$10,000

$1,530

$20,000
$30,000
$40,000
$50,000

2. As wages less than $76,200 increase by $10,000, the amount of Social
Security taxes to be paid by the self-employed person increases by
.
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3. Complete the following table.

Social Security and Medicare Taxes
to Be Paid by Self-Employed Person
on Wages of $76,200 or Greater
Wages

Social Security and
Medicare Taxes to Be
Paid by Employee

$80,000

$11,768.80

$90,000
$100,000
$110,000
$120,000

4. As wages of $76,200 or more increase by $10,000, the amount of
Social Security and Medicare taxes to be paid by the self-employed
person increases by
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5. Use the formulas below to complete the tables on the following
pages. Round to the nearest cent.
Formulas
•

wages less than $76,200
s = 0.0765w

•

wages more than $76,200
s = 0.062(76,200) + 0.0145(w)

•

self-employment wages less than $76,200
s = 0.153(w)

•

self-employment wages greater than $76,200
s = 0.124 (76,200) + 0.029(w)
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e. federal employee in level 15,
step 1, in Miami as of (2003),
earning $92,861

d. federal employee in level 1,
step 1, in Miami (2003), earning
$16,594

c. heating and air conditioning
technician (self-employed)
earning $29,369.60, based on
$14.12 per hour, 40 hours per
week, 52 weeks per year

b. manager of a convenience
store earning $28,800

a. clerk in a convenience store
earning $15,246.40 per year
based on $7.33 per hour, 40
hours per week, 52 weeks per
year

Problem Description
Formula Chosen for Use

Amount of Social
Security and Medicare
Taxes to Be
Paid by Individual

Social Security and Medicare Taxes to Be Paid

none/self-employed

Amount of Social
Security and Medicare
Taxes to Be Paid by
Employer, If Applicable
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j. mail carrier for United States
Postal Service earning
$35,000

i. registered nurse in a hospital
earning $41,642

h. entry level accountant in a
small firm (2003) earning
$38,500

g. corporate accountant in a
large firm (2003) earning
$114,250

f. federal employee in level 7,
step 9, in Miami (2003),
earning $40,118

Problem Description
Formula Chosen for Use

Amount of Social
Security and Medicare
Taxes to Be
Paid by Individual

Social Security and Medicare Taxes to Be Paid (Continued)
Amount of Social
Security and Medicare
Taxes to Be Paid by
Employer, If Applicable
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o. nurse practitioner in a
doctor’s office earning
$62,000

n. physical therapist in a
medical center earning
$55,000

m. truck driver (self-employed)
earning $26,000

l. police officer for local
government earning
$40,000

k. physician (self-employed)
earning $125,000

Problem Description
Formula Chosen for Use

Amount of Social
Security and Medicare
Taxes to Be
Paid by Individual

Social Security and Medicare Taxes to Be Paid (Continued)

none/self-employed

none/self-employed

Amount of Social
Security and Medicare
Taxes to Be Paid by
Employer, If Applicable

Formula Chosen for Use

Amount of Social
Security and Medicare
Taxes to Be
Paid by Individual

Social Security and Medicare Taxes to Be Paid (Continued)
Problem Description

p. top advertising executive,
discount stores, earning
$177,043
q. buyer, discount stores,
earning $69,494

r. chief executive officer,
discount stores, earning
$712,955
s. store manager, discount store,
earning $44,441

t. owner, lawn mowing service,
earning $32,000

Amount of Social
Security and Medicare
Taxes to Be Paid by
Employer, If Applicable

none/self-employed
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6. The physician had wages of $125,000 and paid almost as much Social
Security and Medicare tax as the chief executive officer of a chain of
discount stores, whose wages were more than 5 times the
physician’s. Explain why this would be true based upon Social
Security and Medicare tax rules.
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
7. The chief executive officer’s (CEO) wages were more than 10 times
as much as the buyer’s wages, yet the CEO’s Social Security and
Medicare taxes were about 3 times as much. Explain why this would
be true based upon Social Security and Medicare tax rules.
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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Lesson Three Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
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• Represent real-world problem situations using finite
graphs, matrices, and sequences. (MA.D.2.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.

Unit 3: Rates and Equations

161

Rates and Taxable Income
Think about This!
While the rate for the Social Security and Medicare tax is the same
whether one makes $10,000 or $70,000, rates for federal income tax vary.
Earnings and number of dependents, as well as other factors, affect the
rate for income tax. Employers withhold estimated federal income tax
from the paychecks of employees and send it to the federal government.
Employers are not required to pay matching amounts as they must for
Social Security.
Many employers pay a portion of the cost of health insurance
for their employees. Many employers also contribute to a
retirement fund for their employees. It is important for
employees to be aware of all their benefits as well as the cost
of these benefits for their employer. It is also important for
employees to anticipate the amount of their wages to be
deducted for Social Security, Medicare, federal income tax,
insurance, and other areas.

TAXES

For self-employed persons, it is important to set aside adequate funds to
cover taxes, insurance, retirement, and other expenses of self-employment.
Self-employed persons are required to make payments of estimated taxes
each three months for their federal income tax, Social Security tax, and
Medicare tax.
In the United States, each wage earner files a report of income by April 15
for the previous year. The report allows credit for dependents and certain
other deductions. These credits are deducted from earnings. The amount
of tax owed is then computed.

162

Unit 3: Rates and Equations

Practice
Answer the following.
The following table shows federal income tax amounts owed by people
who are single, depending on his or her taxable earnings.
Complete the table below by determining the amount of increase in tax
owed for each increase of $10,000 of taxable income.

2003 Federal Income Tax Table
for a Single Person
Taxable
Income

Amount of
Tax Owed by a
Single Person

Amount of Tax Owed
as Taxable Income
Increases by $10,000

$0

$0

$10,000

$1,154

$1,154

$20,000

$2,654

$1,500

$30,000

$4,316

$40,000

$6,816

$50,000

$9,316

$60,000

$11,816

$70,000

$14,353

$80,000

$17,153

$90,000

$19,953

$100,000

$22,739
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A person with $100,000 of taxable earnings is actually paying the
following:
$1,154 on the first $10,000
$1,500 on the second $10,000
$1,662 on the third $10,000
$2,500 on each of the 4th, 5th, and 6th $10,000s
$2,537 on the 7th $10,000
$2,800 on each of the 8th and 9th $10,000s
$2,786 on the 10th $10,000.
The total tax is $22,739.
Since the tax owed does not increase at a constant rate for each
$10,000, this is not a linear relationship. If a graph were made of the
data, a straight line would not pass through each of the points.
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Practice
Answer the following.
It is interesting to consider what percent of taxable income the tax owed
represents. For example, according to the 2003 Tax Table, the tax for a
single person with taxable earnings of $10,000 is $1,154. If the fraction
1,154
10,000 is changed to a percent, the result is 11.54%.
Remember: To change a decimal to a percent, move the decimal
point two places to the right.
Example:

1,154
10,000

= 0.1154

0.1154 = 11.54%
2 places to the right

Determine the percent the tax represents for each of the incomes provided
in the table. Round to the nearest hundredth.
2003 Federal Income Tax Table
for a Single Person
Taxable
Income

Amount of
Tax Owed by a
Single Person

Percent Tax
Represents of
Taxable Income

$10,000

$1,154

11.54%

$20,000

$2,654

13.27%

$30,000

$4,316

$40,000

$6,816

$50,000

$9,316

$60,000

$11,816

$70,000

$14,353

$80,000

$17,153

$90,000

$19,953

$100,000

$22,739
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While the overall percent of $100,000 in taxable income is 22.74%, the
actual percent of income owed in taxes increases as the income increases.
This means the tax on the first $10,000 is less than 22.74%, the tax on the
10th $10,000 is more than 22.74%, and the overall tax on all $100,000 is
22.74%.
A good estimate of taxable income for the year allows a taxpayer to
estimate the percent of income his or her taxes will represent.
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Practice
Solve the following. Round to the nearest cent.
Remember: To multiply by a percent, first change the percent to
a decimal number by moving the decimal point two places to
the left.
Example:

7.65% =
07.65 = 0.0765
2 places to the left

1. Hector is a single adult with an annual salary of $27,850.
a. If he is paid
salary?

1
12

of his salary each month, what is his monthly

Answer:
b. His employer deducts 7.65% of his salary for Social Security
and Medicare taxes and matches this amount from the
company’s own funds. What is the amount that Hector and his
employer each pay?
Answer:
c. Hector estimates that $20,000 of his $27,850 salary will be
1
taxable income and has his employer deduct 12
of the $2,654
tax he expects to owe each month. What amount is deducted?
Answer:
d. After taxes for Social Security, Medicare, and federal income
are deducted from Hector’s monthly salary, what amount
should he receive?
Answer:
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2. Isaac is a single adult with an annual salary of $47,850.
a. If he is paid
salary?

1
12

of his salary each month, what is his monthly

Answer:
b. His employer deducts 7.65% of his salary for Social Security and
Medicare taxes and matches this amount from the company’s
own funds. What is the amount that Issac and his employer
each pay?
Answer:
c. Isaac estimates that $40,000 of his $47,850 salary will be taxable
1
income and has his employer deduct 12
of the $6,816 tax he
expects to owe each month. What amount is deducted?
Answer:
d. After taxes for Social Security, Medicare, and federal income are
deducted from Isaac’s monthly salary, what amount should he
receive?
Answer:
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3. Margola is a single adult with an annual salary of $37,850.
a. If she is paid
salary?

1
12

of her salary each month, what is her monthly

Answer:
b. Her employer deducts 7.65% of his salary for Social Security
and Medicare taxes and matches this amount from the
company’s own funds. What is the amount that Margola and
her employer each pay?
Answer:
c. Margola estimates that $30,000 of her $37,850 salary will be
1
taxable income and has her employer deduct 12
of the $4,316
tax she expects to owe each month. What amount is deducted?
Answer:
d. After taxes for Social Security, Medicare, and federal income
are deducted from Margola’s monthly salary, what amount
should she receive?
Answer:
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4. Alicia is a single adult with an annual salary of $57,850.
a. If she is paid
salary?

1
12

of her salary each month, what is her monthly

Answer:
b. Her employer deducts 7.65% of her salary for Social Security
and Medicare taxes and matches this amount from the
company’s own funds. What is the amount that Alicia and her
employer each pay?
Answer:
c. Alicia estimates that $50,000 of her $57,850 salary will be taxable
1
income and has his employer deduct 12
of the $9,316 tax she
expects to owe each month. What amount is deducted?
Answer:
d. After taxes for Social Security, Medicare, and federal income are
deducted from Alicia’s monthly salary, what amount should
she receive?
Answer:
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5. Steve is a single adult with an annual salary of $91,440.
a. If he is paid
salary?

1
12

of his salary each month, what is his monthly

Answer:
b. His employer deducts 7.65% of his first 10 months salary for
Social Security and Medicare taxes and matches this amount
from the company’s own funds. What is the amount that Steve
and his employer each pay?
Answer:
c. His employer deducts 1.45% of his last two months salary for
Medicare taxes and matches this amount from the company’s
own funds. What is the amount Steve and his employer each
pay?
Answer:
d. Steve estimates that $80,000 of his $91,440 salary will be taxable
1
income and has his employer deduct 12
of the $17,153 tax he
expects to owe each month. What amount is deducted?
Answer:
e. After taxes for Social Security, Medicare, and federal income are
deducted from Steve’s monthly salary for the first 10 months,
what amount should he receive?
Answer:
f. After taxes for Medicare and federal income are deducted from
Steve’s monthly salary for the last two months, what amount
should he receive?
Answer:

Unit 3: Rates and Equations

171

6. Medina is a single, self-employed consultant and estimates that her
earnings for the year will be $75,000. She estimates that $60,000 of
her income will be taxable and that her federal income tax will be
$11,816.
a. She must pay 15.3% of her $75,000 in earnings in estimated
Social Security and Medicare taxes. What is this amount?
Answer:
b. What is the total amount of her federal income tax and her
Social Security and Medicare obligation?
Answer:
c. She must pay 14 of this amount each quarter of the year at
specified times. What is the quarterly amount she must pay?
Answer:
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Unit 4: Coordinate Grids, Equations, and Slope of a
Line
This unit extends your knowledge of how to create tables, graphs, and
equations to solve problems and emphasizes how to write linear
equations using slope, intercepts, and two points.

Unit Focus
Number Sense, Concepts, and Operations
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
Measurement
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)

Algebraic Thinking
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Represent real-world problem situations using finite
graphs, matrices, and sequences. (MA.D.2.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)

Vocabulary
Use the vocabulary words and definitions below as a reference for this unit.
axes (of a graph) ............................ the horizontal and vertical number lines
used in a rectangular graph or
coordinate grid system as a fixed
reference for determining the position of
a point; (singular: axis)
coefficient ....................................... the number part in front of an algebraic
term signifying multiplication
Example: In the expression 8x2 + 3xy – x,
• the coefficient of x2 is 8
(because 8x2 means 8 • x2)
• the coefficient of xy is 3
(because 3xy means 3 • xy)
• the coefficient of -x is 1
(because -1 • x = -x).
In general algebraic expressions,
coefficients are represented by letters
that may stand for numbers. In the
expression ax2 + bx + c = 0, a, b, and c are
coefficients, which can take any number.
constant ........................................... quantities, or numbers, that do not
change
coordinate grid or plane .............. a two-dimensional network of
horizontal and vertical lines that are
parallel and evenly-spaced; especially
designed for locating points, displaying
data, or drawing maps
coordinate plane ............................ the plane containing the x- and y-axes
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coordinates ..................................... numbers that correspond to points on a
coordinate plane in the form (x, y), or a
number that corresponds to a point on a
number line
data .................................................. information in the form of numbers
gathered for statistical purposes
distributive property .................... the product of a number and the sum or
difference of two numbers is equal to
the sum or difference of the two
products
Example: x(a + b) = ax + bx
equation .......................................... a mathematical sentence in which two
expressions are connected by an
equality symbol
Example: 2x = 10
exponential decay ......................... a pattern of decrease in which each value
decreases by a fixed amount at regular
intervals
exponential growth ...................... a pattern of increase in which each value
increases by a fixed amount at regular
intervals
formula ........................................... a way of expressing a relationship using
variables or symbols that represent
numbers
function (of x) ................................ a relation in which each value of x is
paired with a unique value of y
graph ............................................... a drawing used to represent data
Example: bar graphs, double bar graphs,
circle graphs, and line graphs
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graph of a point ............................. the point assigned to an ordered pair on
a coordinate plane
integers ........................................... the numbers in the set
{… , -4, -3, -2, -1, 0, 1, 2, 3, 4, …}
interest ............................................ the amount of money paid for the use of
money
intersect ........................................... to meet or cross at one point
line (

) ........................................ a collection of an
A
B
infinite number of
points in a straight pathway with
unlimited length and having no width

linear equation .............................. an algebraic equation in which the
variable quantity or quantities are raised
to the zero or first power and the graph
is a straight line
Example: 20 = 2(w + 4) + 2w; y = 3x + 4
mean (or average) .......................... the arithmetic average of a set of
numbers; a measure of central tendency
negative numbers ......................... numbers less than zero
ordered pair .................................... the location of a single point on a
rectangular coordinate system where the
first and second values represent the
position relative to the x-axis and y-axis,
respectively
Example: (x, y) or (3, -4)
origin ............................................... the point of intersection of the x- and
y-axes in a rectangular coordinate
system, where the x-coordinate and
y-coordinate are both zero (0)
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parallel ( ) ...................................... being an equal distance at every point so
as to never intersect
percent (%) ..................................... a special-case ratio which compares
numbers to 100 (the second term)
Example: 25% means the ratio of 25 to
100.
plane ................................................ an infinite, two-dimensional geometric
surface defined by three non-linear
points or two distinct parallel or
intersecting lines
point ................................................ a specific location in space that has no
discernable length or width
positive numbers .......................... numbers greater than zero
principal.......................................... the amount of money on which interest
is paid
quadrant ......................................... any of four regions
formed by the axes in
a rectangular
coordinate system

Quadrant Quadrant
II
I
Quadrant Quadrant
III
IV

relation ............................................ a set of ordered pairs (x, y)
slope ................................................ the ratio of change in the vertical axis
(y-axis) to each unit change in the
horizontal axis (x-axis) in the form rise
run
∆y

or ∆x ; the constant, m, in the linear
equation for the slope-intercept form
y = mx + b
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slope-intercept form ..................... a form of a linear equation, y = mx + b,
where m is the slope of the line and b is
the y-intercept
table (or chart) ............................... a data display that organizes
information about a topic into categories
unit (of length) .............................. a precisely fixed quantity used to
measure measurement in inches, feet,
yards, and miles, or centimeters, meters,
and kilometers
value (of a variable) ...................... any of the numbers represented by the
variable
variable ........................................... any symbol, usually a letter, which
could represent a number
x-axis ................................................ the horizontal number line on a
rectangular coordinate system
x-coordinate ................................... the first number of an ordered pair
x-intercept ....................................... the value of x at the point where a line
or graph intersects the x-axis; the value
of y is zero (0) at this point
y-axis................................................ the vertical number line on a rectangular
coordinate system
y-coordinate ................................... the second number of an ordered pair
y-intercept ...................................... the value of y at the point where a line
or graph intersects the y-axis; the value
of x is zero (0) at this point
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Unit 4: Coordinate Grids, Equations, and Slope of a
Line
Introduction
You have explored a number of linear relationships through the use of
tables, graphs, and equations. These have served as models for problems
you were solving. In this unit, you will do additional work creating tables,
graphs, and equations for specific problems. You will also write general
linear equations when given a variety of information such as slope,
intercepts, or two points.

Lesson One Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
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• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Represent real-world problem situations using finite
graphs, matrices, and sequences. (MA.D.2.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
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A Coordinate Grid or System
Let’s first review what we know about a coordinate grid or plane. A
coordinate grid or plane has a horizontal ( ) number line (x-axis) and a
vertical ( ) number line (y-axis). These two number lines, or axes of a
graph, intersect (or meet) at the origin. The coordinates of the origin are
(0, 0). The axes form four regions or quadrants. However, the origin and
the axes themselves are not in any quadrant. See the coordinate grid below.
vertical number line
(y-axis)
Quadrant II

5

Quadrant I

4
3
2
1
-5 -4 -3 -2 -1 0
-1

origin
1

2

horizontal number line
(x-axis)
3 4 5

-2
-3
Quadrant III

-4

Quadrant IV

-5

coordinate grid or system
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Locating Points
To locate ordered pairs or coordinates such as (5, 4) on a coordinate grid or
plane, do the following.
• Start at the origin (0, 0) of the grid.
• Locate the first number of the ordered pair or the
x-coordinate on the x-axis ( ). The first number tells us
whether to move left or right from the origin. If the
number is a positive number, we move right. If the
number is a negative number, we move left.
• Then move parallel ( ) to the y-axis and locate the second
number of the ordered pair, or the y-coordinate on the
y-axis ( ), and draw a point. The second number tells us
whether to move up or down. If the number is a positive
number, we move up. If the number is a negative number,
we move down.
y

ordered pair or
coordinates

5
y-intercept

x-coordinate

4
3

(5, 4)
(0, 3)

y-coordinate

2
x-intercept
(-4, 0)

1

-5 -4 -3 -2 -1 0
-1

x
1

2

3

4

5

-2
-3
-4
-5

locating ordered pairs
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Study how to plot or draw a graph of a point named by ordered pairs on
a coordinate plane. The coordinate plane is the plane, or flat surface, that
contains both the x-axis and y-axis. The coordinate plane is also called the
coordinate grid.
Graph (3, 2). Then graph (2, -1) and (-2, 0).

Start at the origin.

y

x-coordinate

4
3

right 3

(3, 2)

2

(-2, 0)

1

-3 -2 -1 0
-1

y-coordinate
(3, 2)

1

3

x

4

(2, -1)

-2

right 2

(2, -1)
(-2, 0)

left 2

up 2
down 1
do not move
up or down

Graph (-3, 1). Then graph (-4, -2) and (0, -2).

Start at the origin.
x-coordinate
y-coordinate
(-3, 1)

y
(-3, 1)

2
1

-5 -4 -3 -2 -1 0
-1
-2

(-4, -2)

1

2

(0, -2)

3

x

left 3
left 4

-3
-4

do not move
left or right
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(-4, -2)
(0, -2)

up 1
down 2
down 2
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Let’s Summarize:
Notice how the signs of the coordinates tell which directions to move from
the origin.
(3, 2)
(+, +)
(right, up)

(-3, 2)
( - , +)
(left, up)

(-3, -2)
(-,-)
(left, down)

(3, -2)
(+, - )
(right, down)

y
3

(-3, 2)

(3, 2)

2
1
-4 -3 -2 -1 0
-1

1

2

3

4

x

-2

(-3, -2)

-3

(3, -2)

Note that the point (0, 0) is the origin.

186

Unit 4: Coordinate Grids, Equations, and Slope of a Line

Ordered Pairs on a Coordinate Grid—A Relation
The set of ordered pairs
(0, 0), (1, 60), (2, 120), (3, 180), (4, 240), and (5, 300)
can be called a relation. A relation is any set of ordered pairs. These
ordered pairs could be graphed by hand on a coordinate grid or a
graphing calculator. A function is a relation in which each value of x is
paired with a unique value of y. This relation is also a function because its
graph is a nonvertical line.
Graph of y = 60x
y-axis
330
300

(5, 300)

270
240

(4, 240)

210
180

(3, 180)

150
120

(2, 120)

90

60
1

60

(1, 60)

30
0

(0, 0)
1

equation:
slope:

x-axis
2

3

4

5

y = 60x
60 or 60
1
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Think about This!
60

• As the first coordinate increases by 1, the second
coordinate increases by 60.

(1, 60), (2, 120)
1

• If these points were plotted, they would lie in a line.
• An equation for the line would be y = 60x.
• The line will pass through the origin so the x-intercept is
(0, 0) and the y-intercept is (0, 0).
Remember: The x-intercept is the value of x on a graph
when y is zero. The line passes through the x-axis at this
point. The y-intercept is the value of y on a graph when x
is zero. The line passes through the y-axis at this point.
• The slope of the line will be 60 or 60
1 because for each
increase of 1 in x, there is an increase of 60 in y. From any
given point on the line, a horizontal ( ) movement of 1
unit followed by a vertical ( ) movement of 60 units will
produce another point on the line.
Distance Traveled at a
Rate of 60 Miles per Hour
y-axis
330
300

(5, 300)

270
240

Distance Traveled

• If the ordered pairs
are describing the
distance traveled
at a rate of 60 miles
per hour, then x
could represent the
number of hours
and y would
represent the
distance traveled.

(4, 240)

210
180

(3, 180)

150
120

(2, 120)

90

60
1

60

(1, 60)

30
0

(0, 0)
1

x-axis
2

3

4

5

Number of Hours
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• If the ordered pairs are describing the number of calories
in a certain piece of candy, then x could represent the
number of pieces of candy and y would represent the
number of calories.
Calories in Pieces of a
Brand of Candy
y-axis
330
300

(5, 300)

270

Number of Calories

240

(4, 240)

210
180

(3, 180)

150
120

(2, 120)

90

60
1

60

(1, 60)

30
0

(0, 0)
1

x-axis
2

3

4

5

Number of Pieces of Candy
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• If the ordered pairs are describing the relationship
between hours and minutes, then x could represent the
number of hours and y would represent the number of
minutes.
Relationship between
Hours and Minutes
y-axis
330
300

(5, 300)

270

Number of Minutes

240

(4, 240)

210
180

(3, 180)

150
120

(2, 120)

90

60
1

60

(1, 60)

30
0

(0, 0)
1

x-axis
2

3

4

5

Number of Hours
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Practice
Complete the following for the set of ordered pairs
(0, 0), (1, 1), (2, 2), (3, 3), (4, 4), and (5, 5).

1. As the first coordinate increases by 1, the second coordinate
increases by

.

2. If these points are plotted, they

(will, will not)

lie in a line.
3. The line

(will, will not) pass through the origin.

4. The slope of the line will be

or

increase of 1 in x, there is an increase of
given point on the line, a horizontal (

1

because for each
in y. From any

) movement of 1 unit

followed by a vertical ( ) movement of

unit(s) will

produce another point on the line.
5. An equation for the line would be y =
y=

x + 0 or

x. You know this because the coefficient (number

in front of x) is the same as the slope of the line, and the constant
(fixed quantity) is the y-intercept.
6. Create a situation the set of order pairs might describe.
___________________________________________________________
___________________________________________________________
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______

1. the point of intersection of the x- and
y-axes in a rectangular coordinate
system, where the x-coordinate and
y-coordinate are both zero (0)

______

2. to meet or cross at one point

______

3. numbers greater than zero

______

4. the location of a single point on a
rectangular coordinate system where
the first and second values represent
the position relative to the x-axis and
y-axis, respectively

______

A. axes
(of a graph)
B. coordinates
C. intersect
D. negative
numbers
E. ordered pair

5. numbers that correspond to points on
a coordinate plane in the form (x, y),
or a number that corresponds to a
point on a number line

F. origin

______

6. the first number of an ordered pair

G. positive
numbers

______

7. the second number of an ordered pair

______

8. the horizontal number line on a
rectangular coordinate system

______

9. the horizontal and vertical number
lines used in a coordinate plane
system

______ 10. the vertical number line on a
rectangular coordinate system

H. quadrant
I. x-axis
J. x-coordinate
K. y-axis

______ 11. numbers less than zero
______ 12. any of four regions formed by the axes
in a rectangular coordinate system
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L. y-coordinate
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Practice
Use the list below to write the correct term for each definition on the line provided.
coefficient
constant
equation

function (of x)
graph (of a point)
parallel ( )

relation
slope

x-intercept
y-intercept

________________________ 1. being an equal distance at every point so
as to never intersect
________________________ 2. the value of y at the point where a line or
graph intersects the y-axis; the value of x
is zero (0) at this point
________________________ 3. a relation in which each value of x in a
given set is paired with a unique value
of y
________________________ 4. the point assigned to an ordered pair on
a coordinate plane
________________________ 5. the ratio of change in the vertical axis
(y-axis) to each unit change in the
horizontal axis (x-axis) in the form rise
run
________________________ 6. a set of ordered pairs
________________________ 7. a mathematical sentence in which two
expressions are connected by an equality
symbol
________________________ 8. the value of x at the point where a line or
graph intersects the x-axis; the value of y
is zero (0) at this point
________________________ 9. quantities, or numbers, that do not
change
________________________ 10. the number part in front of an algebraic
term signifying multiplication
Unit 4: Coordinate Grids, Equations, and Slope of a Line
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Slope of a Line
In the two equations previously considered on pages 187-190 and in the
previous practice,
y = 60x and y = 1x,
the coefficient, or number in front of x, represented the slope.
The constant, or fixed quantity, was actually zero since y = 60x + 0 is the
same as y = 60x. The constant represented the value of the variable for y
when x = 0, or the y-intercept.
This will always be true for linear equations in the form of
y = mx + b
slope

y-intercept

In this example
• The coefficient of x, which is represented by m, represents
the slope and
• the constant, b, represents the y-intercept. This equation
is said to be in slope-intercept form.
What makes the slope-intercept form so useful is that b is where the line
crosses the y-axis and is always the y-value for the point (0, y), the
y-intercept. Therefore, when a linear equation is in the form y = mx + b, you
will be able to identify the slope and y-intercept of its graph just by
looking at the equation.
Think about This!
Knowledge often allows you to make choices. If you were asked to make a
coordinate graph for each of the equations shown above, you have two
choices of how to do it.
If graphing the equation y = 60x, you can use the two following methods:
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Table of Values Method
Make a table of values. For the equation y = 60x, assign a value to x and
then determine what the value of y will be. Next, plot and connect the
points from the table on a coordinate grid. See below.
Graph of y = 60x
y
90

Table of Values
y = 60x

60

x

y

30

-1

-60

0

0

1

60

(1, 60)

(0, 0)
-4

-3

-2

-1

0

1

x
2

3

4

-30

(-1, -60)

-60
-90

Slope-Intercept Method
y = mx + b
Remember that the constant for this equation is actually zero, so the
y-intercept is located at (0, 0). The slope is 60 or 60
1 .
y = mx + b
y = 60x + 0
slope
is 60
or 601

y-intercept

The constant for this equation is zero,
so the y-intercept is located at (0, 0).
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Now do the following:
• plot a point at (0, 0)
• from (0, 0), make a horizontal ( ) movement of 1 unit
followed by a vertical ( ) movement of 60
• connect the points.

Graph of y = 60x
y
90
60
30

60

1
-4

-3

-2

-1

0

x
1

2

3

4

-30
-60
-90
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Practice
Graph the following equations two times. Use a table of values in one of your
graphs and the slope-intercept method in the other. Use x-values of -2, 0, and
2 in your table.
1. y = 3x
a. Table of Values Method

Table of Values
y = 3x
x

y

-2
0
2

b.

Graph of y = 3x
y
6
5
4
3
2
1
-6

-5

-4

-3

-2

-1 0
-1

x
1

2

3

4

5

6

-2
-3
-4
-5
-6
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c. Slope-Intercept Method
y = mx + b
y = 3x
Remember: In the equation y = 3x, the variable b, which is the
y-intercept, is zero.
Slope is

or

d.

1

Graph of y = 3x
y
6
5
4
3
2
1
-6

-5

-4

-3

-2

-1 0
-1

x
1

2

3

4

5

6

-2
-3
-4
-5
-6
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2. y = -2x
a. Table of Values Method
Table of Values
y = -2x
x

y

-2
0
2

b.

Graph of y = -2x
y
6
5
4
3
2
1
-6

-5

-4

-3

-2

-1 0
-1

x
1

2

3

4

5

6

-2
-3
-4
-5
-6
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c. Slope-Intercept Method
y = mx + b
y = -2x
or

Slope is
d.

1

Graph of y = -2x
y
6
5
4
3
2
1
-6

-5

-4

-3

-2

-1 0
-1

x
1

2

3

4

5

6

-2
-3
-4
-5
-6
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Practice
Use the list below to complete the following statements.
coefficient
constant
linear equation

slope-intercept form
value (of a variable)
variable

1. The number part in front of an algebraic term signifying
.

multiplication is called the

2. In the linear equation, y = mx + b, where m is the slope of the line and
b is the y-intercept, the equation is said to be in
.
3. A

is an algebraic equation in which the

variable or quantities are raised to the zero or first power and the
graph is a straight line.
4. Any symbol, usually a letter, which could represent a number is
called a
5. A

.
is a fixed quantity or number—it will

not change.
6. The

is any of the numbers represented by

the variable.
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Linear Relations in the Real World
As you look ahead and consider the cost of higher education, you will find
that tuition costs tend to represent a linear relationship. Universities tend to
have a fixed price for each semester hour of credit. There is often a difference in
the fixed price for a semester hour of undergraduate credit and graduate
credit. Special areas of study may have increased costs. The following set
of practices deals with costs involved in higher education. You will likely
find that technology such as calculators and computer programs support
the making of tables and graphs. Both are often used when considering
data to be displayed and making comparisons.
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Practice
Answer the following.
1. The equation used to determine the tuition for each semester hour of
undergraduate credit for Florida residents at Florida State
University in 2003 was y = 84.58x + 4.9x for all main-campus
students. If a student was enrolled in a course at an extension site,
the equation was y = 84.58x. Most students take 12 to 15 hours each
semester.
Complete the table below.
2003 Tuition for Florida State University—Florida Residents
Number of
Semester
Hours
x

Cost for MainCampus Students
(Florida Residents)
y = 84.58x + 4.9x

Cost for ExtensionSite Students
(Florida Residents)
y = 84.58x

12
13
14
15

If these points were plotted on a coordinate grid, they would appear
linear. (Since universities do not offer 12.75 semester hours or 12 13
semester hours, you may choose not to connect the points.) If we
make a graph of y = 84.58x when x can be any number, we tend to
show the line passing through the points.
The additional charge of $4.90 per semester hour for main-campus
students used to improve the overall campus infrastructure for all
students is called the transportation access fee.
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2. The equation used to determine the tuition for each semester hour of
undergraduate credit for non-Florida residents at Florida State
University in 2003 was y = 402.71x + 4.9x for all main-campus
students. If a student was enrolled in a course at an extension site,
the equation was y = 402.71x. Most students take 12 to 15 hours each
semester.
Complete the table below.
2003 Tuition for Florida State University—Non-Florida Residents
Number of
Semester
Hours
x

Cost for MainCost for ExtensionCampus Students
Site Students
(Non-Florida Residents) (Non-Florida Residents)
y = 402.71x + 4.9x
y = 402.71x

12
13
14
15
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3. A graph was made of the three equations related to tuition costs for
Florida residents who are undergraduate students, graduate
students, and law students. See below. The total cost per semester
hour was rounded to the nearest $10 and included the transportation
fee. The points were connected to emphasize the slope of each line.
(The slope directly relates to per hour costs.)
Use the graph to estimate the cost per semester hour for each of the
three levels for Florida residents.
a. undergraduate: approximately
semester hour

per

b. graduate: approximately
semester hour

per
per semester

c. law: approximately
hour

2003 Tuition for Florida State University—Florida Residents
y
c
la

w

2,000
1,800

b

Total Cost in Dollars

1,600

te

a

du

a
gr

1,400
1,200

a

1,000
800

ra

erg

und

te
dua

600
400
200
0
2

4

6

8

10

x

Number of Semester Hours
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4. The cost per semester hour including the transportation access fee
for each of the three levels for non-Florida residents in 2003 was as
follows:
• undergraduate: $402.71 + 4.90 per semester hour
• graduate: $670.92 + 4.90 per semester hour
• law: $712.59 + 4.90 per semester hour
A graph is provided below for this data.
2003 Tuition for Florida State University—Non-Florida Residents
5,000

y

law

ad

ua

te

3,000

gr

Total Cost in Dollars

4,000

2,000

e

at

u
ad

r

rg

1,000

e
nd

u

0

x
2

4

6

8

Number of Semester Hours
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Write three statements comparing tuition for each level of student,
based on Florida residents or non-Florida residents. Explain whether
you preferred to use equation, table, or graph models when writing
such comparison statements.
Statement 1: ________________________________________________
___________________________________________________________
___________________________________________________________
Statement 2: ________________________________________________
___________________________________________________________
___________________________________________________________
Statement 3: ________________________________________________
___________________________________________________________
___________________________________________________________
Preference:
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
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5. The following equations would allow you to compute the tuition for
a semester hour of credit in an undergraduate course in 2003 at the
University of Florida for Florida residents and non-Florida
residents.
R = 92.68x where R is the total tuition for a Florida resident for x
number of hours of undergraduate level courses.
N = 460.28x where N is the total tuition for a non-Florida resident for
x number of hours of undergraduate level courses.
Complete the table below.
2003 Tuition for University of Florida—Florida Residents
and Non-Florida Residents
Number of
Semester
Hours
x

Cost for Florida
Cost for Non-Florida
Resident in
Resident in
Undergraduate Courses Undergraduate Courses
R = 92.68x
N = 460.28x

6
9
12
15

208

Unit 4: Coordinate Grids, Equations, and Slope of a Line

6. Complete the following.
a. A Florida resident paid $2,873.64 in tuition for 14 hours of
graduate level courses. What was the cost per credit hour?
Answer:

b. A non-Florida resident received $27.96 in change from his
payment of $10,000 for 12 credit hours in law courses. What was
the cost per credit hour? Round to the nearest dollar.
Answer:
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c. A non-Florida resident has a budget of $25,000 for tuition for
two semesters and is taking graduate level classes with a cost
per credit hour of $774.53. What is the greatest number of hours
she can take and not exceed her budget?
Answer:

Note of Interest
You may find it interesting that medical, dental, and veterinary students at
the University of Florida do not pay on a per-credit-hour basis. They are
assessed tuition and fees for the academic year, payable in two
installments, in the fall and in the spring. The costs per term in 2003 for
these special programs are shown below.
Cost per Term

Florida Resident
Non-Florida Resident

210

Medical
Students

Dental
Students

Veterinary
Students

$7,832.82

$6,879.26

$5,862.03

$21,565.07

$18,820.32

$15,892.53
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Lesson Two Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of
real numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Represent real-world problem situations using finite
graphs, matrices, and sequences. (MA.D.2.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
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More about the Slope of a Line
You are a member of a private club that offers valet parking for its
members. The club charges you $3.00 to have the parking attendant park
and retrieve your car and $2 per hour for parking. A set of ordered pairs
for this situation would include the following:
(1, 5), (2, 7), (3, 9), (4, 11), (5, 13).
If x represents the number of hours your car is parked, then y would
represent the cost.
y

Valet Parking

14
(5, 13)

13
12

(4, 11)
11
10
(3, 9)

Cost in Dollars

9
8
(2, 7)
7
6

2
(1, 5)

5

1

4
3
The line will not pass
through the origin (0, 0)
because even if you left
in less than an hour,
you still owe $3.00.

2
1
0

x
1

2

3

4

5

6

7

8

Number of Hours
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Think about This!
2

• As the first coordinate increases by 1, the second
coordinate increases by 2.

(1, 5), (2, 7)
1

• If these points were plotted, they would lie in a line.
• The line will not pass through the origin. If you leave
your car with the valet, but change your mind about
going to the club and immediately return for your car,
you owe a fee of $3.00 for the valet even if your car was
parked for significantly less time than an hour. The
y-intercept would be (0, 3).
• The slope of the line will be 2 or 21 because, for each
increase of 1 in x, there is an increase of 2 in y. From any
given point on the line, a horizontal movement of 1 unit,
followed by a vertical movement of 2 units, will produce
another point on the line.
• An equation for the line would be y = 2x + 3. You know
this because the coefficient of y is the same as the slope of
the line and the constant is the y-value where the line
crosses the y-axis.

Slope-Intercept Form of the Equation of a Line
y

• The linear equation in
slope-intercept form.

y = mx + b
y = 2x + 3

• The slope of the line is m.

Slope is 2.

• The y-intercept is b.

y-intercept is 3.

1
-3
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In Lesson One, the constant in each equation was zero and the y-intercept
was located at (0, 0). You will consider situations in this section in which
linear equations include a constant other than zero. When we have an
equation in slope-intercept form,
y = mx + b,
remember that
• the coefficient of x, which is m, represents
the slope
• the constant, b, represents the value for y
when x is zero (the y-intercept).
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y = mx + b
slope

y-intercept
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Practice
Complete the following for the set of ordered pairs
(0, 10), (1, 13), (2, 16), (3, 19), (4, 22), and (5, 25).
1. As the first coordinate increases by 1, the second coordinate
increases by

.
(would, would not)

2. If these points were plotted, they
lie in a line.
3. The line

(will, will not) pass through the origin.
or

4. The slope of the line will be
increase of 1 in x, there is an increase of

1

because for each
in y. From

any given point on the line, a horizontal movement of 1 unit,
followed by a vertical movement of

unit(s), will

produce another point on the line.
5. An equation for the line would be
y=

x+

.
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6. Create a situation the set of order pairs might describe.
Situation:___________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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Practice
Answer the following.
1. In 2003, the cost for Florida residents per credit hour at Tallahassee
Community College was $53 per credit hour, plus a $10 student
service fee and $10 for the math lab.
a. Write an equation that would permit tuition and fees to be
calculated for x number of hours.
Equation:
b. If a graph were made for your equation, the slope would be
and the y-intercept would be located at
(0,

). You know that an active student takes one or more

credit hours. Therefore, the y-intercept has meaning for the
general equation but not for the specific application of it when
used for tuition and fee costs.
2. Tuition in 2003 at the University of Miami was $1,074 per credit hour
for undergraduate students taking 1-11 hours. In addition, the
university charged $299.50 for a combination of four different
student fees: activity, athletic, wellness center, and university.
a. Write an equation that would permit tuition and fees to be
calculated for x number of hours where x can be from 1 through
11.
Equation:
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b. Use your equation to determine the cost of tuition and fees for a
student taking 9 hours.
Answer:

3. The University of Miami charged a flat rate of $12,919 for 12-20
credit hours plus $226.50 for a combination of three fees for full-time
students in 2003.
a. Write an equation that would represent the total cost of tuition
and fees for a student taking 15 credit hours.
Equation:

b. Use your equation to determine the total cost for 12 hours.
Answer:

c. Based on your answer for b, what is the mean (or average) cost
per credit hour when 12 credit hours are taken? Round to the
nearest hundredth.
Answer:

d. Use your equation to determine the total cost for 20 hours.
Answer:
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e. Based on your answer for d, what is the mean cost per credit
hour when 20 hours are taken? Round to the nearest
hundredth.
Answer:

f. A general rule advises students to be prepared to spend 2 hours
on schoolwork out of class for every hour spent in class. If a
student takes 20 credit hours and the general rule holds true,
how much total time does the student spend on schoolwork
each week?
Answer:

hours

In a 15-week term?
Answer:
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Practice
Answer the following.
1. In 2003 Harvard charged a flat rate of $26,066 for tuition, plus fees of
$1,142 for health services, $1,852 for student services, and $35 for the
undergraduate council. Determine the mean cost per credit hour for a
student taking 15 credit hours. Round to the nearest hundredth.
Answer:

2. The cost per credit hour at the undergraduate level at Florida A & M
University in 2003 was $90.09, plus fees of $45 for transportation and
access, $59 for health if taking 6 or more hours, and a materials and
supply fee ranging from $15 to $60. Assuming the materials and
supply fee was $37.50, write an equation that would allow you to
calculate cost for x number of hours where x represents 6 or more.
Equation:

3. Consider the following.

Public Undergraduate Tuition Rates and Fees in 2003
Institution of Higher Learning
(Public)
Florida A & M University

$1,492.85

Florida State University

$1,342.20

Tallahassee Community College
University of Florida
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Cost of Tuition and Fees for 15
Undergraduate Credit Hours
for Florida Resident in 2003

$815.00
$1,390.20
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Private Undergraduate Tuition Rates and Fees in 2003
Institution of Higher Learning
(Private)

Cost of Tuition and Fees for 15
Undergraduate Credit Hours
in 2003

Harvard University

$29,095.00

University of Miami

$13,145.50

a. The figures in the two previous tables are based on the
information provided in previous problems and from the Web
sites for the institutions. Explain why you could not divide each
of the costs by 15 and then multiply by 12 to get the costs for 12
credit hours for each institution.
Explanation: __________________________________________
_____________________________________________________
_____________________________________________________
_____________________________________________________
b. If you were considering these schools in your future, would you
find information pertaining to tuition and fees more helpful if
modeled by equations, tables, or graphs? Explain the basis for
your choice.
Explanation: __________________________________________
_____________________________________________________
_____________________________________________________
_____________________________________________________
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4. For each of the graphs provided below, write a description of the
basis for tuition costs represented by that graph. Note: The dollar
values on the y-axis could represent different intervals, depending
on the costs at a particular university.
Graph A

Cost in Dollars

y

0

2

4

6

8

10

12

14

16

18

x

Number of Credit Hours

a. Graph A represents tuition costs based upon the following:
_____________________________________________________
_____________________________________________________
_____________________________________________________
_____________________________________________________
_____________________________________________________
_____________________________________________________
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Graph B

Cost in Dollars

y

0

2

4

6

8

10

12

14

16

18

x

Number of Credit Hours

b. Graph B represents tuition costs based upon the following:
_____________________________________________________
_____________________________________________________
_____________________________________________________
_____________________________________________________
_____________________________________________________
_____________________________________________________
_____________________________________________________
_____________________________________________________
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Graph C

Cost in Dollars

y

0

2

4

6

8

10

12

14

16

18

x

Number of Credit Hours

c. Graph C represents tuition costs based upon the following:
_____________________________________________________
_____________________________________________________
_____________________________________________________
_____________________________________________________
_____________________________________________________
_____________________________________________________
You may find it interesting to visit Web sites for the universities included
in the previous problems to determine how tuition costs have changed
since 2003. You may also find it interesting to visit Web sites for other
universities. The sites yield far more information than tuition costs.
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Lesson Three Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors on
calculations. (MA.B.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Represent real-world problem situations using finite
graphs, matrices, and sequences. (MA.D.2.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
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Working with the Slope of a Line
In linear relationships, slope is easy to determine when given the equation
or a table showing values of x increasing by 1 or by some other fixed
amount. Consider the following methods.
Method One—Using an Equation or a Table
y = 9x + 20
This equation might describe the earnings for a waiter making $20 for a
shift of x number of hours and averaging $9 per hour in tips. The
restaurant may have an agreement with the waiter to pay $20 whether
they are busy and need him for several hours or not busy at all and agree
to pay him even if they send him home after he arrives. The slope would
be 91 because for each increase of 1 hour in time worked, earnings
increase $9.
Waiter’s Wages
Number of
Hours Worked

Earnings

0

$ 20

2

$ 38

4

$ 56

6

$ 74

8

$ 92

The entries in the table above indicate that, as the number of hours
increases by 2, earnings will increase by 18. The slope will be 182 or
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Method Two—Using Ordered Pairs or a Formula
If you had no information other than two ordered pairs for a linear
relationship showing the number of hours worked and the earnings, the
slope can still be determined.
(5, $65), (8, $92)
+27

As the number of hours increases by 3, the earnings
9
increase by 27. The slope would be 27
3 or 1 .

(5, $65), (8, $92)
+3

This can also be found by using a formula.
•

slope =

the difference in y-values

=

the difference in x-values

(92 – 65)
(8 – 5)

=

27
3

=

9

=

9

1

Or you can find the difference in y values this way.
•

slope =

the difference in y-values
the difference in x-values

=

(65 – 92)
(5 – 8)

=

-27
-3

1

What if the difference in the x-values or the y-values is zero?
• If the difference in x-values is zero, the line has no slope since
division by zero is not defined. The equation for the line below will
be x = -4 because the value of x does not change and the value for y
can be any number.
• If the difference in y-values is zero, the line has a slope of zero since
zero divided by any number is zero. The equation for the line below
will be y = 4 because the value of y does not change and the value
for x can be any number.
y

y

horizontal lines
have a slope of 0

If the
difference in
x-values = 0,
the line is
vertical.
x Vertical lines
have no
slope.

x = -4

y=4

If the
difference in
y-values = 0,
the line is
horizontal.
x Horizontal
lines have a
slope of 0.

vertical lines
have no slope
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Positive and Negative Slopes
A line with a positive slope rises from left to right.
y

positive slope
x

A line with a negative slope rises from right to left or falls from left to right.
y

negative slope
x
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Practice
Use one of the methods on the previous pages. Determine the slope of the line
that passes through each pair of points.
1. (4, 7), (2, 3)

6. (0, 8), (4, -4)

2. (9, 3), (12, 18)

7. (1, 3), (-3, 6)

3. (-2, -6), (2, 22)

8. (2, 5), (2, 7)

4. (0, 0), (5, 35)

9. (4, 3), (-6, 3)

5. (-3, 5), (-9, -1)

10. (-2, -3), (-8, -4)
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Use the graph provided to answer the following.
x
8
7
6
5

d

4

c

3
2
1
-8 -7 -6 -5 -4 -3 -2 -1 0
-1

1

2

3

4

5

6

7

8

y

-2
-3

b

-4

a

-5
e

-6
-7
-8

11. Line

has no slope and is

12. The slope of line

is negative and it rises from right to left.

13. Line
has a slope of zero and is
horizontal).

230

(vertical, horizontal).

14. Line

represents the gentlest slope.

15. Line

represents the steepest slope.

(vertical,
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Using the same graph on the previous page, the following match could be
made between the lines graphed and the pairs of points found in
numbers 1-10.
16. Line a matches number

.

17. Line b matches number

.

18. Line c matches number

.

19. Line d matches number

.

20. Line e matches number

.

21. Two sets of ordered pairs in numbers 1-10 yielded the same slope;
this slope represents the steepest of the slopes shown on the graph.
How were you able to determine which set of ordered pairs
matched
line e?
___________________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
22. Two sets of ordered pairs in numbers 1-10 yielded negative slopes.
How were you able to determine which set of ordered pairs
matched line a?
___________________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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Continuing to Work with the Slope of a Line
Using Ordered Pairs and the Slope-Intercept Form
Think about This!
The linear equation, y = mx + b, where m represents the slope of the line
and b represents the value for y when the value for x is zero, can be
generated in a number of ways.
In the example used earlier in this lesson, a waiter earned $20 for a shift of
x hours and averaged $9 per hour in tips. With that knowledge, the
equation y = 9x + 20 can be written where y represents total earnings and x
represents number of hours worked.
Suppose a waiter in another establishment is paid more for the shift but
averages less per hour in tips.
• He provides two ordered pairs where the first coordinate
represents number of hours and the second represents the
earnings.
(6, 75), (8, 90)
• The slope of the line passing through these points will be
or 7.5
1 since as hours increase by 2, earnings increase
by 15.
15
2

• His tips average $7.50 per hour.
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You know the general equation of the slope of a line is as follows:
y = mx + b
To determine the value for the constant, b, you can substitute the values
known for x and y from one of the ordered pairs provided, such as (6, 75).
Remember: Ordered pairs are written in the form (x, y).
y=

mx

+b

y=

7.5x

+b

75 =

7.5(6)

+b

75 =

45

+b

75 + (-45) = 45 + (-45) + b
30 =

we already know the slope of the
line, m, is 7.5
substitute y with 75 and x with 6

add -45 to both sides

b

The equation for the line will be as follows:
y=

7.5x + b

y=

7.5x + 30

substitute b with 30

This translates to payment of $30 for the shift and an average of $7.50 in
tips per hour.
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Practice
In numbers 1-10 in the previous practice, you found the slope of the line
passing through each of the following sets of ordered pairs. Use what you know
to write an equation for each line.
Remember: The equation for a vertical line is simply x = __ .
The equation for a horizontal line is simply y = __ , when the
blanks are filled in with the established value for x or y.
1. (4, 7), (2, 3)

2. (9, 3), (12, 18)

3. (-2, -6), (2, 22)

4. (0, 0), (5, 35)

5. (-3, 5), (-9, -1)
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6. (0, 8), (4, -4)

7. (1, 3), (-3, 6)

8. (2, 5), (2, 7)
Equation: x = 2

9. (4, 3), (-6, 3)
Equation: y = 3

10. (-2, -3), (-8, -4)
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Linear Equations in Standard Form
Using the slope-intercept form of a linear equation is convenient for a
number of reasons, but mathematicians also use what is called standard
form, or
Ax + By = C
where A, B, and C are integers or numbers in the set
{… -3, -2, -1, 0, 1, 2, 3, … }. A is greater than or equal to 0, and A and B are
not both equal to 0.
Linear Equation in Standard Form
Ax + By = C
•

x and y are variables.

•

A, B, and C are the constants
for any given equation.

You should be able to rewrite a linear equation in slope-intercept form in
standard form and vice versa.
Example:

y

= 9x + 20

-9x + y = -9x + 9x + 20

add -9x to both sides

-9x + y = 20
-1(-9x + y) = -1(20)

multiply both sides by -1

9x + -y = -20 or
9x – y = -20
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Practice
Write each of the following equations in standard form.
1. y = 2x – 1

2. y = 5x – 6

3. y = 7x + 8

4. y = 7x

5. y = x + 8

6. y = -3x + 8

7. y = (- 34 )x +

8. y = ( 16 )x –

15
4

8
3
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Check yourself: Before going to the next problem, check each of
the equations you have written to be sure that all rules for
standard form have been observed as follows:
• A, B, and C are integers.
Check your last two equations. If you have written
( 34 )x + y = 154 , more work needs to be done. If you
multiply each term in the equation by 4, A, B, and C will
then be integers.
• A is greater than or equal to 0.
Check your first equation. If you have written
-2x + y = -1, more work needs to be done. If you multiply
each term in the equation by -1, A will then be greater
than or equal to 0.
• A and B cannot both be 0.
This should not be the case in any of your equations.
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Write each of the following equations in slope-intercept form (y = mx + b). The
coefficient of y should be positive 1.

9. 3x + 2y = 7

10. -2x + y = 12

11. x – y = 5

12. 4x + 9y = 18
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Lesson Four Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Represent real-world problem situations using finite
graphs, matrices, and sequences. (MA.D.2.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
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Rates of Interest and Nonlinear Equations
The problems explored in the first three sections of this unit dealt with
linear situations. You will benefit from experience with problems that are
not linear functions. For example, if you open a
savings account with a deposit $100 at an interest
rate of 3 percent (%) annually, at the end of the
AB first year your balance will be $103, if no other
N
K
deposits or withdrawals are made. This $100 you
B
deposited, called the principal, and the $3.00
A
KN
paid by the bank to you in interest. Principal is
the amount of money upon which interest is
paid. Interest is the amount of money paid for
the use of money. At the end of the second year,
the bank would pay 3% of $103, or $3.09, and
your new balance would be $106.09. It is already apparent that the amount
of increase for each year the money remains in the account is not constant.
Consider the following:
Interest Earned on $100 at 3% Compounded Annually
Year

Beginning
Balance

Amount of
Interest Earned
at 3% Annually

Beginning Balance
+
Interest Earned

0

$100.00

$3.00

$103.00

1

$103.00

$3.09

$106.09

2

$106.09

$3.18

$109.27

3

$109.27

$3.28

$112.55

4

$112.55

$3.38

$115.93

If you continued the table, you would find the that beginning balance in
year 25 would be $203.28. Your original deposit of $100 doubled in 24
years when left in an interest-bearing account at a rate of 3% compounded
annually.
Had you deposited $10,000, you would have $20,328 at the end of the 24th
year.
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Method 1
One way to calculate the balance in the account at the end of each year is
illustrated as follows:
$100 x 3% =

change 3% to a decimal by moving the
decimal point two places to the left
3% = 0.03

$100 x 0.03 = $3.00

interest earned in year one

$100 + $3.00 = $103

new balance after one year including
interest

$103 x 3% =

interest earned in year two

$103 x 0.03 = $3.09
$103 + $3.09 = $106.09

new balance after two years including
interest

and so on.
Method 2
When the method above is analyzed, you can see that you find 3% (0.03)
of the amount and then add this to 100% (1.00) of the amount.
(0.03)(100) + (1.00)(100)
This could be simplified using the distributive property,
100(0.03 + 1.00) =
100(1.03)
Another method evolves as follows:
100 x 1.03 = 103
103 x 1.03 = 106.09
106.09 x 1.03 = 109.27
On a calculator you could press 100 x 1.03 x 1.03 x 1.03 x 1.03. Each time
you would see the balance at the end of that year.
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Method 3
In this method, algebra and technology combine to simplify the work. We
will input the same information using a scientific calculator.
Below is one example.
1

0

0

x

1

.

0

3

yx
exponent—if 3, press 3.
If the equation is written as
y = 100(1.03)x,
where x is the number of years and y is the value of the account, some
calculators or computer software will produce a graph or a table for any
number of years desired. The equation actually empowers the technology
to repeatedly multiply the previous balance by 1.03 to get the new balance,
thus simplifying your work.
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Practice
Use the method of your choice to complete the following tables.
1. An initial deposit of $1,000 is made in a new savings account with
an interest rate of 4% compounded annually and remains there with
no withdrawals and no additional deposits for 18 years. The
equation to produce the table with technology or by hand would be
y = 1,000(1.04)x. Round answers to the nearest hundredth.
Account Balance with a
4% Interest Rate
Year
0

Balance in Account
$1,000

1
2
3

6

12

18
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2. An initial deposit of $4,000 is made in a new savings account with an
interest rate of 5% and remains there with no withdrawals and no
additional deposits for 20 years. The equation to produce the table
with technology or by hand would be y = 4,000(1.05)x.
Account Balance with a
5% Interest Rate
Year
0

Balance in Account
$4,000

1
2
3
4
5

10

15
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3. An initial deposit of $10,000 is made in a new savings account with
an interest rate of 6% and remains there with no withdrawals and
no additional deposits for 20 years. The equation to produce the
table with technology or by hand would be y = 10,000(1.06)x.
Account Balance with a
6% Interest Rate
Year
0

Balance in Account
$10,000

1
2
3
4

8

12

4. In problem number 1, the original principal doubled in about
years in an account bearing 4% interest. When 72 is divided by 4, the
quotient is

.

5. In problem number 2, the original principal doubled in a little more
than

years but less than

years in an account bearing

5% interest. When 72 is divided by 5, the quotient is

.

6. In problem number 3, the original principal doubled in about
years in an account bearing 6% interest. When 72 is divided by 6, the
quotient is
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Rule of 72

b l e th
e

You may find it interesting to note that people in the world of finance call
this the Rule of 72. Dividing 72 by the rate of interest provides a good
estimate of the number of years necessary for the investment to double.

do u

You can also do this backwards. Say you wish
money to double your money in a certain number of
years. Divide 72 by the number of years you
want your money to double.
For example, if you want your money to double in
4 years, divide 72 by 4. This will give you the
interest rate you must earn in order to achieve
your goal.

72 ÷ 4 = 18

interest rate your
money must earn

number of years
you want your
money to double

See what happens each time your money doubles.
$1 … $2 … $4 … $8 … $16 … $32 … $64 … $128 …
Now consider how fast your debts can double with high interest rates,
such as those charged on most credit card accounts. Compound interest
can work for you in an investment or against you in debt.
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When interest is paid on the original principal and on interest previously
earned, exponential growth is seen. Exponential growth is a pattern of
increase in which each value increases by a fixed amount at regular
intervals. The graph below shows the growth of a $10,000 deposit in an
account bearing 6% interest over a period of 30 years. Interest is not
earned each year at a constant rate, so the points do not lie in a straight
line. The example shows an exponential increase in interest and produces
a curve.

$10,000 Investment at 6% Compound Interest for 30 Years

y

65,000
60,000
55,000

Investment in Dollars

50,000
45,000
40,000
35,000
30,000
25,000
20,000
15,000
0

x
2

4

6

8

10

12

14

16

18

20

22

24

26

28

30

Number of Years Invested
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Practice
Use a graphing calculator or computer software to make graphs of the
equations for numbers 1 and 2 in the previous practice.
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Practice
Use the list below to write the correct term for each definition on the line provided.
exponential growth
formula
integers

interest
percent (%)
principal

________________________ 1. a way of expressing a relationship using
variables or symbols that represent
numbers
________________________ 2. the amount of money paid for the use of
money
________________________ 3. the amount of money on which interest
is paid
________________________ 4. a special-case ratio which compares
numbers to 100 (the second term)
________________________ 5. a pattern of increase in which each value
increases by a fixed amount at regular
intervals
________________________ 6. the numbers in the set
{… , -4, -3, -2, -1, 0, 1, 2, 3, 4, …}
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Practice
Gather information from interviews with people, from printed sources, or from
Internet searches on one of the topics listed and share your findings with
your class.
Topics to choose from are as follows:
1. slope as it relates to the pitch of a roof
2. slope as it relates to the gradient of a road or highway
3. slope as it relates to public accessibility ramps for people with
disabilities according to the Americans with Disabilities Act of 1990
4. examples of exponential growth (a pattern of increase)
5. examples of exponential decay (a pattern of decrease).
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Unit 5: Formulas, Patterns, and Geometric Shapes
This unit emphasizes how geometric formulas evolve from patterns.

Unit Focus
Number Sense, Concepts, and Operations
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
Measurement
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)

Geometry and Spatial Sense
• Represent and apply geometric properties and
relationships to solve real-world and mathematical
problems including ratio proportion. (MA.C.3.4.1)
Algebraic Thinking
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)

Vocabulary
Use the vocabulary words and definitions below as a reference for this unit.
acute angle ...................................... an angle that measures
less than 90° and greater
than 0°
adjacent angles .............................. two angles
having a
common
vertex and
sharing a
common
side

common
side

1
4
vertex

B

2

3

Angle 1 and angle 4 have a
common side and also the same
vertex. They are adjacent angles
because they are next to each other.

ra

angle ( ) .......................................... two rays extending from a
common endpoint called the
vertex; measures of angles
are described in
vertex
degrees (°)

y

altitude ............................................ the perpendicular distance from a vertex
in a polygon to its opposite side

ray

area (A) ............................................ the measure, in square units, of the
inside region of a two-dimensional
figure
Example: A rectangle with sides of 4
units by 6 units contains 24 square units
or has an area of 24 square units.
base
base (b) (geometric) ...................... the line or
base
height
plane of a
geometric
base
figure, from
base
base
which an
altitude can be constructed, upon which
a figure is thought to rest
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binomial ......................................... the sum of two monomials; a
polynomial with exactly two terms
Examples: 4x2 + x
2a – 3b
8qrs + qr2
bisect................................................ to cut or divide into two equal parts
center (of circle) ............................. the point from which all
points on the circle are the
same distance
central angle (of a circle).............. an angle that has
its vertex at the
center of a circle,
with radii as its
sides

radii
(plural of
radius)

H
I

P
vertex

central angle ( ) HPI

circle ................................................ the set of all points in a plane that are all
the same distance from a given point
called the center
circumference

circumference (C) .......................... the perimeter of a circle;
the distance around a
circle
concave polygon ............................ a polygon with
one or more
diagonals that
have points
outside the
polygon

concave

cone .................................................. a three-dimensional
figure with one circular
base in which a curved
surface connects the base
to the vertex

256

not concave

vertex

base
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congruent ( ) ................................. figures or objects that are the same
shape and size
constant ........................................... a quantity that always stays the same
convex polygon ............................. a polygon with all
interior angles
measuring less
than 180°

convex

not convex,
concave

cube ................................................. a rectangular prism that has six square
faces
cube (power) .................................. the third power of a
number
Example: 43 = 4 x 4 x 4 = 64
cubic units ...................................... units for measuring volume
cylinder ........................................... a three-dimensional figure
with two parallel bases that are
congruent circles
Example: a can
decagon ........................................... a polygon with 10
sides
degree (°) ......................................... common unit used in measuring angles
diagonal (of a polygon) ................ a line segment that joins
two vertices of a
polygon but is not a side
of the polygon
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ona

diag
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diameter (d) .................................... a line segment from any
point on the circle passing
through the center to
another point on the circle

diameter

face

edge

edge ................................................. the line segment
where two faces of a
solid figure meet
equilateral triangle ....................... a triangle with three
congruent sides

expression ....................................... a collection of numbers, symbols,
and/or operation signs that stands
for a number
Example: 4r2; 3x + 2y; 25
Expressions do not contain equality (=)
or inequality (<, >, ≤, ≥, or ≠) symbols.
exterior angle ................................. an angle formed by one
side of a triangle and
the extension of another
side
face ................................................... one of the plane
surfaces bounding a
three-dimensional
figure; a side

edge

1
1 is an exterior
angle.

face

factor pair ....................................... two numbers that when multiplied
together yield a given number
Example: Factor pairs for 20:
20
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1

20

2

10

4

5
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formula ........................................... a way of expressing a relationship using
variables or symbols that represent
numbers
height (h)......................................... a line segment extending from the
vertex or apex (highest point) of a figure
to its base and forming a right angle
with the base or plane that contains the
base
height (h)

height (h)

height (h)
base (b)

base (b)

base (b)

heptagon ......................................... a polygon with seven sides
hexagon ........................................... a polygon with
six sides
hypotenuse ..................................... the longest side of a
right triangle; the side
opposite the right
angle

hy

po

te

leg

nu

se

leg

irregular polygon .......................... a polygon whose sides are not all the
same length or whose angles are not all
congruent
isosceles trapezoid ........................ a trapezoid
with
congruent
legs and two
pairs of
congruent
base angles
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base

leg

altitude

leg

base
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isosceles triangle ........................... a triangle with two
congruent sides and two
congruent angles
lateral ............................................... a surface on the side of a geometric
figure, as opposed to the base
lateral
surface

cone

lateral
surface

cylinder
lateral
surface

prism

lateral
surface

pyramid

leg

leg ..................................................... in a right triangle, one
of the two sides that
form the right angle
in a trapezoid,
one of the two
non-parallel
sides

leg

right triangle
leg

leg
trapezoid

length (l) ......................................... a one-dimensional measure that is the
measurable property
of line segments
A

linear pair ....................................... a pair of adjacent
angles whose
noncommon sides
are opposite rays
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C

D

B

ADC and ADB are
a linear pair.
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line segment (—) ........................... a portion of a line that consists of two
defined endpoints and all
the points in between
A
B
Example: The line segment
AB is between point A and point B and
includes point A and point B.
measure (m) of an angle ( ) ........ the number of degrees (°) of an angle
monomial ....................................... a number, variable, or the product of a
number and one or more variables; a
polynomial with only one term
Examples: 8

x

2y2

4c

xyz2
9

-3

nonagon .......................................... a polygon with nine sides
obtuse angle ................................... an angle with a
measure of more than
90° but less than 180°
octagon ............................................ a polygon with eight sides
opposite angles .............................. angles in a
polygon that
have no
common
sides

Q

T

R

S
T and R are
opposite angles.

parallel ( ) ...................................... being an equal distance at every point so
as to never intersect
parallelogram ................................. a quadrilateral with two
pairs of parallel sides
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pentagon ......................................... a polygon with five
sides
percent (%) ..................................... a special-case ratio which compares
numbers to 100 (the second term)
Example: 25% means the ratio of 25 to
100.
perpendicular ( ) ......................... two lines, two line segments, or two
planes that intersect to form a right
angle
pi (π)................................................. the symbol designating the ratio of the
circumference of a circle to its diameter;
an irrational number with common
approximations of either 3.14 or 22
7
point ................................................ a specific location in space that has no
discernable length or width
polygon ........................................... a closed-plane figure, having at least
three sides that are line segments and
are connected at their endpoints
Example: triangle (3 sides),
quadrilateral (4 sides),
pentagon (5 sides), hexagon (6 sides),
heptagon (7 sides), octagon (8 sides);
concave, convex

polynomial ..................................... a monomial or sum of monomials
Examples: x3 + 4x2 – x + 8
5mp2
-7x2y2 + 2x2 + 3
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prism ............................................... a three-dimensional figure (polyhedron)
with congruent, polygonal bases and
lateral faces that are all parallelograms

product ............................................ the result of multiplying numbers
together
Example: In 6 x 8 = 48,
48 is the product.
pyramid ........................................... a three-dimensional figure (polyhedron)
with a single base that is a polygon and
whose faces are triangles and meet at a
common point (vertex)

Pythagorean theorem ................... the square of
leg
hypotenuse
the hypotenuse
a
c
(c) of a right
triangle is equal
b
right angle
leg
to the sum of
the square of
the legs (a and b), as shown in the
equation c2 = a2 + b2
quadrilateral .................................. polygon with four sides
Example: square, parallelogram,
trapezoid, rectangle, rhombus, concave
quadrilateral, convex quadrilateral
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quotient ........................................... the result of dividing two numbers
Example: In 42 ÷ 7 = 6,
6 is the quotient.
radius (r) ......................................... a line segment extending
from the center of a circle
or sphere to a point on the
circle or sphere; (plural:
radii)

diameter

us
di
ra

ratio .................................................. the comparison of two quantities
Example: The ratio of a and b is a:b or
where b ≠ 0.
ray (

a
b

,

) ........................................... a portion of a line that
begins at an endpoint
and goes on indefinitely
in one direction

rectangle ......................................... a parallelogram with
four right angles
rectangular prism .......................... a six-sided prism whose
faces are all rectangular
Example: a brick
regular polygon ............................. a polygon that is both equilateral (all
sides congruent) and equiangular (all
angles congruent)
remote interior angles .................. the angles of a
triangle that are not
adjacent to a given
exterior angle
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2
1

3

2 and 3 are remote
interior angles.
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rhombus .......................................... a parallelogram with four
congruent sides
right angle ...................................... an angle whose
measure is exactly 90°
rounded number ........................... a number approximated to a specified
place
Example: A commonly used rule to
round a number is as follows.
• If the digit in the first place after
the specified place is 5 or more,
round up by adding 1 to the digit
in the specified place ( 461 rounded
to the nearest hundred is 500).
• If the digit in the first place after
the specified place is less than 5,
round down by not changing
the digit in the specified place (441
rounded to the nearest hundred
is 400).
scale factor ...................................... the constant that is multiplied by the
lengths of each side of a figure that
produces an image that is the same
shape as the original figure
scalene triangle .............................. a triangle having no
congruent sides
sector ............................................... a part of a circle
bounded by
two radii and
the arc or curve
created
between any
two of its points
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minor sector
major
arc

minor
arc

2 radii
major sector
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side
edge of a polygon

de

side

si

si
d

e
sid

e

side ................................................... the edge of a polygon, the face of a
polyhedron, or one of the rays that
make up an angle
Example: A triangle has three sides.

side

ray of an angle
face of a polyhedron

slant height ( ) ............................... the shortest distance from the vertex of a
right circular cone to the edge of its
base; the perpendicular distance from
the vertex of a pyramid to one edge of
its base
vertex
slant
height ( )
s

lateral face
slant
height ( )

height (h)
base (b)
cone

edge

regular pyramid

solid figures ................................... three-dimensional figures that
completely enclose a portion of space
Example: rectangular prism, cube,
sphere, right circular cylinder, right
circular cone, and square pyramid
sphere .............................................. a three-dimensional figure
in which all points on the
surface are the same
distance from the center

radius
center

square .............................................. a rectangle with four sides
the same length
square pyramid ............................. a pyramid with a square
base and four faces that
are triangular
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square units .................................... units for measuring area; the measure of
the amount of an area that covers a
surface
180°
straight angle ................................. an angle that
measures exactly 180°

A
R
B
m ARB = 180°
straight angle

sum .................................................. the result of adding numbers together
Example: In 6 + 8 = 14,
14 is the sum.
135°

supplementary angles .................. two angles, with
measures the sum of
which is exactly 180°

1

2 45°

A
R
B
m 1 + m 2 = 180°
supplementary angles

surface area (S.A.)
(of a geometric solid) .................... the sum of the areas of the faces and any
curved surfaces of the figure that create
the geometric solid
term .................................................. a number, variable, product, or quotient
in an expression
Examples: z n2 8b 3r2h
three-dimensional
(3-dimensional) ............................. existing in three dimensions; having
length, width, and height
triangle ............................................ a polygon with three sides; the sum of
the measures of the angles is 180°

trinomial ......................................... the sum of three monomials; a
polynomial with exactly three terms
Examples: x + y + 2 m2 + 6m + 3
b2 – 2bc – c2 8j2 – 2n + rp3
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two-dimensional
(2-dimensional) ............................. existing in two dimensions; having
length and width
unit (of length) .............................. a precisely fixed quantity used to
measure measurement in inches, feet,
yards, and miles, or centimeters, meters,
and kilometers
variable ........................................... any symbol, usually a letter, which
could represent a number

ra

y

vertex ............................................... the point common to the two rays that
form an angle; the point common to any
two sides of a polygon; the point
common to three or more edges of a
polyhedron; (plural:
vertices); vertices are
named clockwise or
counterclockwise
vertex
ray

volume (V) ...................................... the amount of space occupied in three
dimensions and expressed in cubic units
Example: Both capacity and volume are
used to measure empty spaces;
however, capacity usually refers to fluid
measures, whereas volume is described
by cubic units.
whole number ............................... the numbers in the set {0, 1, 2, 3, 4, …}
width (w) ........................................ a one-dimensional measure of
something side to side
w
w
l
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Unit 5: Formulas, Patterns, and Geometric Shapes
Introduction
In your investigation of a variety of problem settings, you have observed
many patterns. Formulas are often derived from the observation of
patterns. You will have the opportunity to experience formulas evolving
from patterns in this unit.

Lesson One Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
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• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors on
calculations. (MA.B.3.4.1)
• Represent and apply geometric properties and
relationships to solve real-world and mathematical
problems including ratio proportion. (MA.C.3.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)

270

Unit 5: Formulas, Patterns, and Geometric Shapes

Observing Patterns to Uncover Formulas
You will begin with a triangle, the polygon having the fewest sides. For
any triangle, the sum of the measures (m) of the three angles ( ) is 180
degrees (°). If the three angles from any triangle are removed and placed
together as shown in the following illustrations, the result will be a
straight angle. The sum of the three angles is therefore 180 degrees.
The angles in triangle A are labeled A1, A2, and A3. The angles in triangle
B are labeled B1, B2, B3, etc. Notice that the three angles have been cut off
of triangle A along the dotted lines. See how the three angle pieces have
been placed along the segment drawn below.

A2

A1

180°
A2

A3
A3
triangle A

A1
triangle A

The segment represents a straight angle. We can see that the three angles of
the triangle A have a sum of 180 because they fill the straight angle. A
straight angle is an angle whose measure is exactly 180°.
Continue the same procedure for triangles B, C, and D.

B2

B2
B3

B1

triangle B
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B1

B3
triangle B
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C1

C2

C3

C3

C2

C1

triangle C

triangle C

D2

D2
D3

D1
triangle D

D3

D1
triangle D

Note: Polygons can be concave polygons or convex polygons. In this
lesson, all polygons are convex polygons, and all angles are interior angles.
If we draw all possible diagonals from a designated
vertex in a polygon, we triangulate, or divide into
triangles, the polygon. We can determine the total degrees
in the interior angles of that polygon by multiplying the
number of resulting triangles by the 180 degrees in each.
The product represents the total measure of all interior
angles of the polygon.
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pentagon—
can be divided
into 3 triangles

3 • 180 = 540°
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Practice
Answer the following.
1. Complete the following table. equilateral triangle square pentagon
hexagon heptagon octagon
Number of Sides, Triangles, and Degrees in Polygons
Number of
Sides

Number of
Triangles

Total Number of
Degrees in Angle Measures

equilateral triangle

3

1

1 x 180 = 180°

square

4

2

2 x 180 = 360°

pentagon

5

hexagon

6

Regular Polygon

heptagon
octagon

2. Among the patterns observed in the table are as follows:
a. As the number of sides increases by 1, the number of triangles
increases by

.

b. As the number of sides increases by 1, the total number of
degrees increases by

.

c. The number of triangles is
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less than the number of sides.
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d. The formula t = (s – 2)180, where t represents the total number
of degrees in a polygon and s represents the number of sides in
the polygon, is reasonable because ______________________
____________________________________________________ .
e. Since all angles and all sides in a regular polygon are
congruent ( ), or are same shape and size, the formula
m=

(s – 2)180
s

, where m represents the measure of one angle in a

regular polygon and s represents the number of sides, is
reasonable because ____________________________________
_____________________________________________________ .
3. The total number of degrees in the angles of a regular polygon is
1,800.
a. Use the formula t = (s – 2)180 to determine the number of sides
in the polygon.
Answer:

b. Use the formula m =
angle in the polygon.
Answer:
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sides

(s – 2)180
s

to determine the measure of one

degrees
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4. The number of sides in a regular polygon is 15.
a. Use the formula t = (s – 2)180 to determine the total number of
degrees in the polygon.
Answer:

total degrees

(s – 2)180

b. Use the formula m =
to determine the measure of one
s
angle in this regular polygon.
Answer:

degrees

5. The measure of one angle in a regular polygon is 160 degrees.
a. Use the formula m =
in this polygon.
Answer:

(s – 2)180
s

to determine the number of sides

sides

b. Use the formula t = (s – 2)180 to determine the total number of
degrees in the polygon.
Answer:

total degrees

6. As the number of sides in a polygon increases, the closer the
polygon gets to the shape of a

, which has 360

degrees.
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7. Complete the following: quadrilateral

Number of Sides and Types of Angles in Polygons
Type of Regular
Polygon

Number of Measure of 1 Angle
Sides
m=

equilateral triangle

3

m=
m=

(s – 2)180
s

Type of Angle—
Acute (< 90° > 0°),
Obtuse (> 90° < 180°),
or Right (= 90°)

(s – 2)180
s
(3 – 2)180
3
180
3

m=
m = 60
square

pentagon

hexagon

8. As the number of sides increases, the size of the interior angles
(decreases, increases).
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9. Triangulate each of the irregular polygons. Irregular polygons have
sides that are not all the same length (l) or have angles that are not
all congruent. Record your results in the table.
Triangulation of Irregular Polygons
Type of Irregular
Polygon

Result of Triangulation

Sum of Measures of
Interior Angles

triangle

No diagonals can be
drawn, 1 triangle

180 degrees

quadrilateral

1 diagonal can be drawn;
2 triangles are formed

360 degrees

pentagon

hexagon

heptagon

octagon
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10. The sum of the measures of the angles in a regular pentagon is
(the same as, different from) the sum of
the measures of the angles in an irregular pentagon. This
(will, will not) be true for other types of
polygons.
11. The measures of two angles in a scalene triangle (a triangle with no
congruent sides) are 28 degrees and 72 degrees. What is the measure
of the third angle? Explain how you got your answer.
Answer:

degrees

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
12. The measure of each of the base angles in an isosceles triangle (a
triangle with two congruent sides and two congruent angles) is 55
degrees. What is the measure of the third angle?
Answer:

degrees

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
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13. Find the missing angle measure in each of the following:
70°

a.

degrees
62°

b.

30°

30°

degrees

76°

c.

degrees
40°

d.

degrees
100°

30°

10°

e.

degrees

20°
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Practice
Use the list below to write the correct term for each definition on the line provided.
angle ( )
degree (°)
diagonal (of a polygon)
measure of an angle

polygon
product
side
straight angle

sum
triangle
vertex

________________________ 1. a line segment that joins two vertices of
a polygon but is not a side of the
polygon
________________________ 2. common unit used in measuring angles
________________________ 3. the number of degrees (°) of an angle
________________________ 4. the point common to the two rays that
form an angle
________________________ 5. two rays extending from a common
endpoint called the vertex
________________________ 6. the edge of a polygon
________________________ 7. a closed-plane figure, having at least
three sides that are line segments and
are connected at their endpoints
________________________ 8. a polygon with three sides; the sum of
the measures of the angles is 180°
________________________ 9. the result of adding numbers together
________________________ 10. the result of multiplying numbers
together
________________________ 11. an angle that measures exactly 180°
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______

1. a way of expressing a relationship
using variables or symbols that
represent numbers

A. acute angle
B. congruent ( )

______

2. an angle that measures more than 90°
but less than 180° and greater than 0°

______

3. a polygon with five sides

______

4. an angle whose measure is exactly 90°

______

5. a polygon with six sides

E. hexagon

______

6. a triangle with three congruent sides

______

7. an angle with a measure of less than
90°

F. irregular
polygon

______

8. a triangle having no congruent sides

______

9. a polygon whose sides are not all the
same length or whose angles are not all
congruent angles

______ 10. a polygon that is both equilateral (all
sides congruent) and equiangular (all
angles congruent)

C. equilateral
triangle
D. formula

G. obtuse angle
H. pentagon
I. quadrilateral
J. regular
polygon

______ 11. polygon with four sides

K. right angle

______ 12. figures or objects that are the same
shape and size

L. scalene
triangle
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Discoveries about Polygons
Think about This!
You have made many discoveries about polygons in the past. Some of
these will be reviewed here. These bits and pieces of information are like
puzzle pieces to help you determine angle measures in a variety of
settings.
Opposite angles in a parallelogram are congruent. Adjacent angles in a
parallelogram are supplementary angles. Adjacent angles are two angles
that have a common vertex and share a common side. Supplementary angles
are two angles whose sum is exactly 180 degrees. However, in
parallelograms like the one below, the angles that are adjacent to each
other will not share a common vertex. These supplementary angles are
also called consecutive angles.
In Figure 1 below, PAR is opposite RLP. In Figure 1 PAR and ARL are
adjacent angles.
P

A
PAR and
PAR and

RLP are opposite angles.
ARL are adjacent angles.

60°
L

R
Figure 1

See Figure 1 again below.
P

x°

m
m
m
m

A

P+m
A+m
R+m
L+m

A
R
L
P

= 180°
= 180°
= 180°
= 180°

180° – x°
L

R
Figure 1
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• A rhombus is an equilateral
parallelogram.
Remember: A rhombus is a
parallelogram with four
congruent sides.

rhombus

• Base angles in an isosceles triangle are
congruent.

base
angles

Remember: An isosceles triangle
has at least two congruent sides
and two congruent angles.
isosceles triangle

• Base angles in an isosceles trapezoid are
congruent.
Remember: An isosceles
trapezoid has congruent legs
and two pairs of congruent
base angles.

base
leg

leg
base
base angles
isosceles trapezoid
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Practice
Use the list below to complete the following. One or more terms will be used
more than once.
30
36
45
60

90
108
120
135

270
360
540

adjacent
opposite
supplementary

1. In Figure 1 below, the measure of PAR is

(s – 2)180
s

degrees because

angles in a parallelogram have the same
measure.
P

A

60°
L

R
Figure 1

2. In Figure 1 above, the measure of ARL is

degrees because

angles in a parallelogram are
angles.

284

Unit 5: Formulas, Patterns, and Geometric Shapes

3. Figure 2 below is a regular pentagon. The measure of PAT is
degrees because the sum of the measures in a pentagon is
. The measure of each angle in a regular polygon will be
or

and

(s – 2)180
s

=

540
5

.
P

E

A

N

T
Figure 2

4. In Figure 2 above, the measures of APT and ATP will be the same
because Triangle APT is an isosceles triangle. The measure of each of
these angles is

degrees.
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5. Figure 3 below is a rhombus. The measure of HRO is
degrees.
R

M 120°

H

O
Figure 3
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6. Figure 4 below is a regular octagon. The measure of NEI and of
EIO will each be

degrees because
.
I

O

E

C

N

T
G

A

Figure 4

7. Line segment (—) NO has been drawn in Figure 4 above and the
figure EION is an isosceles trapezoid. The measure of ENO and of
ION will each be
a trapezoid will be

degrees because the sum of the degrees in
and

and OIE. The remaining

of those are found in NEI
degrees will be equally distributed

between the two acute base angles.
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8. Figure 5 below is a parallelogram and the measure of BCE is 60
degrees. The measure of BCD is
BCD is
is

degrees because
to BCE. The measure of BAD

degrees because

angles in a

parallelogram are equal in measure. The measures of CDA and
ABC will each be

degrees because
angles in a parallelogram are
and 180 –

=

.

B
A

60°

E

C
D
Figure 5
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Complete the following.
9. Figure 6 below is a regular heptagon. Segment NE has been added.
What is the measure of HNE? Explain how you determined your
answer.
Answer:
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
H

E
P

N

G
T
A
Figure 6
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10. Figure 7 below is a regular hexagon and segment GX has been added.
What is the sum of the measures of the angles in the resulting
pentagon, HEXGN?
Answer:
E

H

X

N

G

A
Figure 7

11. Figure 8 below is a parallelogram and it appears to be a rectangle. If
the measure of RTN is 90 degrees, what is the measure of RTC?
Answer:
How does this help you show that the parallelogram is a rectangle?
___________________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
R

E

T

C

90°
N

Figure 8
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Practice
Match each definition with the correct term. Write the letter on the line provided.
A. adjacent angles

______

1. a portion of a line that consists
of two defined endpoints and
all the points in between

______

2. a trapezoid with congruent
legs and two pairs of
congruent base angles

______

3. two angles, with measures the
sum of which is exactly 180°

______

4. a parallelogram with four
congruent sides

D. line segment (—)

______

5. a triangle with two congruent
sides and two congruent
angles

E. opposite angles

______

6. a quadrilateral with two pairs
of parallel sides

______

7. angles in a polygon that have
no common sides

G. rhombus

______

8. two angles having a common
vertex and sharing a common
side

H. supplementary
angles
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B. isosceles
trapezoid

C. isosceles triangle

F. parallelogram
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Lesson Two Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Represent and apply geometric properties and
relationships to solve real-world and mathematical
problems including ratio proportion. (MA.C.3.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
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Working with Angles
You will work with linear pairs of angles in this lesson as well as angles in
a triangle. Adjacent angles are two angles that have a common vertex and
share a common side. Linear angles are pairs of adjacent angles whose
noncommon sides are opposite rays ( ).

1
1
1 and

2

2

2 are a linear pair

1 and

2 are a linear pair

Think about This!
Using clues to find angle measures is a bit like solving a puzzle. Consider
the following:
B
x°
60°

45°

A

y°
C

D

The measures of two of the angles in triangle ABC are known to be 60
degrees and 45 degrees. You know that the sum of the measures of the
angles in a triangle is 180 degrees. Therefore, if x represents the measure of
ABC,
60 + 45 + x = 180
105 + x = 180
105 – 105 + x = 180 – 105
x = 75
The measure of ABC is 75 degrees.
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B
x°
45°

60°
A

y°
C

D

The measure of one angle of a linear pair of angles is 45 degrees. If y
represents the measure of BCD,
45 + y = 180
45 – 45 + y = 180 – 45
y = 135
You will notice that the sum of the measures of ABC and BAC is 135
degrees.
A special relationship exists between an exterior angle of a triangle and
the remote interior angles of that triangle. The sum of the measures of the
remote interior angles is equal to the measure of the exterior angle.
ABC + BAC =

BCD

75° + 60° = 135°
remote interior angles = exterior angle
See the exterior angle and remote interior angles on the illustration below.
Interior means inside and remote means far away. The remote interior angles
are the interior angles that are farthest from the exterior angle.
remote
interior angles
exterior angle

exterior
angle

remote interior angles
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Practice
Use the illustrations above each problem to find the measures of the angles as
requested. Show work or explain how you got your answer.
a

1.

120°

b

155°

measure of a =

degrees

measure of b =

degrees

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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c 67°

d

2.
65°

measure of c =

degrees

measure of d =

degrees

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

57°

3.

e
f

37°

measure of e =

degrees

measure of f =

degrees

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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b
50°

4.

c 40°

90°
a

measure of a =

degrees

measure of b =

degrees

measure of c =

degrees

sum of the measures: a + b + c =

degrees

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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d
60°
f

5.

66°
54°
e

measure of d =

degrees

measure of e =

degrees

measure of f =

degrees

sum of the measures: d + e + f =

degrees

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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z
17°

6.
y

135°

28°
x

measure of x =

degrees

measure of y =

degrees

measure of z =

degrees

sum of the measures: x+ y + z =

degrees

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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7. What are the sum of the measures of the following?
a. The sum of the measures of the three exterior angles of the acute
triangle in number 5 is

degrees.

b. The sum of the measures of the three exterior angles of the right
triangle in number 4 is

degrees.

c. The sum of the measures the three exterior angles of the obtuse
triangle in number 6 is

degrees.

Remember: For any triangle, you will find that the sum
of the exterior angles, one at each vertex, will be 360
degrees.
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Practice
Use the illustration below to find the measures of the angles as requested.
Show work or explain how you got your answer.

G

H

A
70°

B

70°

D

C

E

F

Figure ABCD above is a parallelogram.
Remember:
• Opposite angles in a parallelogram are equal in
measure.
• The sum of the measures of two linear angles is
180 degrees.
Find the measure of the following angles.
1. measure of DAB =

degrees

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

Unit 5: Formulas, Patterns, and Geometric Shapes

301

2. measure of BCD =

degrees

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

3. The sum of the measures of the four interior angles of the
parallelogram is

degrees.

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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4. measure of ABH =

degrees

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

5. measure of BCE =

degrees

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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6. measure of CDF =

degrees

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

7. measure of DAG =

degrees

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

8. The sum of the measures of the four exterior angles, one at each
vertex, of the parallelogram is

304

degrees.
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Practice
Use the illustration below to find the measures of the angles as requested.
Show work or explain how you got your answer.

A
B

E

D

C

Figure ABCDE above is a regular pentagon.
Remember:
• A regular pentagon is both equilateral (all 5 sides congruent)
and equiangular (all 5 angles congruent).
• You can find the sum of the measure of interior angles of a
polygon by using this formula, where s = number of sides.
sum of the measure of interior angles = (s – 2)180
• You can find the measures of an interior angle of a regular
polygon using this formula, where s = number of sides.
measure of interior angle =
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(s – 2)180 degrees
s
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1. The sum of the measures of the five interior angles is

degrees.

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

2. Since all angles in a regular pentagon have the same measure, the
measure of each interior angle is

degrees.

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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3. The measure of each of the exterior angles is

degrees.

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

4. The sum of the measures of the exterior angles of the pentagon is
degrees.

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

Remember: You will find the sum of the measures of the
exterior angles of any polygon, one at each vertex, will be
360 degrees.
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Using Problem Solving Skills to Find the Measure of Angles
Think about This!
When you found the measure of Angle e in number 3 of the practice on
page 296, you may have found the sum of 57 and 37 and then subtracted
that sum from 180. If so, you based your work on the fact that the sum of
the measures of the angles in a triangle is 180. Whether or not you wrote
the equation, e + 57 + 37 = 180, it was this equation on which you based
your work.
When you found the measure of Angle b in number 4 page 297 in the same
practice, you may have subtracted 50 from 180. If so, you based your work
on the fact that the sum of the measures of two linear angles is 180
degrees. Whether or not you wrote the equation, 50 + b = 180, it was this
equation on which you based your work.
Algebraic equations have been part of your experiences in mathematics
since you were in kindergarten. When you were given a sentence to
complete, such as
+ 4 = 7, you were solving the equation x + 4 = 7.
Looking for patterns, being able to make generalizations, and being able
to state generalizations as a rule or equation are important skills. To make
efficient use of rules requires the reasoning and analysis needed to make
generalizations.
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8
9

regular
regular
regular
regular

heptagon

octagon

nonagon

decagon

10

7

6

regular

hexaton

square

4

3

5

rectangle

parallelogram

obtuse

scalene

regular

rhombus

quadrilateral

trapezoid

right

isosceles

8

7

6

5

4

3

2

1

1,440

1,260

1,080

900

720

540

360

180

(s – 2)180

number number sum of
of sides of
measures
triangles of interior
angles

pentagon

quadrilateral

equilateral

triangle
acute

examples

polygon

Polygons and Angles

144

140

135

128.57

120

108

90

60

(s – 2)180
s

measure
of each
regular
interior
angle

36

40

45

51.43

60

72

90

120

measure
of each
regular
exterior
angle

360

360

360

360

360

360

360

360

sum of
measures
of exterior
angles

Lesson Three Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Represent and apply geometric properties and
relationships to solve real-world and mathematical
problems including ratio proportion. (MA.C.3.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
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Exploring the Concepts of Area and Volume
Area (A) is the inside region of a two-dimensional figure measured in
square units. When first exploring the concept of area, many students
arrange square tiles in rectangular arrangements, such as
• making one row of 12 tiles,
1

2 3

4

5 6

7 8

9 10 11 12

• 2 rows of 6 tiles,
1

2 3

7 8

4

5 6

9 10 11 12

• or 3 rows of 4 tiles.
1

2 3

4

5 6

7

8

9

10 11 12

The figures above show rectangles with an area of 12 square units. Students
often discover that the factor pairs of 12 (1 x 2; 2 x 6; 3 x 4) represent
dimensions of rectangles having an area of 12 square units. The formula,
area (A) = length (l) x width (w) or A = lw
is often rediscovered.
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Consider the following:
Rectangular prisms are six-sided prisms whose faces are all rectangular.
Arrangements of 24 Unit Cubes
length (l)
in inches

width (w)
in inches

height (h)
in inches

volume (V ) in
cubic inches

1

24

1

24

2

12

1

24

3

8

1

24

4

6

1

24

1

12

2

24

2

6

2

24

3

4

2

24

This table could represent arrangements of 24 unit cubes into prisms—
three-dimensional figures.
The first would represent 1 layer of 1 row of 24 unit cubes. The last would
represent 3 rows of 4 unit cubes stacked 2 deep. Each arrangement would
require 24 unit cubes. The product of the three dimensions of the prism
represents the volume of the prism.
Remember: Volume (V) is the amount of space occupied in
three dimensions expressed in cubic units. Three-dimensional
figures exist in three dimensions. They have length (l),
width (w), and height (h).
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Volume of Rectangular Prisms
Finding the area (A) of the base (b) of the prism, which is a rectangle, helps
us visualize the number of cubic units that cover the base, forming the first
layer. The height (h) tells us how many of these layers will completely fill
the prism. In the formula for volume (V) of a rectangular prism, V= l x w x h,
the product of the length (l) and width (w) represents the number of cubic
units needed for the bottom layer. We multiply that product by the height,
which represents the number of layers, to get the total volume.
Remember: The volume of a rectangular prism is length times
width times height, V = lwh.
• If the length, width, and height of a rectangular prism are known,
the volume can be found.
• If the volume, length, and width of a rectangular prism are known,
the height can be found.
Study the following.
To visualize the volume of a prism as the area of the base (b) multiplied by
the height of the prism, see the illustration below. This illustration shows
the number of unit cubes required for the first layer (length times width)
followed by the number of layers (height).
The rectangular prism below has the base shown and has a height of six.
So 15 unit cubes (5 rows with 3 in each row) are needed to fill the bottom
layer.

height
(6 unit cubes)

length
(5 unit cubes)

width
(3 unit cubes)

The rectangular prism described above will have a volume of 90 cubic units
because six layers with 15 cubes in each layer are needed to fill the prism.
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This same visualization can transfer to some other solid figures
such as cylinders. Cylinders are three-dimensional figures with
two parallel ( ) congruent circular bases. An example would be a
can.

base

base

cylinder

Volume of Solid Figures

Prior knowledge of the area of circles allows the vision of the number of
cubic units required for the bottom layer to be multiplied by the number
of layers in the cylinder.
Remember:
• Area of a circle = πr2, using 3.14 or

22
7

for π.

• π represents pi, which has an approximate value of 3.14
or 22
.
7
• r represents the radius of a circle.
The formulas commonly found for volume include the following:
• rectangular solid

V = lwh

• right circular cylinder

V = πr2h

A special relationship exists between a cone and a cylinder
(see above) having congruent bases and the same height. A
cone is a three-dimensional figure with one circular base in
which a curved surface connects the base to the vertex. The
volume of the cone is 13 the volume of the cylinder.
• right circular cone V =

314

1
3

vertex

base

cone

πr2h
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The same relationship exists between a
pyramid and a prism having congruent
bases and the same height. The volume
of the pyramid is 13 the volume of the
prism.
• rectangular or square pyramid

base

base

rectangular or
square pyramid

rectangular prism

V=

1
3

(lwh)

It is interesting to note that the volume of 12 of a sphere
and a cone having congruent bases and the same
heights are the same. This indicates that the volume of
the sphere is actually twice that of the cone or 23 of its
related cylinder. A sphere is a three-dimensional figure
in which all points on the figure are equidistant from a
center point.
• sphere

V=
or

2
3

4
3

radius

center
sphere

πr3

πr2h

The two formulas for sphere are equivalent. The second formula establishes
the relationship among the cylinder, the cone, and the sphere. The first
formula is more often found in reference sources. To verify their equality,
one must realize the height of the sphere is actually represented two radii.
When 2r is substituted for h in the second formula,
V=

2
3

πr2h

V=

2
3

πr2(2r)

V=

4
3

πr3

each of the formulas represents an algebraic equation.
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Let’s Summarize:
Volume (V) is the amount of space occupied in a three-dimensional figure.
Volume is expressed in cubic units.

Mathematical Formulas for Volume (V )
example

formula

figure

V = πr 2h
or
V = Bh

right circular
cylinder

3
4

V = 13 πr 2h
or

right circular
cone

V=
rectangular
solid

1
3

3

V = lwh
or
V = Bh

8

V=

4
3

3

8

V=

2
3

V=
V=

4

1
3 (3)(4)(8)
96
3 = 32 cubic

units

3

πr 3

V≈

or

sphere

V = 8(3)(4)
V = 96 cubic units

4

V = 13 lwh
or
V = 13 Bh

square
pyramid

V ≈ 13 (3.14)(3 2 )(7)
V ≈ 66 cubic units

7

Bh

V ≈ (3.14)(3 2 )(4)
V ≈ 113.04 cubic units

2

πr 2h

V≈

3
4 22
3 ( 7 )(2 )
3311
21 cubic

units

Key
B = area of base
π = pi Use 3.14 or

h = height
22
7

for π.

l = length

r = radius

V = volume

πr 2 = area of circular base

Note: Appendix C contains a list of various shapes with formulas for
finding area, volume, and surface area. You will not need to memorize all
of these formulas.
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Practice
Solve the following. Refer to page 316 as needed
1. A box of paper measures 40 centimeters (cm) by 30 centimeters by 25
centimeters. The storage space for the paper measures 2 meters (m)
by 1.5 meters by 2.5 meters. The sketch below shows one box of
paper placed on the base of the storage space.
Remember: 1 meter (m) = 100 centimeters (cm)
a. Complete the sketch below to show the total number of boxes that
would fit in the bottom layer.
Answer:
rows of
measuring 40 cm x 30 cm

boxes, each

Paper Storage Space
150 cm
or
1.5 m

100 cm
or
1m

50 cm
or
0.5 m
Box 1
0 cm

50 cm
or
0.5 m
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100 cm
or
1m

150 cm
or
1.5 m

200 cm
or
2m
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b. Determine how many layers of boxes are possible in the space.
Answer:

layers

c. Determine the maximum number of boxes of paper that can be
stored in this space.
Answer:

boxes

2. The cylindrical containers of ice cream in an ice cream shop measure
28 centimeters in diameter and are 20 centimeters tall. The store
features small spherical scoops measuring 5 centimeters in diameter.
The diameter is a line segment (—) from any point on the circle that
passes through the center (of the circle) to another point on the circle.
How many scoops should the store expect to get from one
container?
a. The volume of the cylindrical container is

cubic

centimeters rounded to the nearest tenth.
(V = πr2h and use 3.14 for π)

b. The volume of one spherical scoop, 5 centimeters in diameter, is
cubic centimeters rounded to the nearest tenth.
(V =

318

4
3

πr3 and use 3.14 for π)
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c. The store should expect to get
of these scoops
from one container rounded to the nearest whole number.
3. A woodcarver has a rectangular solid of cherry that is 4 inches by 4
inches by 3 inches. She plans to carve a square pyramid from the
rectangular solid with the same base and height as the original solid.
a. The volume of the original solid is
(V = lwh)

cubic inches.

b. The volume of the pyramid will be
(V = 13 lwh)

cubic inches.

4. The exterior frame of a front-loading washing machine represents a
rectangular solid. Measures indicate a height of 28.5 inches, a width of
26.5 inches, and a depth of 23.5 inches. The cylindrical interior has a
radius of 11 inches and a depth of 13 inches. Round each answer to
the nearest whole number.
a. The volume of the rectangular exterior frame is
cubic inches.
(V = lwh)

b. The volume of the cylindrical interior is
inches.
(V = πr2h)

cubic

c. The volume of the cylindrical interior represents
percent (%) of the volume of the washing
machine’s exterior frame.
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5. The rectangular exterior frame of a clothes dryer made to stack on
top of a washer represents a rectangular solid. Measures indicate a
height of 35 inches, a width of 26.5 inches, and a depth of 23.5
inches. The cylindrical interior has a radius of 13 inches and a depth
of 18 inches. Round each answer to the nearest whole number.
a. The volume of the rectangular exterior frame is
cubic inches.
(V = lwh)

b. The volume of the cylindrical interior is
inches.
(V = πr2h)

cubic

c. The volume of the cylindrical interior represents
% of the volume of the exterior frame.
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6. A theater sells popcorn in three different sizes. The price for each
size is based on a fixed amount per cubic inch in the volume of the
container, with the price rounded to the nearest ten cents. Find the
price of each of the three sizes of popcorn.
a. The small rectangular container is a bag 8 inches tall and the
bottom of the bag is a rectangle measuring 2 inches by 4 inches.
The per cubic inch price for the small size is 5 cents. The
customer pays $

for the small size.

b. The medium rectangular container is a box 9 inches tall and the
bottom of the box is a rectangle measuring 2.5 inches by 6
inches. The per cubic inch price for the medium size is 4 cents.
The customer pays $

for the medium size.

c. The large container is a cylinder 9 inches tall, with a
diameter of 5.5 inches. The per cubic inch price for the large size
is 3 cents. The customer pays $

Unit 5: Formulas, Patterns, and Geometric Shapes

for the large size.
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Think about This!
In problem 6 on the previous page, the dimensions of the small bag of
popcorn were 8 inches by 2 inches by 4 inches and the volume was 64
cubic inches. If one dimension is doubled, the results would be as follows:
• 16 x 2 x 4 = 128 cubic inches (The bag is twice as tall and has twice
the volume.)
or
• 8 x 4 x 4 = 128 cubic inches (The bottom of the bag is twice as wide
and the volume is twice as much.)
or
• 8 x 2 x 8 = 128 cubic inches (The bottom of the bag is twice as long
and the volume is twice as much.)
If two of the dimensions were doubled, the results would be as follows:
• 16 x 4 x 4 = 256 cubic inches
or
• 16 by 2 by 8 = 256 cubic inches
or
• 8 by 4 by 8 = 256 cubic inches
When two of the three dimensions are doubled, the volume is 4 times as
large.
If all three of the dimensions were doubled, the results would be as
follows:
• 16 x 4 x 8 = 512
When all three dimensions are doubled, the volume is 8 times as large.
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A scale factor is the constant that is multiplied by the lengths of each side
of a figure that produces an image that is the same shape as the original
figure. When you studied similar two-dimensional figures, or figures having
length and width, you found that a scale factor of two resulted in side
lengths being doubled and area being quadrupled. You also found that a
scale factor of three resulted in side lengths being tripled and area
increasing to 9 times as much.
You can now see that if all three dimensions of a solid are doubled, the
volume will increase to 8 times as much or to the cube (power), which is
the third power of a number, of the scale factor. If all three dimensions are
tripled, the volume will increase to 27 times as much or to the cube of the
scale factor.
Using the information above, solve the following.
7. A new theater is opening and decides to sell four sizes of popcorn—
small, medium, large, and extra large.
a. The small box will measure 2 inches by 4 inches by 6 inches and
the unit price will be 4 cents per cubic inch.
If the price is rounded to the nearest quarter (25 cents), it will be
$

.

b. For the medium box, one of the dimensions of the small box
will be doubled and the unit price will be 3.25 cents per cubic
inch.
If the price for the medium box is rounded to the nearest
quarter, it will be $
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c. For the large box, two of the dimensions of the small box will be
doubled and the unit price will be 2.5 cents per cubic inch.
If the price for the large box is rounded to the nearest quarter, it
will be $

.

d. For the extra-large box, all three of the dimensions of the small
box will be doubled and the unit price will be 1.75 cents per
cubic inch.
If the price for the extra-large box is rounded to the nearest
quarter, it will be $
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______

1. units for measuring volume

A. area (A)

______

2. a six-sided prism whose faces are all
rectangular

B. cube

______

3. one of the plane surfaces bounding a
three-dimensional figure

C. cubic units

______

4. a one-dimensional measure that is the
measurable property of line segments

D. face

______

5. units for measuring area; the measure of
the amount of an area that covers a
surface

E. factor pair

______

6. a line segment extending from the vertex
or apex (highest point) of a figure to its
base and forming a right angle with the
base or plane that contains the base

______

7. a one-dimensional measure of something
side to side

______

8. existing in three dimensions; having
length, width, and height

______

9. a rectangular prism that has six square
faces

______ 10. two numbers that when multiplied
together yield a given number
______ 11. the measure, in square units, of the inside
region of a two-dimensional figure
______ 12. the amount of space occupied in three
dimensions and expressed in cubic units
______ 13. a rectangle with four sides the same
length
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F. height (h)
G. length (l)
H. rectangular
prism
I. square
J. square
units
K. threedimensional
L. volume (V)
M. width (w)
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Practice
Use the list below to complete the following statements.
base (b)
circle
cone

cube (power)
cylinder
diameter (d)

parallel ( )
pi (π)
radius (r)

1. A

scale factor
solid figures
sphere

is a three-dimensional figure with two
bases that are congruent circles. An

example would be a can.
2. To find the area of a

you would use the

formula A = πr2.
is an irrational number with common

3.

approximates of either 3.14 or

22
7

.

4. The line or plane of a geometric figure, from which an altitude can
be constructed, upon which a figure is thought to rest is
called the
5. The

.
is a line segment extending from the

center of a circle or sphere to a point on the circle or sphere.

326

Unit 5: Formulas, Patterns, and Geometric Shapes

6. The

, on the other hand, is a line

segment from any point on the circle passing through the center to
another point on the circle.
7. A

is a three-dimensional figure in which

all points on the figure are equidistant from a center point.
8. Three-dimensional figures that completely enclose a portion of
space are called

.

9. A

is a three-dimensional figure with one

circular base in which a curved surface connects the base to the
vertex.
10. The third power of a number, such as 43, is called
.
11. A

is the constant that is multiplied by

the lengths of each side of a figure that produces an image that is the
same shape as the original figure.
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Lesson Four Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Represent and apply geometric properties and
relationships to solve real-world and mathematical
problems including ratio proportion. (MA.C.3.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
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Formulas for Surface Area (S.A.)
Formulas for surface area are another example of frequently used
equations. The sum of the areas of all the surfaces or faces and any curved
surfaces of a three-dimensional shape is called its surface area. If you think
of wrapping a package with no holes and no overlap in the wrapping
paper, you are thinking of a package’s surface area. In typical giftwrapping, there are no holes but overlap of the wrapping paper almost
always exists.
Formulas for surface area (S.A.) include the following:
Formulas for Surface Area
Total Surface Area

Solid Figures

S.A. = 12 (2πr) + πr 2 or
S.A. = πr + πr 2

right circular cone

where r = radius, = slant height
2

S.A. = 4( 12 l ) + l or
2
S.A. = 2l + l

square pyramid

where l = length, = slant height
S.A. = 4πr 2

sphere

where r = radius
right circular cylinder

S.A. = 2πrh + 2πr

2

where r = radius, h = height
rectangular solid

S.A. = 2lw + 2hw + 2lh
where l = length, w = width, h = height
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Types of Polynomials
The formulas for solid surface areas are represented as polynomials. Some
polynomials have special names, such as monomials, binomials, and
trinomials.
A term is a number, variable, product, or quotient in an expression. The
terms of an expression are its monomials.
• A polynomial is a monomial or sum of monomials (terms).
Polynomials with more than three terms have no special names.
• A monomial is an expression with one term—a number, a variable,
or the product of a number and one or more variables.
• A binomial is a polynomial with two terms.
• A trinomial is a polynomial with three terms.
Polynomials
Binomial

Trinomial

8

4x2 + x

x+y+2

x

2a – 3b

m2 + 6m + 3

4c

8qrs + qr2

b2 – 2bc – c2

2y2

6 – 3z

8j2 – 2n + rp3

-3

12j2 + 7

3r2 + 3s – t

xyz2
9

1
2

a–b–c

Monomial
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a–z
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Practice
Use the charts on pages 329 and 330 to answer the following.
1. For which solid is the surface area represented by a monomial—an
expression with one term?
Answer:
2. For which solid is the surface area represented by a trinomial—a
polynomial with three terms?
Answer:
3. For which solids is the surface area represented by binomials—
polynomials with two terms?
Answer:
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Slant Height
Some of the formulas on page 329 include slant height ( ) as well as
height. If slant height is an unfamiliar term, see the following exploration.
Slant Height of a Cone

2 radii

hypotenuse

120°

12

slant height ( ) of
cone

cm

The minor sector
is 13 of the
circumference of
the circle.

12 c

minor
sector

12 cm

circ
um
f

ce
en
er

m

vertex

height (h)
of cone

4 cm
m
4c

major
sector
circle

cone formed by removing 31 of
the circumference of the circle

Two circles are provided and each has a radius of 12 centimeters. A central
angle of 120 degrees is shown and its rays are radii of the circle. A central
angle of a circle is an angle whose vertex is the center of the circle. If cuts
are made along the radii and the two cut edges are taped together, a cone
is formed.
The 12 centimeter edges represent the slant height of the cone because they
represent the perpendicular ( ) distance from the edge of the base to the
opposite vertex.
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Since the radius of the original circle was 12 centimeters, its circumference
(C) was 24 π centimeters. Since a one-third sector was removed to form the
cone, the circumference of the cone is one-third of the circumference of the
circle or 8 π centimeters. This means the diameter (d) of the cone is 8
centimeters and the radius is 4 centimeters.
Remember:
• The circumference of a circle is
C = πd or
C = 2πr
• The radius (r) of a circle is one-half of the diameter (d) of
the circle.
The height (h) of the cone is the perpendicular distance from the base to the
opposite vertex. This is illustrated below, and you can see that the height
of the cone is also one leg of a right triangle, the radius is the second leg,
and the slant height is the hypotenuse, or longest side of a right triangle.
The height can now be determined.

hypotenuse =
12 cm

leg a = 4 cm

height (h) or
leg b = ?
right angle

Pythagorean theorem
a2 + b2 = c2
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See below as the Pythagorean theorem is applied to this particular cone.
a2

+

b 2 = c2

42

+

h2 = 122

16

+

h2 = 144

16 + -16 + h2 = 144 + -16
h2 = 128
The height is approximately 11.3 centimeters rounded to the nearest tenth.
Slant Height of a Pyramid
The slant height ( ) for a pyramid is the perpendicular distance from the
edge of the base to the opposite vertex. The slant height represents the
altitude, or height, of the lateral triangular faces meeting at the vertex of
the pyramid. The lateral is a surface on the side of a geometric figure.

vertex
lateral
surface

slant
height ( )
edge of
the base
triangular pyramid

vertex

height (h)

slant
height ( )

lateral
surface

edge of
the base
square pyramid
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Surface Area to Volume Ratio
Think about This!
The major objective in the design of product packaging is often selling the
product rather than protecting our environment. This can be observed in
the way many of our food products are packaged. Whether you are
considering paper, metals, or glass, packaging often does not represent the
ideal surface area to volume ratio. If it did, fewer resources would be used.
If 64 cubic inches of material is to be packaged in a box (a rectangular
prism), an example of excessive packaging might be a box 64 centimeters
long, 1 centimeter wide, and 1 centimeter high. That box would require
258 square centimeters (cm2) of packaging. A more efficient package might
be a box 4 centimeters long, 4 centimeters wide, and 4 centimeters high.
That box would require 96 square centimeters of packaging. The surface
area to volume ratios for the two boxes would be as follows:

Surface Area to Volume Ratios

S.A. = 258 cm2
l = 64 cm

h = 4 cm
S.A. =
96 cm2 w = 4 cm
l = 4 cm

h = 1 cm
w = 1 cm

box with dimensions 64 x 1 x 1

box with dimensions 4 x 4 x 4

ratio of surface area to volume
258 to 64 or 4 to 1

ratio of surface area to volume
96 to 64 or 1.5 to 1

258 to 64 =

96 to 64 =

258
64

96
64

=
4 rounded to the nearest
whole number
Note: 4 cm2 of packaging to 1 cubic
cm of contents (cm3)

=

1.5
Note: 1.5 cm2 of packaging to 1
cubic centimeter (cm3) of
contents
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When you consider the two packages, try to visualize 64 cubes of caramel
candy in a long, skinny package.

64 caramel cubes in 1 long, skinny package

Then visualize the same 64 caramel cubes of candy with four
layers of 16 cubes each. Which package might appear to have
more candy, especially to a young child unaware of the intent
to package to sell rather than to package to protect the
environment?

336

64 caramel
cubes in 4
layers of 16
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Practice
Solve the following.
1. Two cans of tomatoes of the type commonly found in grocery stores
were measured. Their measurements are provided in the table
below.
Remember: right circular cylinder
S.A. = 2πrh + 2πr2
V = πr2h
a. Complete the table below.
Two Different Cans of Tomatoes
diameter in height in
surface area in
centimeters centimeters square
(cm)
(cm)
centimeters (cm2)
(rounded to
nearest whole
number)
7.5 cm

11 cm

10 cm

11.5 cm

347 cm2

volume in
cubic
centimeters
(cm3) (rounded
to nearest
whole number)
486 cm3

surface area
to volume
ratio
(rounded to
the nearest
hundredth)
347
486

or 0.71 to 1

b. Write a statement comparing the two cans.
_____________________________________________________
_____________________________________________________
_____________________________________________________
_____________________________________________________
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2. Two boxes of cereal of the type commonly found in grocery stores
were measured and the measurements are provided. The
dimensions for two additional boxes not found in grocery stores are
also provided for your consideration.
Remember: rectangular solid
S.A. = 2lw + 2hw + 2lh
V = lwh
a. Complete the table below.
Two Different Boxes of Cereal
length in width in height in surface area in
inches inches inches
square inches
(in.)
(in.)
(in.)
(in.2)
(rounded to
nearest whole
number)
6.5 in.

2.25 in. 10.875 in.

7.5 in.

2.75 in. 11.25 in.

5.42 in.

5.42 in.

5.42 in.

6.15 in.

6.15 in.

6.15 in.

volume in
cubic inches
(in.3)
(rounded to
nearest whole
number)

surface area
to volume
ratio
(rounded to
the nearest
hundredth)

b. Write a statement comparing the first two boxes.
_____________________________________________________
_____________________________________________________
_____________________________________________________
_____________________________________________________
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c. Write a statement comparing the first and third boxes.
_____________________________________________________
_____________________________________________________
_____________________________________________________
_____________________________________________________
d. Write a statement comparing the second and fourth boxes.
_____________________________________________________
_____________________________________________________
_____________________________________________________
_____________________________________________________

6. A can of tuna fish of the type commonly
found in grocery stores has measures of
8.5 centimeters (cm) in diameter and 3.5
cm in height. Round to the nearest
whole number.

8.5 cm
3.5 cm
tuna can

Remember:
Total surface area (S.A.) or a right circular cylinder is
S.A. = 2πrh + 2πr2.
The volume of a right circular cylinder is V = πr2h.
What is the surface area to volume ratio?
Answer:
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7. Select a packaging for a product of interest to you and determine its
surface area to volume ratio. Design a package for that product with
an improved surface-area-to-volume ratio.
your product
your packaging shape
surface area to volume ratio
your design

Lateral faces are equilateral triangles with
side lengths of 12 inches (in.).

12 in.

in.

Base is a square with side lengths of 12
inches.

slant
height ( ) = ?

12 in.

12

8. Find the slant height of a square pyramid
having the following measures:

square pyramid

Remember: The altitude in an equilateral triangle bisects
the base into two equal parts. The Pythagorean theorem
is (a2 + b2 = c2.)
Answer:
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9. A globe of the world on display in a local store has
a radius of 18 inches. What is the surface area of
this spherical shaped globe to the nearest square
inch?
Remember: The surface area (S.A.) of a
sphere is S.A. = 4πr2.
Answer:
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18 in.

globe

square inches (in.2)
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Practice
Use formulas or your understanding of solids to answer to the following.
1. A cubic box measures 12 centimeters (cm) on each edge. Which
shape, when placed in the box, will result in the least amount of
space left between the shape and the box?
a.
b.
c.

A cone with a 12 cm diameter and a height of 12 cm
A cylinder with a 12 cm diameter and a height of 12 cm
A sphere with a 12 cm diameter

2. A triangular pyramid will have a triangular base and
triangular lateral faces.
3. A hexagonal pyramid will have a hexagonal base and six
(hexagonal, rectangular, triangular) lateral faces.
4. A pentagonal prism will have two pentagonal bases and five
(pentagonal, rectangular, triangular) lateral faces.
5. If a cylinder and a cone have the same diameter and height, the
volume of the cylinder is

times the volume of the

cone.
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6. The formula for the surface area of a cylinder is 2πrh + 2πr2.
a. Two circles are needed for the two bases of the cylinder. Which
part of the formula represents the area of the two bases?
Answer:

b. A rectangle having length equal to the circumference of the
cylinder’s base and a width equal to the height of the cylinder is
needed to complete the cylinder. Which part of the formula
represents the area of this rectangle?
Answer:

7. The amount of water a pipe can carry is dependent upon the area (A)
of a cross-section of the pipe opening. How many pipes with
diameters of 2 inches will it take to carry as much water as one pipe
with an 8-inch diameter?
Answer:
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8. A bakery makes a 3-tiered cake for a variety of occasions. The
bottom layer has a 12-inch diameter and is 1.5 inches thick, the
middle layer has a 9-inch diameter and is 1.5 inches thick, and the
top layer has a 6-inch diameter and is 1.5 inches thick. Round to the
nearest whole number.
a. The volume of the bottom layer is

cubic inches.

b. The volume of the middle layer is

cubic inches.

c. The volume of the top layer is

cubic inches.

The thickness of each layer remains the same but the diameters of
the layers are not the same.
d. Write a statement comparing the volumes of the middle layer
and top layer.
_____________________________________________________
_____________________________________________________
_____________________________________________________
e. Write a statement comparing the volumes of the bottom layer
and top layer.
_____________________________________________________
_____________________________________________________
_____________________________________________________
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Practice
Use the list below to write the correct term for each definition on the line provided.
binomial
expression
monomial
polynomial

quotient
ratio
surface area (S.A.)

term
trinomial
variable

___________________________ 1. a polynomial with exactly two terms
___________________________ 2. a number, variable, or the product of a
number and one or more variables; a
polynomial with only one term
___________________________ 3. the result of dividing two numbers
___________________________ 4. a collection of numbers, symbols,
and/or operation signs that stands for
a number
___________________________ 5. any symbol, usually a letter, which
could represent a number
___________________________ 6. the sum of the areas of the faces and
any curved surfaces of the figure that
create the geometric solid
___________________________ 7. a polynomial with three terms
___________________________ 8. a number, variable, product, or
quotient in an expression
___________________________ 9. a monomial or sum of monomials
__________________________ 10. the comparison of two quantities
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______

1. an angle that has its vertex at the
center of a circle, with radii as its sides

A. base (b)

______

2. the distance around a circle

______

3. the longest side of a right triangle; the
side opposite the right angle

B. central angle
(of a circle)

______

4. a surface on the side of a geometric
figure, as opposed to the base

______

5. a part of a circle bounded by two radii
and the arc or curve created between
any two of its points

______

6. the sum of the areas of the faces of the
figure that create the geometric solid

E. lateral

______

7. the point common to the two rays that
form an angle

F. perpendicular
( )

______

8. the line or plane of a geometric figure,
from which an altitude can be
constructed, upon which a figure is
thought to rest

G. sector

______

9. two lines, two line segments, or two
planes that intersect to form a right
angle

______ 10. the shortest distance from the vertex of
a right circular cone to the edge of its
base; the perpendicular distance from
the vertex of a pyramid to one edge of
its base
______ 11. the amount of space occupied in three
dimensions and expressed in cubic
units
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C. circumference
(C)

D. hypotenuse

H. slant height ( )

I. surface area
(S.A.)

J. vertex

K. volume (V)
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Practice
Match each figure with the correct term.

______

1.

A. cylinder

______

2.

B. diameter (d)

______

3.

C. hexagon

______

4.

D. isosceles triangle

______

5.

______

6.

diameter

E. pentagon

F. radius (r)

135°

______

7.

1

2

45°

G. rectangular prism

A
R
B
m 1 + m 2 = 180°

______

8.

______

9.
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H. rhombus

I. supplementary angles
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Unit 6: Pythagorean Theorem and Radical Expressions
This unit emphasizes working with the Pythagorean theorem and radical
expressions.

Unit Focus
Number Sense, Concepts, and Operations
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand the relative size of integers, rational
numbers, irrational numbers, and real numbers.
(MA.A.1.4.2)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situation to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)

Measurement
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
Geometry and Spatial Sense
• Represent and apply geometric properties and
relationships to solve real-world and mathematical
problems including ratio and proportion. (MA.C.3.4.1)
• Using a rectangular coordinate system (graph), apply
and algebraically verify properties of two-dimensional
figures, including distance, midpoint, slope, parallelism,
and perpendicularity. (MA.C.3.4.2)
Algebraic Thinking
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)

Vocabulary
Use the vocabulary words and definitions below as a reference for this unit.
absolute value ................................ a number’s distance from zero (0) on a
number line; distance expressed as a
positive value
Example: The absolute value of both 4,
written 4 , and negative 4, written
4 , equals 4.
4 units

-5

-4

-3

-2

-1

4 units

0

1

2

3

4

5

ra

angle ( ) .......................................... two rays extending from a
common endpoint called the
vertex; measures of
angles are described
vertex
in degrees (°)

y

altitude ............................................ the perpendicular distance from a vertex
in a polygon to its opposite side

ray

area (A) ............................................ the measure, in square units, of the
inside region of a two-dimensional
figure
Example: A rectangle with sides of 4
units by 6 units contains 24 square units
or has an area of 24 square units.
bisect................................................ to cut or divide into two equal parts
common factor ............................... a number that is a factor of two or more
numbers
Example: 2 is a common factor of 6 and
12.
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congruent (~
= ) ................................. figures or objects that are the same
shape and size
coordinate grid or plane .............. a two-dimensional network of
horizontal and vertical lines that are
parallel and evenly-spaced; especially
designed for locating points, displaying
data, or drawing maps
decimal number ............................ any number written with a decimal
point in the number
Example: A decimal number falls
between two whole numbers, such as 1.5
falls between 1 and 2. Decimal numbers
smaller than 1 are sometimes called
decimal fractions, such as
five-tenths is written 0.5.
degree (°) ......................................... common unit used in measuring angles
denominator ................................... the bottom number of a fraction,
indicating the number of equal parts a
whole was divided into
Example: In the fraction

2
3

the

denominator is 3, meaning the whole
was divided into 3 equal parts.
diagonal (of a polygon) ................ a line segment that joins
two vertices of a
polygon but is not a side
of the polygon

l

ona

diag

difference........................................ a number that is the result of subtraction
Example: In 16 – 9 = 7,
7 is the difference.

352

Unit 6: Pythagorean Theorem and Radical Expressions

equation .......................................... a mathematical sentence in which two
expressions are connected by an
equality symbol
Example: 2x = 10
equilateral triangle ....................... a triangle with three
congruent sides
equivalent
(forms of a number) ...................... the same number expressed in different
forms
Example: 34 , 0.75, and 75%

expression ....................................... a collection of numbers, symbols,
and/or operation signs that stands for a
number
Example: 4r2; 3x + 2y; 25
Expressions do not contain equality (=)
or inequality (<, >, ≤, ≥, or ≠) symbols.
factor ................................................ a number or expression that divides
evenly into another number
Example: 1, 2, 4, 5, 10, and 20 are factors
of 20 and (x + 1) is one of the factors of
(x2 – 1).
formula ........................................... a way of expressing a relationship using
variables or symbols that represent
numbers
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fraction ............................................ any part of a whole
Example: One-half written in
fractional form is 12 .
height (h)......................................... a line segment extending from the vertex
or apex (highest point) of a figure to its
base and forming a right angle with the
base or plane that contains the base
height (h)
base (b)

height (h)

height (h)
base (b)

hypotenuse ..................................... the longest side of a
right triangle; the side
opposite the right
angle

base (b)

hy

po

te

leg

nu

se

leg

irrational number .......................... a real number that cannot be expressed
as a ratio of two integers
Example: 2
isosceles triangle ........................... a triangle with two congruent
sides and two congruent
angles

leg ..................................................... in a right triangle, one of
the two sides that form
the right angle

leg

leg

length (l) ......................................... a one-dimensional measure that is the
measurable property of line segments

354

Unit 6: Pythagorean Theorem and Radical Expressions

like terms ........................................ terms that have the same variables and
the same corresponding exponents
Example: In 5x2 + 3x2 + 6, 5x2 and 3x2 are
like terms
line segment (—) ........................... a portion of a line that consists of two
defined endpoints and all
the points in between
A
B
Example: The line segment
AB is between point A and point B and
includes point A and point B.
measure (m) of an angle ( ) ........ the number of degrees (°) of an angle
negative numbers ......................... numbers less than zero
numerator ....................................... the top number of a fraction, indicating
the number of equal parts being
considered
Example: In the fraction 23 , the numerator
is 2.
perfect square ................................ a number whose square root is a whole
number
Example: 25 is a perfect square because
5 x 5 = 25
perimeter (P) .................................. the distance around a polygon
perpendicular ( ) ......................... two lines, two line segments, or two
planes that intersect to form a right angle
pi (π)................................................. the symbol designating the ratio of the
circumference of a circle to its diameter;
an irrational number with common
approximations of either 3.14 or 22
7
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point ................................................ a specific location in space that has no
discernable length or width
polygon ........................................... a closed-plane figure, having at least
three sides that are line segments and
are connected at their endpoints
Example: triangle (3 sides),
quadrilateral (4 sides),
pentagon (5 sides), hexagon (6 sides),
heptagon (7 sides), octagon (8 sides);
concave, convex

power (of a number) ..................... an exponent; the number that tells how
many times a number is used as a factor
Example: In 23, 3 is the power.
product ............................................ the result of multiplying numbers
together
Example: In 6 x 8 = 48,
48 is the product.
Pythagorean theorem ................... the square of
leg
hypotenuse
the hypotenuse
a
c
(c) of a right
triangle is equal
b
right angle
leg
to the sum of
the square of
the legs (a and b), as shown in the
equation c2 = a2 + b2
quadratic equation ........................ an equation in the form of
ax2 + bx + c = 0
quadratic formula ......................... formula used to solve any quadratic
equation; if ax2 + bx + c = 0 and a ≠ 0,
then x =
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radical .............................................. an expression that has a root (square
root, cube root, etc.)
Example: square root or cube root
25 is a radical
Any root can be specified by an index
number, b, in the form b a (e.g., 3 8 ).
A radical without an index number is
understood to be a square root.
root to be taken (index)
radical
sign

radical sign (

3

8=2

root
radicand
radical

) ............................. the symbol ( ) used before a number
to show that the number is a radicand

radicand .......................................... the number that appears within a
radical sign
Example: In 25 ,
25 is the radicand.
real numbers .................................. the set of all rational and irrational
numbers
repeating decimal ......................... a decimal in which one digit or a series
of digits repeat endlessly
Example: 0.3333333… or 0.3
24.6666666… or 24.6
5.27272727… or 5.27
6.2835835… or 6.2835
right angle ...................................... an angle whose measure is
exactly 90°
right triangle .................................. a triangle with one
right angle
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root ................................................... an equal factor of a number
Example:
In 144 = 12, 12 is the square root.
3
In 125 = 5, 5 is the cube root.

side
edge of a polygon

de

side

si

si

e

sid

de

side ................................................... the edge of a polygon, the face of a
polyhedron, or one of the rays that
make up an angle
Example: A triangle has three sides.

side

ray of an angle
face of a polyhedron

simplest form ................................. a fraction whose numerator and
denominator have no common factor
greater than 1
Example: The simplest form of 63 is 12 .
simplify an expression ................. to perform as many of the indicated
operations as possible
square .............................................. a rectangle with four sides
the same length
square (of a number) .................... the result when a number is multiplied
by itself or used as a factor twice
Example: 25 is the square of 5.
square root (of a number) ............ one of two equal factors of a number
Example: 7 is the square root of 49.
square units .................................... units for measuring area; the measure of
the amount of an area that covers a
surface
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substitute ........................................ to replace a variable with a numeral
Example: 8(a) + 3
8(5) + 3
sum .................................................. the result of adding numbers together
Example: In 6 + 8 = 14,
14 is the sum.
table (or chart) ............................... a data display that organizes
information about a topic into
categories
terminating decimal ..................... a decimal that contains a finite (limited)
number of digits
Example: 83 = 0.375
2
5

= 0.4

triangle ............................................ a polygon with three sides; the sum of
the measures of the angles is 180°

value (of a variable) ...................... any of the numbers represented by the
variable
variable ........................................... any symbol, usually a letter, which
could represent a number

ra

y

vertex ............................................... the point common to the two rays that
form an angle; the point common to any
two sides of a polygon; the point
common to three or more edges
of a polyhedron; (plural:
vertices); vertices are
named clockwise or vertex
ray
counterclockwise
whole number ............................... the numbers in the set {0, 1, 2, 3, 4, …}
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Introduction
The Pythagorean theorem applies to all right triangles. If you know the
lengths of two sides of a right triangle, you can find the length of the
hypotenuse or third side.
How can the Pythagorean theorem, expressed algebraically as a2 + b2 = c2,
be used to solve real-world and mathematical problems? Using radical
expressions, or expressions with a root, such as a square root, will help you
to solve the problems in this unit.

Lesson One Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand the relative size of integers, rational
numbers, irrational numbers, and real numbers.
(MA.A.1.4.2)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situation to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
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• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors on
calculations. (MA.B.3.4.1)
• Represent and apply geometric properties and
relationships to solve real-world and mathematical
problems including ratio and proportion. (MA.C.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
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Pythagorean Theorem
You have used the Pythagorean theorem to determine the length (l) of a
side of a right triangle. You used the formula,
a2 + b2 = c2
where a and b represent the lengths of the legs of a right triangle and c
represents the length of the hypotenuse, the longest side of the right
triangle.
However we not only use the formula to find the length of a side of a right
triangle, we also sometimes use it to determine if a triangle is, or is not, a
right triangle.
The ancient Greeks learned this trick from the Egyptians. Between 500 and
350 B.C., a group of Greek philosophers called the Pythagoreans studied the
3–4–5 triangle. They learned to think of the triangle’s sides as the three
sides of three squares. They generalized this to apply to any right triangle.
This general statement became the Pythagorean theorem.
Pythagorean theorem: In a right triangle,
the sum of the square of the lengths of the
legs, a and b, equals the square of the
length of the hypotenuse c.
Algebraically: a2 + b2 = c2

hypotenuse
leg a
right angle
measures
exactly 90
degrees (°)

c

leg b

Remember: To square a number, multiply it by itself.
Example: The square of 6 or 62 = 6 x 6 = 36.
The Pythagorean theorem tells us that, in a right triangle, the square of the
length of the hypotenuse is equal to the sum of the squares of the lengths
of the two legs.
If the lengths of the legs are represented by a and b and the length of the
hypotenuse is represented by c, then a2 + b2 = c2.
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Using the Pythagorean Theorem
If the lengths of the two legs of a right triangle are 5 inches and 12 inches,
the length of the hypotenuse can be determined using the formula.
a2 + b2 = c2
52 + 122 = c2
25 + 144 = c2
169 = c2
169 = c 2
13 = c

b = 12”

The length of the hypotenuse is 13 inches.

c=?

a = 5”

Let’s try another one.
An informal inspection of the dimensions of another triangle indicates it
may be a right triangle as well. The side lengths are give as 6 cm, 8 cm,
and 11 cm. However, when these values are substituted in the formula, it
is found that the triangle is not a right triangle. See below.
a2 + b2
62 + 82
36 + 64
100

= c2
= 112
= 121
= 121

False

The triangle is not a right triangle.
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______ 1. to replace a variable with a numeral

A. formula

______ 2. a way of expressing a relationship
using variables or symbols that
represent numbers

B. hypotenuse

______ 3. the edge of a polygon

C. leg

______ 4. the square of the hypotenuse (c) of a
right triangle is equal to the sum of
the squares of the legs (a and b)

D. length (l)

______ 5. a triangle with one right angle

E. Pythagorean
theorem

______ 6. any of the numbers represented by
the variable

F. right angle

______ 7. an angle whose measure is exactly
90°

G. right triangle

______ 8. the longest side of a right triangle;
the side opposite the right angle

H. side

______ 9. a one-dimensional measure that is
the measurable property of line
segments

I. substitute

______ 10. in a right triangle, one of the two
sides that form the right angle

J. value (of a
variable)
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Radical Expressions
When applying the Pythagorean theorem, knowledge of radical
expressions is important. A radical expression contains a root, such as a
square root. You will also find radical expressions in other applications in
mathematics and science. You will work with radical expressions in this
unit.
As you begin this work there is one important principle for simplifying
radical expressions to note.

ab = a b
To illustrate this important principle, a few numerical examples will be
provided.

48 = (16)(3) = 16 3 = 4 3
A calculator indicates that the approximate value of 48 is 6.92820323.
The same calculator indicates that the approximate value of 4 3 is
6.92820323.
240 = (16)(15) = ( 16 )( 15) = 4 15

A calculator indicates that the approximate value of 240 is 15.49193338.
The same calculator indicates that the approximate value of 4 15 is
15.49193338.
When you work with fractions, it is customary to express fractions in
simplest form. A fraction is in simplest form when the numerator and
denominator have no common factor greater than 1.
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When you work with radical expressions, it is customary to express them
in simplest form. A radical expression is in simplest form when the
radicand, the number under the radical sign ( ), has no perfect square
factor greater than 1.
The radical expression, 15 , is in simplest form because 15 has no perfect
square factor greater than 1.
The radical expression, 20 , is not in simplest form because 20 has a
perfect square factor of 4. In simplest form, 20 is 2 5 .
Think about This!
Sometimes students believe 4 + 9 = 4 + 9 . A quick test, however,
would help those students see that the 13 has a value of more than 3 but
less than 4. The value of 4 + 9 has a value of 2 + 3 or 5. These are
not equal (≠).
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Practice
Use the list below to write the correct term for each definition on the line provided.
common factor
factor
perfect square
radical

radicand
simplest form
simplify
square (of a number)

________________________ 1. an expression that has a root
________________________ 2. the result when a number is multiplied
by itself or used as a factor twice
________________________ 3. a number or expression that divides
evenly into another number
________________________ 4. a fraction whose numerator and
denominator have no common factor
greater than 1
________________________ 5. a number whose square root is a whole
number
________________________ 6. a number that is a factor of two or more
numbers
________________________ 7. the number that appears within a radical
sign
________________________ 8. to perform as many of the indicated
operations as possible
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Diagonals
Baseball fans know that the distance from home plate to 2nd base is farther
than the distance from home plate to first or third bases. A baseball
diamond is actually a square with four sides of 90 feet. The distance from
home plate to 2nd base represents a diagonal of the square.

as

gr
s
e

lin

3rd base

2nd base

90 ft

home plate
90 ft

1st base

See the Pythagorean theorem applied below.
a2 + b2
902 + 902
8,100 + 8,100
16,200
16200

= c2
= c2
= c2
= c2
= c2

(8100)(2)
90 2

= c2
=c

The distance from home plate to 2nd base is 90 2 feet or approximately 127
feet.
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Practice
Find the length of a diagonal in each of the following squares using the
Pythagorean theorem below. Express the length in simplified radical form
and provide its approximate value to the nearest whole number.
Pythagorean theorem
a2 + b2 = c2

Length of
each side of
square
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1.

3 in.

2.

8 ft

3.

10 m

4.

70 cm

5.

15 ft

6.

120 cm

7.

5 yds

8.

1 ft

9.

x in.

Length of diagonal
in simplified radical
form

Length of diagonal
to nearest tenth
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Diagonal Lines and Squares
You will find that the length of the diagonal in any square will be the
product of a side length and 2 . Remembering that 2 has a value of
approximately 1.4 is often helpful.
Think about This!
When a diagonal is drawn in a square, two congruent (~
= ) isosceles right
triangles are formed. What are the measures (m) of the angles( )? The
angle measures in each triangle are 45 degrees, 45 degrees, and 90 degrees.
The measures of the two legs are the same and the measure of the
hypotenuse is the product of the length of a leg and 2 . Such a triangle is
sometimes referred to as a 45-45-90.
x
45°
45°
x

x

2
x

45°
45°
x

The diagonal in the square creates two congruent isosceles right triangles.
Isosceles triangles have two congruent sides and two congruent angles.
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Consider the result of an altitude, or height (h), drawn in an equilateral
triangle. The equilateral triangle has three sides of equal lengths and three
angles with measures of 60 degrees each. When the altitude is drawn from a
vertex (the common point to any two sides of a polygon) and
perpendicular ( ) to the opposite side, two congruent right triangles are
formed. A special relationship exists among the side lengths.

A

vertex
altitude or height (h)

36 cm

B

36 cm

36 cm

C

base
equilateral triangle
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Practice
Use the equilateral triangle below to answer the following.
A

vertex
altitude or height (h)

36 cm

B
base

36 cm

C

D
36 cm

1. Each side of equilateral triangle ABC is

cm.

2. Each angle in equilateral triangle ABC has a measure of
degrees.
3. Triangles ABD and ACD

(are, are not) congruent right

triangles.
4. The altitude, line segment AD, bisected (divided) angle A so the
measure of
is

BAD is

degrees and the measure of CAD

degrees.
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5. The angles in triangle ABD and triangle ACD have measures of
degrees,

degrees, and

degrees.
6. The altitude, segment AD, bisected side BC so the length of BD is
cm and the length of CD is
7. The short leg of each of the two triangles

cm.
(is, is not)

one-half the length of the hypotenuse in each of the two triangles.
8. When the Pythagorean theorem is applied, the length of the altitude
can be determined. Complete the work that has been started below
to determine the length of the altitude.
a2 + b2 = c2
182 + b2 = 362
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Use the equilateral triangle below to answer the following.

2 ft
2 ft

2 ft

9. Suppose the side lengths of the equilateral triangle had been 2 feet.
Determine the length of each side of the two congruent right
triangles formed by an altitude being drawn.
a. Length of short leg:

ft

b. Length of long leg:

ft

c. Length of hypotenuse:
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______ 1. a triangle with three congruent
sides
______ 2. two lines or two line segments that
intersect to form a right angle

B. bisect

______ 3. the common point to any two
sides of a polygon

C. congruent (~
=)

______ 4. a line segment that joins two
vertices of a polygon but is not a
side of the polygon

D. diagonal (of a
polygon)

______ 5. a portion of a line that consists of
two defined endpoints and all the
points in between

E. equilateral
triangle

______ 6. to cut or divide into two equal
parts

F. isosceles triangle

______ 7. two rays extending from a
common endpoint called the
vertex

G. line segment (—)

______ 8. figures or objects that are the same
shape and size
______ 9. a triangle with two congruent
sides and two congruent angles
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A. angle ( )

H. perpendicular ( )
I. vertex
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Finding Measures of Triangles
You will find that the length of the short leg in a right triangle
having angle measures of 30 degrees, 60 degrees, and 90
degrees to be one-half the length of the hypotenuse.
h
You will find that the length of the long leg to be
the product of the length of the short leg and
3 . The approximate value for 3 is 1.73.
30°
Therefore, the hypotenuse is twice as long as
l
the short leg and the long leg is approximately
l = long leg
1.73 times as long as the short leg.
a2 + b2
a2 + b2
a2 – a2 + b2
b2

b2
b

= (2a)2
= 4a2
= 4a2 – a2
= 3a2
= 3a 2
=a 3

s=
h=
h2 =
Note:

60°
s
90°

= 3s
short leg
= 12 h
hypotenuse = 2s
s2 + l2
3 = approximately 1.73

Think about This!
If you wanted a formula that applied only to 45-45-90 triangles, some
substitutions could be made in the original formula of a2 + b2 = c2.
Since the two legs of this special isosceles right
triangle are the same length, you could
substitute an a for the b in the formula:
a 2 + b 2 = c2
2a2
= c2
2a 2 = c 2
a 2 =c

h = 2l

45°
h
l
45°

90°
l

isosceles right triangle

If you wanted a formula that applied only to 30-60-90 triangles, some
substitutions could be made in the original formula of a2 + b2 = c2.
Since the short leg is one-half the length of the hypotenuse, 2a could be
substituted for c in the formula.
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Algebra has helped demonstrate the special relationships existing in these
two special types of right triangles. You will not be likely to use the two
special formulas; however, they are mathematical models that may be
helpful in making generalizations for special cases.
It is sometimes helpful to remember the approximate value (to the nearest
tenth) of 2 is 1.4 and the approximate value of 3 is 1.7. You know these
values lie between 1 and 2 because 1 is 1 and 4 is 2.
1
1

1.1 1.2

1.3 1.4 1.5 1.6
2

1.7 1.8 1.9
3

2
4

2.1

2.2
5

The approximate values for 2 and 3 are based on decimal numbers
that don’t repeat or terminate. We therefore call numbers such as these
irrational numbers.
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Practice
Use the number line on the previous page to determine the value of the square
root. Circle the letter of the correct answer.
1. An approximate value for 5 2 could be as follows:
a.
b.
c.
d.

5.2
7
10
70

2. An approximate value for 5 3 could be as follows:
a.
b.
c.
d.

85
15
8 12
5.7

3. An approximate value for 7 2 could be as follows:
a.
b.
c.

7.4
9.28
9 12

d.

95

4

4. An approximate value for 7 3 could be:
a.

7 71

b.

7.49

c.

11 13

d.

11.9
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Lesson Two Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand the relative size of integers, rational
numbers, irrational numbers, and real numbers.
(MA.A.1.4.2)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situation to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
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Square of a Number
When you began learning your multiplication facts, you may have relied
on a reference sheet of multiplication facts. If you have not yet learned the
squares of the numbers 1-25, the following table may be helpful. See
Appendix A for a list of squares for numbers 1-100.
Table of Squares of Numbers 1-25
Number

Square of
Number

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

1
4
9
16
25
36
49
64
81
100
121
144
169
196
225
256
289
324
361
400
441
484
529
576
625

Related
Equation
1
4
9
16
25
36
49
64
81
100
121
144
169
196
225
256
289
324
361
400
441
484
529
576
625

=1
=2
=3
=4
=5
=6
=7
=8
=9
= 10
= 11
= 12
= 13
= 14
= 15
= 16
= 17
= 18
= 19
= 20
= 21
= 22
= 23
= 24
= 25

Recall that a radical expression is in simplified form when the radicand
has no perfect square factor greater than 1.

75 is not in simplest form.
75 = 25 • 3 = 5 3 is in simplest form.
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Practice
Simplify each of the following or state that the expression is in simplest form.

382

1.

27

9.

150

2.

49

10.

48

3.

24

11.

75

4.

242

12.

18

5.

51

13.

45

6.

125

14.

96

7.

50

15.

175

8.

100

16.

90
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17.

360

24.

32

18.

147

25.

80

19.

98

26.

28

20.

20

27.

40

21.

160

28.

54

22.

63

29.

250

23.

12

30.

72
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More Than One Way to Simplify Radical Expressions
Think about This!
In problem 30 you simplified 72 . You know that the factors of 72 are 1, 2,
3, 4, 6, 9, 12, 18, 24, 36, and 72. Of these factors, 1, 4, 9, and 36 are perfect
squares. There is more than one way to simplify 72 .

72 =

4 • 18 = 2 18 = 2 9 • 2 = 2(3 2 ) = 6 2

72 =

9•8

72 =

36 • 2 = 6 2

= 3 8

= 3 4 • 2 = 3(2 2 ) = 6 2

Each way yields a radical expression in simplest form. You can see that
identification of the greatest perfect square factor shortens the work.
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Practice
Complete the following.
1. List all perfect square factors of 360.
_________________________________________________________
_________________________________________________________
In the previous practice, did you use the greatest perfect square
factor when doing number 17? ______________________________

2. List all perfect square factors of 80.
_________________________________________________________
_________________________________________________________
In the previous practice, did you use the greatest perfect square
factor when doing number 25? ______________________________

3. List all perfect square factors of 160.
_________________________________________________________
_________________________________________________________
In the previous practice, did you use the greatest perfect square
factor when doing number 21? ______________________________
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4. List all perfect square factors of 100.
_________________________________________________________
_________________________________________________________
In the previous practice, did you recognize 100 to be a perfect
square when doing number 8?
_________________________________________________________
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Sums and Differences of Radical Expressions
Think about This!

98

+

49 • 2 +
7 2

+
11 2

32

+

16 • 2 +
4 2

80

=

16 • 5 =

+

4 5

=

+

4 5

=

simplify each
expression

combine like terms

When finding the sum or difference of radical expressions you will first
simplify each expression and then combine like terms.
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Practice
Simplify the following.
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1.

27 + 45 +

2.

98 + 50

3.

250 –

4.

24 + 150 + 54

5.

63 – 28 +

18 + 32

6.

125 + 75 –

12 –

7.

27 + 12

80 – 12

160

20
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8.

250 + 100

9.

72 + 40 + 32 + 80

10.

20 +

75 +

11.

90 +

96

12.

48 – 12

13.

242 –

98

14.

147 –

27

360
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Lesson Three Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand the relative size of integers, rational
numbers, irrational numbers, and real numbers.
(MA.A.1.4.2)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situation to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
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Products of Square Roots
The product is the result of a multiplication. The following shows how to
multiply square roots to get a product.
The product of a • b = ab .
The product of c a • d b = cd ab .
Consider the following examples:

a.

( 4 )( 9 ) =

or

(2)(3) =

36 =

6

b.

( 4 )( 9 ) =

6

( 25 )( 100) =

or

(5)(10) =
50
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( 25 )( 100 ) =
2500 =
50
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c.

( 20 )( 5 ) =

or

(2 5)( 5 ) =

( 20 )( 5 ) =
100 =

2 25 =

10

10

d.

( 20 )( 8 ) =

or

( 20 )( 8 ) =
160 =

(2 5)(2 2) =
4 10

16 • 10 =
4 10

The examples included the following:

a • b = ab
and
c a • d b = cd ab .
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Practice
Find the following products and express in simplest form.

1.

25 • 16

2.

18 • 27

3.

5

• 10

4.

8

• 6

5.

90 • 10
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6.

24 • 5

7.

32 •

8.

25 • 25

9.

8 •

10.

394

8

8

15 • 15

Unit 6: Pythagorean Theorem and Radical Expressions

Expressing Products of Square Roots
Think about This!

4
9
10
a

• 4 = 16 = 4
• 9 = 81 = 9
• 10 = 100 = 10
• a = a2 = |a|
Note: If a = 3
3 • 3 =

32 = 9 = 3

If a = -3
-3 • -3 = (-32) = 9 = 3
Therefore, a2 is defined as the absolute
value of a and is written as |a|.
a2 • a2 =
ab • ab =

a4
a2b2

= a2
= |ab|

Remember: Absolute value is a number’s distance from zero (0)
on a number line expressed as a positive value.
Example: The absolute value of both 4, written 4 , and
negative 4, written 4 , equals 4.
4 units

-5

-4

-3

-2

-1

4 units

0

1
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2

3

4

5
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Practice
Find the following products and express in simplest form.

1.

10a - • 6a
Remember: When you multiply a negative times a negative,
the product is positive.
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2.

50b 2 • 2b 4

3.

9c •

4.

c 2 • 5c 2

5.

10de • 8de

81c
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Using Absolute Value to Solve Multiplication of Square Roots
Think about This!
a2 • a =

or

a3 =
|a | a

|a | a

a4 • a 3 =
a2 • | a | a =
|a 3 | a

a2 • a =

or

a4 • a 3 =
a7 = a2 • a2 • a 2 • a
|a 3 | a
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Practice
Find the following products and express in simplest form.
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1.

20x 2 • 3y 2

2.

18a 2 b •

3.

50a 3 •

5a

4.

15b2 •

5b 3

5.

30c 2 d •

2ab 2

3d
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Square Roots in Fractions
If a radical expression has a radical in the denominator, it is not considered
to be in simplest form.
Examples:
a.

5
10

You know that the 10 • 10 = 10.
10

Therefore if the fraction is multiplied by 10 ,
an equivalent fraction with no radical in the
denominator will result.

5
10

b.

t
12

•

10
10

=

t
12

=

t
2 3

=

•

50
10

=

25 • 2
10

12
12

=

12t
12

3
3

=

3t
6

1

=

1

=

5 2
10 2

2 3t
12 6

=

=

2
2

3t
6

or
t
12

•
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If the radicand is a fraction, the radical expression is not considered to be
in simplest form.
Examples:
a.

400

1
2
1
2

=

1
2

b.

5t
14

=

5t
14

=

c.

4
25

=

4
25

= 2

•

2
2

5t
14

=

1
2

=

2
2

•

14
14

=

70t
14

5
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Practice
Simplify.

1.

7
10

6.

25
49

2.

3
20

7.

12
4

3.

5
10

8.

64
12

4.

6x 3
5

9.

3 7
2 5

5.

16
75

10.
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7 15
6
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General Rule for Square Roots
Think about This!
A general rule can be stated as follows:
a
b

=

a
b

where a is greater than or equal to (≥) 0 and
b is greater than (>) 0.
There is no real number that when squared yields a negative number.
The square root of a negative number does not exist in the set of real
numbers. Therefore a and b cannot represent numbers less than zero for
the radical expression to have meaning in the set of real numbers in which
you are working.
You also know that division by zero is undefined, so the value of the
denominator cannot be zero.
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Practice
Use the list below to write the correct term for each definition on the line provided.
absolute value
denominator
equivalent
fraction

negative numbers
product
radical
radicand

real numbers
simplest form
square root (of a number)

____________________

1.

numbers less than zero

____________________

2.

the set of all rational and irrational
numbers

____________________

3.

a number’s distance from zero (0) on a
number line

____________________

4.

one of two equal factors of a number

____________________

5.

the result of multiplying numbers together

____________________

6.

a fraction whose numerator and
denominator have no common factor
greater than 1

____________________

7.

an expression that has a root (square root,
cube root, etc.)

____________________

8.

the bottom number of a fraction, indicating
the number of equal parts a whole was
divided into

____________________

9.

a number that appears under a radical sign

____________________ 10.

the same number expressed in different
forms

____________________ 11.

any part of a whole
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Lesson Four Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand the relative size of integers, rational
numbers, irrational numbers, and real numbers.
(MA.A.1.4.2)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situation to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Represent and apply geometric properties and
relationships to solve real-world and mathematical
problems including ratio and proportion. (MA.C.3.4.1)
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• Using a rectangular coordinate system (graph), apply
and algebraically verify properties of two-dimensional
figures, including distance, midpoint, slope, parallelism,
and perpendicularity. (MA.C.3.4.2)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
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Quadratic Equations
The distance between two points on a coordinate grid can be found by
using the following formula:

d=

(x2 – x1 )2 + (y2 – y1 )2

when the locations of the two points are (x1 , y1) (x2 , y2).

Quadratic equations, such as ax2 + bx + c = 0, can be solved by using the
following formula called a quadratic formula:

x=

-b ± b 2 – 4ac
2a

The quadratic formula is used to solve any quadratic equation. A quadratic
equation is a polynomial equation containing one or more terms in which
the variable is raised to the second power but no higher.
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You will solve equations using radical expressions in this section.
Examples:
a.

x =8
( x )2 = 82
x = 64

b.

x +4=
x +4–4=
x =
( x )2 =
x=

9
9–4
5
52
25

c.

x+5 =
( x + 5 )2 =
x+5=
x+5–5=
x=

16
162
256
256 – 5
251

d.

4 x =
(4 x )2 =
16x =
16x
16 =
x=

square each side

12
122
144
144
16

9
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Practice
Solve each of the following.

408

1.

x +3=7

2.

3x – 2 = 10

3.

x–4 =5

4.

3 x = 12
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5.

2x – 7 = 10

6.

x = 11

7.

8.

x
4

=6

x + 7 = 60
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Practice
Use the distance formula,

d=

(x2 – x1 )2 + (y2 – y1 )2 ,

to find the distance between each pair of points on a coordinate grid.
Radical expressions should be in simplest form.
(x1, y1)

410

(x2, y2)

1. (3, 4)

(7, 9)

2. (2, 0)

(5, 5)

3. (4, 10)

(-2, 4)

4. (8, 12)

(-4, 0)

5. (0, 3)

(4, 0)

Distance between Points
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Solving Quadratic Equations
You will use the quadratic formula to solve some quadratic equations.
Two examples are provided.

a.

x2 + 6x + 5 = 0
For this equation,
a=1
b=6
c=5
x=

-b ± b 2 – 4ac
2a

x=

-6 ± 6 2 – 4(1)(5)
2(1)

x=

-6 ± 36 – 20
2

x=

-6 ± 16
2

x=

-6 + 4
2

x=

-2
2

x = -1

or

x=

-6 – 4
2

x=

-10
2

x = -5
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b.

2x2 + 5x + 1 = 0
For this equation,
a=2
b=5
c=1

412

x=

-b ± b 2 – 4ac
2a

x=

-5 ± 5 2 – 4(2)(1)
2(2)

x=

-5 ± 25 – 8
4

x=

-5 ± 17
4

x=

-5 + 17
4

or

x=

-5 – 17
4
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Practice
Solve the following quadratic equations by using the quadratic formula.

-b ± b 2 – 4ac
2a

x=

The first one has been done for you.
For this equation,
a=1
b=3
c = -4
1.

x2 + 3x – 4 = 0
-3 ± (-32 ) – 4(1)(-4)
x=
2(1)
x=

-3 ± 9 + 16
2

x=

-3 ± 25
2

x=

-3 + 5
2

x=

2
2

x= 1

or

x=

-3 – 5
2

x=

-8
2

x = -4

2. x2 + x – 12 = 0
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3. 2x2 – 5x + 1 = 0

4. 2x2 + 17x – 9 = 0

5. 3x2 + 7x + 1 = 0

6. 5x2 + 9x + 2 = 0

7. 15x2 + 11x – 14 = 0
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Practice
Solve the following.
1. The side length of a square with an area of 5 square units is 5
units.
a. What is the perimeter (P) of the square?
Remember: The perimeter is the distance around a
figure.
_____________________________________________________

b. What is the length of a diagonal of the square?
_____________________________________________________

2. The area of a square is 50 square units.
a. What is the length of a side of the square?
_____________________________________________________

b. What is the length of a diagonal of the square?
_____________________________________________________
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3. The vertices of a triangle ABC are located at A (2, 3) B (6, 6) and
C (6, 3).
a. The length of AB is

units.

b. The length of BC is

units.

c. The length of AC is

units.

d. If these values are substituted in the formula a2 + b2 = c2,
ABC

(is, is not) found to be a right triangle.

4. The time required for a pendulum to make one
complete swing back and forth can be
L
determined using the formula T = 2π 32 , where
T represents time in seconds and L represents
the length in feet of the pendulum.
If a pendulum is 8 feet long, how many
seconds does one complete swing require?
Use 3.14 for pi (π).

416
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5. The sum of the square of a girl’s age (in years) and 3 times her age is
108. What is her age?
a. Write an equation to represent the information provided in this
problem.
_____________________________________________________

b. Write an equivalent equation in the form ax2 + bx + c = 0.
_____________________________________________________

c. Use the quadratic formula to determine her age.
_____________________________________________________
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Practice
Use the list below to write the correct term for each definition on the line provided.
congruent ( ~
=)
hypotenuse
length (l)
perimeter (P)

Pythagorean theorem
quadratic equation
quadratic formula

____________________

1.

the square of the hypotenuse (c) of a right
triangle is equal to the sum of the squares
of the legs (a and b)

____________________

2.

a one-dimensional measure that is the
measurable property of line segments

____________________

3.

ax2 + bx + c = 0

____________________

4.

the distance around a polygon

____________________

5.

the longest side of a right triangle; the side
opposite the right angle

____________________

6.

an expression that has a root (square root,
cube root, etc.)

____________________

7.

figures or objects that are the same shape
and size

____________________

8.

any symbol, usually a letter, which could
represent a number

____________________

9.

a triangle with one right angle

____________________ 10.

if ax2 + bx + c = 0 and a ≠ 0, then

x=
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radical
right triangle
variable

-b ± b 2 – 4ac
2a
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Unit 7: Systems of Equations and Inequalities
This unit emphasizes solving and graphing systems of equations and
inequalities.

Unit Focus
Number Sense, Concepts, and Operations
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situation to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
Measurement
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)

Algebraic Thinking
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)

Vocabulary
Use the vocabulary words and definitions below as a reference for this unit.
additive inverses ........................... a number and its opposite whose sum is
zero (0); also called opposites
Example: In the equation 3 + -3 = 0,
3 and -3 are additive inverses, or
opposites, of each other.
axes (of a graph) ............................ the horizontal and vertical number lines
used in a coordinate plane system;
(singular: axis)
coefficient ....................................... a numerical factor in a term of an
algebraic expression
Example: In 8a, the coefficient of a is 8.
coordinate grid or plane .............. a two-dimensional network of
horizontal and vertical lines that are
parallel and evenly-spaced; especially
designed for locating points, displaying
data, or drawing maps
coordinate plane ............................ the plane containing the x- and y-axes
coordinates ..................................... numbers that correspond to points on a
coordinate plane in the form (x, y), or a
number that corresponds to a point on a
number line
difference........................................ a number that is the result of subtraction
Example: In 16 – 9 = 7,
7 is the difference.
equation .......................................... a mathematical sentence in which two
expressions are connected by an equality
symbol
Example: 2x = 10
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estimation ....................................... the use of rounding and/or other
strategies to determine a reasonably
accurate approximation without
calculating an exact answer
Examples: clustering, front-end
estimating, grouping, etc.
fraction ............................................ any part of a whole
Example: One-half written in
fractional form is 12 .
graph of a number ........................ the point on a number line paired with
the number
graph of an equation .................... all points whose coordinates are
solutions of an equation
inequality ....................................... a sentence that states one expression is
greater than (>), greater than or equal to
(≥), less than (<), less than or equal to
(≤), or not equal to (≠) another
expression
Example: a ≠ 5 or x < 7 or 2y + 3 ≥ 11
infinite ............................................ having no boundaries or limits
integers ........................................... the numbers in the set
{… , -4, -3, -2, -1, 0, 1, 2, 3, 4, …}
intersect ........................................... to meet or cross at one point
intersection ..................................... the point at which lines or curves meet;
the line where planes meet
irrational number .......................... a real number that cannot be expressed
as a ratio of two integers
Example: 2
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least common multiple (LCM) ... the smallest of the common multiples of
two or more numbers
Examples: For 4 and 6, 12 is the least
common multiple.
line (

) ........................................ a collection of an
A
B
infinite number of
points in a straight pathway with
unlimited length and having no width

linear equation .............................. an algebraic equation in which the
variable quantity or quantities are raised
to the zero or first power and the graph
is a straight line
Example: 20 = 2(w + 4) + 2w; y = 3x + 4
negative numbers ......................... numbers less than zero
number line .................................... a line on which ordered numbers can be
written or visualized
-3

-2

-1

0

1

2

3

opposites ......................................... two numbers whose sum is zero
Example: -5 + 5 = 0 or 23 + - 23 = 0
opposites

opposites

ordered pair .................................... the location of a single point on a
rectangular coordinate system where
the first and second values represent the
position relative to the x-axis and y-axis,
respectively
Example: (x, y) or (3, -4)
parallel ( ) ...................................... being an equal distance at every point
so as to never intersect
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parallel lines .................................. two lines in the same plane that are a
constant distance apart;
lines with equal slopes
plane ................................................ an infinite, two-dimensional geometric
surface defined by three non-linear
points or two distinct parallel or
intersecting lines
point ................................................ a specific location in space that has no
discernable length or width
positive numbers .......................... numbers greater than zero
quadrant ......................................... any of four
regions formed
by the axes in a
rectangular
coordinate
system

Quadrant Quadrant
II
I
Quadrant Quadrant
III
IV

rational number ............................ a real number that can be expressed as a
ratio of two integers
real numbers .................................. the set of all rational and irrational
numbers
slope ................................................ the ratio of change in the vertical axis
(y-axis) to each unit change in the
horizontal axis (x-axis) in the form rise
run
∆y

or ∆x ; the constant, m, in the linear
equation for the slope-intercept form
y = mx + b
slope-intercept form ..................... a form of a linear equation, y = mx + b,
where m is the slope of the line and b is
the y-intercept
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solution ........................................... any value for a variable that makes an
equation or inequality a true statement
Example: In y = 8 + 9
y = 17 17 is the solution.
solve ................................................. to find all numbers that make an
equation or inequality true
substitute ........................................ to replace a variable with a numeral
Example: 8(a) + 3
8(5) + 3
sum .................................................. the result of adding numbers together
Example: In 6 + 8 = 14,
14 is the sum.
system of equations ...................... a group of two or more equations that
are related to the same situation and
share variables
Example: The solution to a system of
equations is an ordered number set that
makes all of the equations true.
table (or chart) ............................... a data display that organizes
information about a topic into categories
value (of a variable) ...................... any of the numbers represented by the
variable
variable ........................................... any symbol, usually a letter, which
could represent a number
x-axis ................................................ the horizontal number line on a
rectangular coordinate system
x-coordinate ................................... the first number of an ordered pair
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y-axis................................................ the vertical number line on a rectangular
coordinate system
y-coordinate ................................... the second number of an ordered pair
y-intercept ...................................... the value of y at the point where a line
or graph intersects the y-axis; the value
of x is zero (0) at this point
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Unit 7: Systems of Equations and Inequalities
Introduction
You have solved many equations in the past. Some of the equations
represented specific data in a problem setting and some were simply for
practice. Consider the following.
The supervisor of the evening crew earns $6 more per hour than the
evening crew members earn an hour. If each crew member earns x dollars
per hour, how much does the supervisor earn?
• y = x + 6 (y represents the supervisor’s hourly rate)
• When the value of x is 8, the value of y is 14. (8, 14)
• When the value of x is 10, the value of y is 16. (10, 16)
• When the value of x is 20, the value of y is 26. (20, 26)
In this unit, you will solve systems of equations and inequalities.

Lesson One Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situation to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
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• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors on
calculations. (MA.B.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)

Systems of Equations
Think about This!
The supervisor of the evening crew
earns $6 more per hour than the
evening crew members earn an hour.
The sum of the hourly rate for 4 crew
members and the supervisor is $66.
What is the hourly rate for the
supervisor?
Let y represent the supervisor’s
hourly rate and x represent the
hourly rate for a crew member.)

The supervisor of the evening crew earns $6
more per hour than evening crew members
earn an hour.

y=x+6
4x + y = 66
A system of equations is a group of two or more equations that are
related to the same situation and share variables. These two equations
represent a system of two equations in two variables. The solution to the
system, if one exists, will be a value for x and a value for y that will make
both equations true.
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Guessing and Checking
This system could be solved by guess and check. You could guess that the
supervisor makes $10 per hour and a crew member makes $4 per hour.
Those values would make the first equation true, but the sum of the hourly
rates for 4 crew members and the supervisor would be $26, not $66 as
stated in the problem. You know the hourly rates must be higher.
You could guess that the supervisor makes $20 per hour and a crew
member makes $14 per hour. The sum of the hourly rates for 4 crew
members and the supervisor would be $76, not $66 as stated in the
problem. You know the hourly rates must be lower.
You could continue guessing and checking until you got the correct
answer.

Substituting a Value
Another way to solve this problem is to use substitution. In the place of y
in the second equation, you can substitute the value shown for y in the first
equation.
y=x+6
4x + y = 66
4x + y
= 66
4x + x + 6 = 66
5x + 6
= 66
5x + 6 – 6 = 66 – 6
5x
= 60
x
= 12
y

=

x + 6 or
12 + 6 or
18

The hourly rate for a crew member is $12 and for the
supervisor is $6 more than that or $18.
It is true that 4(12) + 18 is 66.
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Creating a Graph of the Equations
A third way to solve this problem is by creating a graph of the equations.
The graph of each equation will contain all points whose coordinates are
solutions of that equation. The two equations have been graphed on the
same coordinate plane.
Note: Only the first quadrant of the coordinate plane was needed because
we are graphing hours worked and pay earned, not negative numbers.

Hourly Rates
y

x

66
60

54
48

x

= 66

42

4x + y

=

30

x

+

6

36

x
x (12, 18)
x
y

Salary in Dollars

60

24
18
12
6
0

6 12 18 24 30 36 42 48 54

x

Number of Hours

The coordinates for each point on the line y = x + 6 represent all values for x
and y when y is 6 more than x. For example, the line passes through (1, 7),
(5, 11), (10, 16), (12, 18), (12.66, 18.66), and so on.
The coordinates for each point on the line 4x + y = 66 represent all values
for x and y when the sum of 4x and y is 66. For example, the line passes
through (1, 62), (5, 46), (10, 26), (12, 18), (12.66, 15.36), and so on.
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You will note that the only point on both lines is located at (12, 18), the
point at which the two lines intersect, or meet. The values in this ordered
pair at this intersection where these two lines meet are the only values that
make both equations true. The solution for this system of two equations is
therefore (12, 18).
Remember: The first number of an ordered pair is
the x-coordinate.
The second number of an ordered pair is the y-coordinate.
The horizontal ( ) axis on the coordinate plane is the x-axis.
The vertical ( ) axis on the coordinate plane is the y-axis.
Consider another example.
The sum of two numbers is 36. One number is 6 more than twice the
other. What are the two numbers?
Let x represent the smaller number and y represent the larger
number.
x + y = 36
y = 2x + 6
Substitute the value for y shown in the second equation.
x+y
=
x + 2x + 6 =
3x + 6
=
3x + 6 – 6 =
3x
=
x
=
y

36
36
36
36 – 6
30
10

= 2(10) + 6 or
20 + 6 or
26

The smaller number is 10 and the larger number is 26.
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Consider the graph of these two equations.

6

y

x

2x
+

36

y=

32

x

28

(10, 26)

24

+
y

16

x

x x

20

=
36

12

x

8

4
-36 -32 -28 -24 -20 -16 -12 -8

-4 0
-4

4

8 12 16 20 24 28 32 36

x

-8
-12
-16
-20
-24
-28
-32
-36

Each point on the line for x + y = 36 has coordinates whose sum is 36.
These include (1, 35), (6, 30), (10, 26), (14.3, 21.7), and so on.
Each point on the line for y = 2x + 6 has coordinates where the value for y
is 6 more than twice the value of x. These include (1, 8), (6, 18), (10, 26),
(14.3, 34.6), and so on.
You will note that the only point on both lines is located at (10, 26), the
point at which the two lines intersect. The values in this ordered pair are the
only values that make both equations true. The solution for this system of
two equations is therefore (10, 26).
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Practice
Solve the following systems of equation by using the substitution method.
Use the coordinate grid below to graph the systems in numbers 2 and 7. In
each graph, the intersection of the two lines should have the same coordinates
as the x and y values in your solution.
1. x + 2y = 7
x=y+1

2. 3x +2y = 12
y=x+1

y
8
7
6
5
4
3
2
1
-8

-7 -6

-5

-4

-3

-2 -1 0
-1

1

2

3

4

5

6

7

8

x

-2
-3
-4
-5
-6
-7
-8
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3. 5x – y = 40
x=y+4

4. 2x – 3y = 100
y = x – 40

5. x – 2y = -4
x=y–5

6. 2x + y = 7
y = x + 22
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7. x + y = -1
y = x + -3

y
8
7
6
5
4
3
2
1
-8

-7 -6

-5

-4

-3

-2 -1 0
-1

1

2

3

4

5

6

7

8

x

-2
-3
-4
-5
-6
-7
-8

8. 4x – 3y = 22
x=y+7

Unit 7: Systems of Equations and Inequalities

435

Practice
Use the list below to write the correct term for each definition on the line provided.

equation
solution
solve
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substitute
sum
system of equations

value (of a variable)
variable

____________________

1.

a group of two or more equations that are
related to the same situation and share
variables

____________________

2.

to find all numbers that make an equation
or inequality true

____________________

3.

a mathematical sentence in which two
expressions are connected by an equality
symbol

____________________

4.

to replace a variable with a numeral

____________________

5.

any symbol, usually a letter, which could
represent a number

____________________

6.

any value for a variable that makes an
equation or inequality a true statement

____________________

7.

any of the numbers represented by the
variable

____________________

8.

the result of adding numbers together
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______ 1. all points whose coordinates are
solutions of an equation
______ 2. the point at which lines or curves meet
______ 3. the vertical number line on a
rectangular coordinate system
______ 4. numbers that correspond to points on
a coordinate plane in the form (x, y), or
a number that corresponds to a point
on a number line
______ 5. the second number of an ordered pair
______ 6. the horizontal number line on a
rectangular coordinate system
______ 7. to meet or cross at one point
______ 8. the first number of an ordered pair
______ 9. the plane containing the x- and
y-axes
______ 10. the location of a single point on a
rectangular coordinate system where
the first and second values represent
the position relative to the x-axis and
y-axis, respectively
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A. coordinate
plane
B. coordinates
C. graph of an
equation
D. intersect
E. intersection
F. ordered pair
G. x-axis
H. x-coordinate
I. y-axis
J. y-coordinate
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Lesson Two Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situation to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
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Eliminating a Variable
Think about This!
If two equations are true statements, the sum of the two equations will be
a true statement.

+

6+1= 7
4+5= 9
10 + 6 = 16

+

6x + y = 7
4x + 5y = 9

10x + 6y = 16

If two equations are true statements, the difference of the two equations
will be a true statement.
16 + 8 = 24
– (5 + 4 = 9)
11 + 4 = 15

16x + 8y = 24
– (5x + 4y = 9)
11x + 4y = 15

This knowledge is helpful in using another method to solve a system of
equations.
If two linear equations have the same two variables and one variable can
be eliminated by adding the two equations or by subtracting one equation
from the other, the result is one equation in one variable. This method is
often called eliminating a variable.
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Consider the following example.
The sum of an integer {… , -4, -3, -2, -1, 0, 1, 2, 3, 4, …} and twice a smaller
integer is 7. When the larger integer is subtracted from 5 times the smaller
integer, the result is -14. What are the two integers?
Let x represent the smaller integer and y represent the larger
integer.
Write two equations to represent the information provided in the
problem.
The coefficients of the variable, y, are 1 and -1. The sum of the two
equations will be an equation with one variable.

+

2x + y = 7
5x – y = -14
7x = -7
7x = -7
-7x = -7
7
7
x = -1

The value of x can now be substituted in either of the original equations to
determine the corresponding value for y.
2x + y
2(-1) + y
-2 + y
-2 + 2 + y
y

=7
=7
=7
=7+2
=9

The two integers are -1 and 9. The solution to the system is the ordered
pair (-1, 9). These values can be substituted in each of the original values
to verify accuracy.
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The graph of the two equations is shown.
y
24
22
20
18

x

16

x

14

12
10

x

(-1, 9)

5x – y

2

7

-4

4

y=

-6

6

+
2x

-18 -16 -14 -12 -10 -8

x

= -14

8

-2 0
-2

4

6

8

10 12 14 16 18

x

x

-4

2

-6
-8

x

-10
-12
-14
-16
-18

One line includes all points whose coordinates would make the first
equation true including (0, 7), (-5, 17), (5, -3), and (-1, 9). In each case, the
sum of y and twice the value of x is 7.
One line includes all points whose coordinates would make the second
equation true including (0, 14), (-5, -11), (5, 39), and (-1, 9). In each case,
when y is subtracted from 5 times the value of x the difference is -14.
The two lines share one and only one point and that point is the
intersection of the two lines. The coordinates of this point, when
substituted for x and y in either equation, yield true statements. These
coordinates represent the solution to the system.
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Comparing Two Methods: Substituting a Value and
Eliminating a Variable
Think about This!
Knowing more than one way to solve a system of equations allows you to
choose the method most efficient for a given system. Consider the
following problem.
A student scored a total of 1,310 on the verbal and math sections of a
college entrance test. The math score was 120 points higher than the verbal
score. What were the scores on the two parts of the test?
Let x represent the score on the math portion and y represent the score on
the verbal portion.
Write two equations to represent the information provided in the problem
and solve the system by eliminating a variable or by using substitution
and substituting a value.
Eliminating a Variable
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Substituting a Value

x + y = 1,310

x + y = 1,310

x – y = 120

x = y + 120

Solve by eliminating a variable.

Solve by substitution.

2x = 1,430
x = 715

x
y + 120
2y
2y
2y
y

x
+ y = 1,310
715 + y = 1,310
715 – 715 + y = 1,310 – 715
y = 595

x = y + 120
x = 595 + 120
x = 715

The scores were 715 for math
and 595 for verbal.

The scores were 715 for math
and 595 for verbal.

+
y
+
y
+
120
+ 120 – 120

= 1,310
= 1,310
= 1,310
= 1,310 – 120
= 1,190
= 595
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If a graph were made for these two equations, the two lines would
intersect at (715, 595). You know there are many possible combinations of
scores with a sum of 1,310. You also know there are many possible
combinations when the math score exceeds the verbal score by 120. The
only combination, however, that makes both of these conditions true is
715 for math and 595 for verbal.
Think about This!
When solving the following system of equations, it makes no difference
whether the second equation is subtracted from the first or if the first
equation is subtracted from the second.

–

3x + 2y = 4
(5x + 2y = 20)
-2x = -16
x =8

5x + 2y = 20

– (3x + 2y = 4)
2x = 16
x=8

It also makes no difference whether the value for y is found by
substituting 8 for x in the first equation or the second.

If x = 8 then,
3x
3(8)
24
24 – 24
2y
y

+ 2y
+ 2y
+ 2y
+ 2y

If x = 8 then,
=4
=4
=4
= 4 – 24
= -20
= -10

The solution for the
system is (8, -10).
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5x
5(8)
40
40 – 40
2y
y

+ 2y
+ 2y
+ 2y
+ 2y

= 20
= 20
= 20
= 20 – 40
= -20
= -10

The solution for the
system is (8, -10).
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Practice
Solve the following systems of equations. Use the coordinate grid below
numbers 1 and 8 to graph and verify the solution found.
1. 3x + y = 7
x–y=1

y
10
9
8
7
6
5
4
3
2
1
-10 -9 -8

-7 -6

-5

-4

-3

-2 -1 0
-1

1

2

3

4

5

6

7

8

9

10

x

-2
-3
-4
-5
-6
-7
-8
-9
-10
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2. 4x + 3y = 18
4x – 5y = 2

3. x – 2y = 9
5x + 2y = 81

4. 5x – 3y = -14
5x – y = -8

Unit 7: Systems of Equations and Inequalities

445

5. -3x + 2y = -10
-3x + 7y = -20

6. 20x – y = 15
15x + y = 20

7. 100x – 15y = 125
100x + 3y = 215
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8. x + y = 7
-2x – y = -10

y
12
11
10
9
8
7
6
5
4
3
2
1
-12 -11 -10 -9 -8

-7 -6

-5

-4

-3

-2 -1 0
-1

1

2

3

4

5

6

7

8

9

10 11 12

x

-2
-3
-4
-5
-6
-7
-8
-9
-10
-11
-12
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Creating an Equivalent Systems of Equations
Solving a system of equations by graphing gives a good visual image, but
solutions must sometimes be estimated due to the location of the point of
intersection.
Solving a system of equations by substitution is often efficient if one
variable can easily be represented in terms of another, such as y = 3x + 2.
Solving a system of equations by elimination of a variable is often efficient
if the coefficients of one of the variables are the same or if they are additive
inverses.
Consider the following system of equations.
3x + 7y = -24
5x – 2y = 1
The system could be solved by graphing. When using a graphing
calculator, graphing is convenient, but graphing by hand can be time
consuming.
The system could be solved by substitution, but fractions are involved
and the work therefore requires more time.
If we find the sum of the two equations a variable is not eliminated.
If we find the difference of the two equations, a variable is not eliminated.
The task at hand is to create an equivalent (or same) system of equations,
which, when a variable is eliminated by addition or subtraction of the
equations, will succeed.
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As you create an equivalent system, your goal may be a system in which
the variable x is your target to eliminate, or your goal may be a system in
which the variable y is your target to eliminate. The choice is yours.
Sometimes one is an easier target than the other, but in the following
system, they each require the same amount of work.

3x + 7y = -24

3x + 7y = -24

5x – 2y = 1

5x – 2y = 1

The least common multiple (LCM)
of the coefficients of x is 15. Both
sides of the first equation will be
multiplied by 5 and both sides of
the second equation will be
multiplied by 3 so that a new
equivalent system of equations
will allow elimination of the
variable x.

The least common multiple (LCM)
of the coefficients of y is 14. Each
side of the first equation will be
multiplied by 2 and each side of the
second equation will be multiplied
by 7 so that a new equivalent system
of equations will allow elimination of
the variable y.

5(3x + 7y) = 5(-24)

2(3x + 7y) = 2(-24)

3(5x – 2y) = 3(1)

7(5x + -2y) = 7(1)

15x + 35y = -120
– (15x – 6y =
3)

6x + 14y = -48
+ 35x – 14y = 7

The second equation is
subtracted from the first.

The sum of the two equations
is found.

41y = -123
y = -3

41x = -41
x = -1

The value for y is substituted in
either equation to solve for x.

The value of x is substituted in either
equation to solve for y.

3x + 7(-3) = -24
3x +
-21 = -24
3x + -21 + 21 = -24 + 21
3x = -3
x = -1

3(-1) + 7y
-3 + 7y
-3 + 3 + 7y
7y
y
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= -24
= -24
= -24 + 3
= -21
= -3
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In the next example, consider which method you prefer.
2x + 5y = 3

2x + 5y = 3

10x + 7y = -3

10x + 7y = -3

If x is targeted, the LCM for 2
and 10 is 10. Each side of the first
equation will be multiplied by 5,
and the second equation will
remain as it is.

If y is targeted the LCM for 5 and 7
is 35. Each side of the first equation
will be multiplied by 7, and each
side of the second equation will be
multiplied
by 5.

5(2x + 5y) = 5(3)
10x + 7y = -3
10x + 25y = 15
– (10x + 7y = -3)

14x
– (50x

+ 35y = 21
+ 35y = -15)

The second equation is
subtracted from the first.

The second equation is subtracted
from the first.

18y = 18
y =1

-36x = 36
x = -1

The value for y can be
substituted in either equation
to find the corresponding value
for x.

The value for x can be substituted
in either equation
to find the corresponding
value for y.

2x + 5(1)
2x + 5 – 5
2x
x

2(-1) + 5y
-2 + 2 + 5y
5y
y

=3
=3–5
= -2
= -1

The solution to the system is
(-1, 1).
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7(2x + 5y) = 7(3)
5(10x + 7y) = 5(-3)

=3
=3+2
=5
=1

The solution to the system is
(-1, 1).
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Practice
Solve the following systems of equations.
1. 3x + 7y = 2
2x + 3y = 3

2. 4x – 5y = 18
8x + 3y = 10

3. 9x + 4y = 8
5x – 3y = -6

4. -3x + 11y = -9
12x + 2y = 36
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5. 13x + 3y = 25
2x + 9y = 38

6. -7x – 5y = -9
3x + 4y = 2

7. 2x – 5y = 3
-5x + 3y = 2

8. 51x – 40y = -18
-17x + 20y = 26
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Practice
Use the list below to write the correct term for each definition on the line provided.
additive inverses
coefficient
difference

estimation
fraction
integers

least common multiple (LCM)
linear equation

____________________

1.

any part of a whole

____________________

2.

the smallest of the common multiples of
two or more numbers

____________________

3.

the use of rounding and/or other strategies
to determine a reasonably accurate
approximation, without calculating an
exact answer

____________________

4.

a number and its opposite whose sum is
zero (0); also called opposites

____________________

5.

a number that is the result of subtraction

____________________

6.

an algebraic equation in which the variable
quantity or quantities are raised to the zero
or first power and the graph is a straight
line

____________________

7.

a numerical factor of a term that contains a
variable

____________________

8.

the numbers in the set
{… , -4, -3, -2, -1, 0, 1, 2, 3, 4, …}
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Lesson Three Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situation to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
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y-Intercept
Think about This!
When two lines in the same plane have the same slope (steepness of a line)
but different y-intercepts, they do not intersect. If a system of equations is
made up of two equations whose graphs are parallel lines, the system will
have no solution.
Consider the following.
The sum of an integer x and a larger integer y is 7. When the opposite of
the larger integer, y, is subtracted from the smaller integer, the result is -2.
What are the integers?
x+y=7
x – (-y) = -2
If the second equation is rewritten as x + y = -2, the system becomes
x+y=7
x + y = -2

We know the sum of the two integers cannot be 7 as
well as -2.

If the second equation is subtracted from the first, the result is
x +y =7
– (x + y = -2)
0 +0 =5

This is a false statement. The system has no
solution. No two numbers meet the criteria in the
problem.
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When the two equations are written in slope-intercept form (y = mx + b),
the result is as follows.
y = -x + 7
y = -x + -2
The slope of each line will be -1. The y-intercept will be (0, 7) for the first
and (0, -2) for the second. As shown on the graph below, the lines are
parallel ( ).
The system has no solution.
y
10
9
8
7
6
5

x
+

4

y
=
7

x

3

–
(-y
)=
-2

-10 -9 -8

-7 -6

-5

-4

-3

2
1
-2 -1 0
-1

1

2

3

4

5

6

7

8

9

10

x

-2
-3
-4
-5
-6
-7
-8
-9
-10
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When two lines in the same plane have the same slope and the same
y-intercept, they are said to be coincident. Coincident describes lines that
share all their points and appear to lie on top of each other. If a system of
equations is made up of two equations whose graphs are coincident lines,
the system will have infinite solutions.
Consider the following.
The sum of two integers is 4. The sum of twice the smaller integer and
twice the larger integer is 8. What are the integers?
x+y=4
2x + 2y = 8
If the first equation is rewritten as y = -x + 4, substitution could be used to
solve the system.
2x + 2y
2x + 2(-x + 4)
2x + -2x + 8
8

=8
=8
=8
=8

Any value that makes one of the equations true will also make the other
equation true. The number of solutions is therefore infinite.
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When the two equations are written in slope-intercept form, the result is as
follows.
x+y=4
y = -x + 4
2x + 2y
2x – 2x + 2y
2y
y

=8
= -2x + 8
= -2x + 8
= -x + 4

Their slope-intercept forms are the same and the original equations were
equivalent. One and only one line will be produced if graphed. See the
graph below.
y
8
7
6
5
4

x
+
y

3

=
4

2

d

an
2x

1

+

-5

-4

-3

1

2

3

4

5

6

7

8

x

8

-2 -1 0
-1

=

-7 -6

2y

-8

-2
-3
-4
-5
-6
-7
-8
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Practice
Solve each of the following systems using the method of your choice. If
there is no solution or if there are infinite solutions, write a statement to that
effect.
1. y = 5x – 10
2x + 3y = 21

2. y = 5x + 8
y = 5x – 4

3. 3x – y = 6
5x + y = 2
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4. 6x + 9y = 13
3x + 4.5y = 6.5

5. x + 5y = -3
5x + 2y = -15

6. 2x + 7y = 4
5x + 2y = -21
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7. x + y = 10
y = -x + 4

8. 3x – 7y = -20
12x + y = 152

9. y = 1.5x + 7
-3x + 2y = 14
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Practice
Answer the following.
In the early 1990s, the writer of this problem decided to
purchase a cell telephone and sign up for cell telephone
service. At that time, the local telephone company was
the main service provider and two plans were offered.
Plan One: $15 per month and $0.50 per minute of use.
Plan Two: $30 per month and $0.25 per minute of use.
A decision had to be made. The number of minutes of anticipated
usage each month became the determining factor.
A system of equations can represent the data in the problem. Its
solution will represent the point at which each plan would have the
same cost for a month.
y = 15 + 0.50x
y = 30 + 0.25x
1. If using substitution, the value for y in the first equation could
be substituted for y in the second equation. Do this to determine
the solution to the system.

2. If eliminating a variable is the goal, the second equation could
be subtracted from the first. Do this to determine the solution to
the system.
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3. Graph each of the equations on the same coordinate grid to
determine the point of intersection.
Cell-Phone Plans
y
70
75
65
60

Cost in Dollars

55
50
45
40
35
30
25
20
15
10
5
0

5

10 15 20 25 30 35 40 45 50 55 60 65 70 75

x

Number of Minutes Used

4. You have solved this system in three ways. You could also have
solved it in other ways such as using guess and check or making
a table of values. Complete the following:
For

minutes of usage, the cost is the same for Plan

One and Plan Two.

Plan One will be the best plan if usage is expected to be less
than

minutes each month.

Plan Two will be the best plan if usage is expected to be more
than

minutes each month.
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______ 1. two numbers whose sum is
zero
______ 2. the value of y at the point
where a line or graph
intersects the y-axis; the value
of x is zero (0) at this point
______ 3. two lines in the same plane
that are a constant distance
apart; lines with equal slopes
______ 4. two lines in the same plane
that never meet; also, lines
with equal slopes

A. infinite

B. opposites

C. parallel ( )

D. parallel lines

E. slope

______ 5. having no boundaries or
limits
______ 6. the ratio of change in the
vertical axis (y-axis) to each
unit change in the horizontal
axis (x-axis) in the form rise
run or

F. y-intercept

∆y
∆x

; the constant, m, in the
linear equation for the slopeintercept form
y = mx + b
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Lesson Four Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situation to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
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Inequalities
When do you use statements of inequality?
• Let’s say you have $7 to buy lunch. How would you
describe all the amounts of money that you have
to buy lunch? You certainly would not wish to list
all the amounts up to $7. Instead, it would be
easier to make a statement of inequality—”I can buy
a lunch that costs less than or equal to (≤) $7.”
• Perhaps you wish to buy a shirt. Its total cost,
including tax, equals $26.75. How would you
describe all the amounts of money that would be
enough to buy the shirt? The quickest way would
be to make a statement of inequality—”I can buy a
shirt costing equal to or more than (≥) $26.75.”

coo
shir l
t

As you can see, you already use statements of inequality. An inequality is a
sentence that states one expression
—is greater than (>)
—is greater than or equal to (≥)
—is less than (<)
—is less than or equal to (≤) or not equal to (≠)
another expression.
For equations you learned the following:
For all real numbers a, b, and c,
if a = b, then
a + c = b + c, and
a – c = b – c.
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The same is true if a > b or if a < b.
For all real numbers, a, b, and c,
if a > b, then
a + c > b + c, and
a – c > b – c.
if a < b, then
a + c < b + c, and
a – c < b – c.
For equations also you learned the following:
For all real numbers a, b, and c where c does not equal zero,
if a = b, then
ac = bc, and
a
b
c = c

This is true for inequalities sometimes and it is false for inequalities
sometimes. Consider the following.
2 >1
3(2) > 3(1)
6 >3

2 >1
-3(2) > -3(1)
-6 > -3

5 <7
3(5) < 3(7)
15 < 21

true

5 <7
-3(5) < -3(7)
-15 < -21
12 > 4
> 42
6 >2

false

12
2

false

12
12
-2

true
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-6

>4
> -24
> -2

true

false
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If each side of a true inequality is multiplied or divided by a positive
number, the inequality remains true.
If each side of a true inequality is multiplied or divided by a negative
number, the inequality sign must be reversed for the inequality to remain
true.
Example:

468

Example:

4x

> 12

4x
4

>

12
4

x

>3

-4x > 12
true

-4x
-4

<

x

< -3

12
-4

reverse
inequality symbol
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See the number line graph below.

-8 -7 -6 -5 -4 -3 -2 -1 0

1

2

3

4

5

6

7

8

Example:
( - 51 )x ≥ 30
1

-5( - 5 )x ≤ -5(30)
x
≤ -150

reverse inequality symbol

-250

-100

-200

-150

-50

0

50

100

150

Graphing Inequalities on a Number Line
In this unit we will graph inequalities
on a number line. A graph of a
number is the point on a number line
paired with the number. Graphing
solutions on a number line will help
you visualize solutions.
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-1

0

1

2

3

4

5
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Here are some examples of inequalities, their verbal meanings, and their
graphs.
Inequalities
Meaning

Inequality
a. x < 3

Graph

All real numbers
less than 3.

-5 -4

-3

-2 -1

0

1

2

3

4

Open circle means that 3 is
not a solution. Shade to left.
b. x > -1

All real numbers
greater than -1.

-3

-2 -1

0

1

2

3

4

5

6

Open circle means that -1 is
not a solution. Shade to right.

c. x ≤ 2

d. x ≥ 0

All real numbers
less than or equal
to 2.

-4

All real numbers
greater than or
equal to 0.

-3

-3

-2 -1

0

1

2

3

4

5

Solid circle means that 2 is a solution.
Shade to left.

-2 -1

0

1

2

3

4

5

6

Solid circle means that 0 is a solution.
Shade to right.

For each example, the inequality is written with the variable on the left.
Inequalities can also be written with the variable on the right. However,
graphing is easier if the variable is on the left.
Consider x < 5, which means the same as 5 > x. Note that the graph of
x < 5 is all real numbers less than 5.

-3

-2

-1

0

1

2

3

4

5

6

5

6

The graph of 5 > x is all real numbers that 5 is greater than.

-3
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-2

-1

0

1

2

3

4
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To write an inequality that is equivalent to (or the same as) x < 5, move the
number and variable to the opposite side of the inequality, and then
reverse the inequality.
x<5
5>x
x < 5 means the same as
5>x
The inequality y ≥ -2 is equivalent to -2 ≤ y. Both inequalities can be written
as the set of all real numbers that are greater than or equal to -2.
The inequality 0 ≤ x is equivalent to x ≥ 0. Each can be written as the set of
all real numbers that are greater than or equal to zero.
Remember: Real numbers are all rational numbers and all
irrational numbers.

Real Numbers
irrational
numbers

rational numbers
0.16

integers
-3
whole
numbers

-3
7

-7

5
6

natural
numbers

0

π

0.010010001

1
8

0.83

-9
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0.09

120

471

Practice
Solve and graph the following inequalities. Refer to page 470 as needed.
Remember:
When you multiply or divide each side of an inequality by a
negative number, the inequality relationship changes. If it is greater
than (>), it becomes less than (<). If it is less than (<), it becomes
greater than (>).

1. 5x > 20

2. 4x + 7 < 27

3. x + 6 < 11

4. 2x – 6 > 14

5. -3x ≥ 6
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6. -15x + 12 > -3

7. 3 – 7x ≤ -18

8. ( 13 )x + -4 < 2

9. ( 29 )x > 6

10. ( - 41 )x + 6 ≥ 10
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Practice
Use the list below to write the correct term for each definition on the line provided.
graph of a number
inequality
negative numbers
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number line
positive numbers
real numbers

____________________

1.

the set of all rational and irrational
numbers

____________________

2.

numbers less than zero

____________________

3.

numbers greater than zero

____________________

4.

a line on which ordered numbers can be
written or visualized

____________________

5.

the point on a number line paired with the
number

____________________

6.

a sentence that states one expression is
greater than (>), greater than or equal to
(≥), less than (<), less than or equal to (≤),
or not equal to (≠) another expression
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Graphing Inequalities
Graphing an inequality in two variables is an interesting experience. The
graph of an inequality is a half-plane. Two important decisions must be
made.
How to Draw the Boundary Line
• The boundary line is dashed if the inequality is < or >.
• The boundary line is solid if the inequality is ≤, or ≥.
Where to Shade or Not to Shade the Half-Plane
• Consideration must also be given to shading above or
below the boundary line or sometimes to the left or right of
it. When unsure, you can test the coordinates for a chosen
point in the inequality.
• If the result is true, the point lies in the half-plane of the
graph.
• If the result is false, the point does not lie in the half-plane
of the graph.
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The graphs for each of the following inequalities are provided below. Note
how inequality being graphed impacted the two decisions to be made each
time.
a.

y>x+3

b.

y<x+3
y

y
(2, 6)
6

5

4

4

test point (false)

3

-6

-5

-4

-3

6

test point (true)

5

3

(2, 3)

2

2

1

1

-2 -1 0
-1

1

2

3

4

5

6

x

-6

-5

-4

-3

-2 -1 0
-1

-2

-2

-3

-3

-4

-4

-5

-5

-6

-6

1

2

3

4

5

6

x

Both inequalities have a < or >. Therefore, no points on the line are part of
the solution. The half-plane that contains the solution to each inequality is
shaded. Pick a test point on each side of the boundary line to see if it is or
is not a solution to the inequality.
Test points have been chosen for the first inequality of y > x + 3. Look on
the graph above and the check of the test points below.

test point in shaded region (2, 6)
test point not in shaded region (2, 3)

y>x+3
6>2+3
3>2+3

true
false

Teacher tip: Use (0, 0) as a test point because, in testing the
inequality with two zeros, there is less of a problem with
positives or negatives.
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y≥x+3

c.

y≤x+3

d.

y

y
6

6

-6

-5

-4

-3

5

5

4

4

3

3

2

2

1

1

-2 -1 0
-1

1

2

3

4

5

6

x

-6

-5

-4

-3

-2 -1 0
-1

-2

-2

-3

-3

-4

-4

-5

-5

-6

-6

1

2

3

4

5

6

x

Both inequalities above have a ≤ or ≥. Therefore, all points on the line are
part of the solution. The half-plane that contains the solution to each
inequality is shaded. Pick a test point on each side of the boundary line to
see if it is or is not a solution to the inequality. Remember, any point on the
boundary line is also part of the solution.
The graph of a system of two inequalities will be the intersection of the
two half-planes represented by each of the inequalities. If there is no
intersection, there is no solution.
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Consider the following:
2x + y > 5
x–y<4
To graph the first inequality you might write it in slope-intercept form or
you might make a table of values.
Write in Slope Intercept Form
2x + y > 5
y > -2x + 5
A point can be placed at (0, 5) for the y-intercept. (See graph on following
page.)
From that point, a vertical ( ) movement of -2 and a horizontal ( )
movement of 1, would place another point at (1, 3). A dashed line could
be drawn through those two points and the half-plane above it could be
shaded.
Make a Table of Values
A table of values could be made, and the points plotted and connected
with a broken line.
Table of Values
2x + y > 5
x

y

0
2
-2

>5
>1
>9

For the inequality x – y < 4,
-y < -x + 4
y>x–4
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The inequality symbol reverses since each side is
multiplied by -1.
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When this is graphed, the line is again a dashed line and the half-plane
above it is shaded. The intersection of the two half-planes has two dashed
boundary lines in the shape of a V. That area of the graph represents the
solution to the system. The coordinates for any point in that area would
make each inequality true.
Graph of 2x + y > 5 and x – y < 4
y
10

Solution to the System

9

(-2, 9)

8
7
6
5
-2

(0, 5)

4
(1, 3)
–

y

<

+1
x

2

4

3

(2, 1)

1
-10 -9 -8

-7 -6

-5

-4

-3

-2 -1 0
-1

1

2

3

4

5

6

7

8

9

10

x

-2
-3
-4
-5
y>

-7

+
2x

-6

5

-8
-9
-10
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Practice
Graph the following inequalities.
y

1. y ≤ x + 3
6

x

y

5
4
3
2
1
-6

-5

-4

-3

-2 -1 0
-1

1

2

3

4

5

6

1

2

3

4

5

6

x

-2
-3
-4
-5
-6

y

2. y > 2x – 4
6

x

y

5
4
3
2
1
-6

-5

-4

-3

-2 -1 0
-1

x

-2
-3
-4
-5
-6
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Graph the following systems of inequalities.
y

3. y > x + -2
6

y ≥ -2x + 5

5
4

x

y

3
2
1
-6

-5

-4

-3

-2 -1 0
-1

1

2

3

4

5

6

x

-2
-3
-4
-5
-6
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______ 1. any value for a variable that makes
an equation or inequality a true
statement

A. equation

______ 2. a mathematical sentence in which
two expressions are connected by
an equality symbol

B. graph of an
equation

______ 3. a sentence that states one expression
is greater than (>), greater than or
equal to (≥), less than (<), less than
or equal to (≤), or not equal to (≠)
another expression

C. inequality

______ 4. a group of two or more equations
that are related to the same situation
and share variables

D. integers

______ 5. the location of a single point on a
rectangular coordinate system
where the first and second values
represent the position relative to the
x-axis and y-axis, respectively

E. ordered pair

F. solution

______ 6. all points whose coordinates are
solutions of an equation
______ 7. the numbers in the set
{… , -4, -3, -2, -1, 0, 1, 2, 3, 4, …}
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G. system of
equations

Unit 7: Systems of Equations and Inequalities

Unit 8: Evaluating Data
This unit emphasizes how statistical methods, probability concepts, and
measures of central tendencies are used to collect and interpret real-world
data.

Unit Focus
Number Sense, Concepts, and Operations
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situation to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
Measurement
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)

Algebraic Thinking
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
Data Analysis and Probability
• Interpret data that has been collected, organized, and
displayed in charts, tables, and plots. (MA.E.1.4.1)
• Calculate measures of central tendency (mean, median,
and mode) and dispersion (range) for complex sets of
data and determine the most meaningful measure to
describe the data. (MA.E.1.4.2)
• Analyze real-world data and make predictions of larger
populations by using the sample population data and
using appropriate technology, including calculators and
computers. (MA.E.1.4.3)
• Design and perform real-world statistical experiments
that involve more than one variable, then analyze results
and report findings. (MA.E.3.4.1)
• Explain the limitations of using statistical techniques and
data in making inferences and valid arguments.
(MA.E.3.4.2)

Vocabulary
Use the vocabulary words and definitions below as a reference for this unit.
area diagram .................................. a diagram in which the possibility of
each outcome is represented by a
section of the total area

box-and-whisker plot
(box plots) ....................................... a basic graphing tool that displays
centering, spread, and distribution of a
data set
minimum
value
whisker
0

lower
quartile

upper
quartile
median

maximum
value
whisker

10
20
30
40
50
box-and-whisker plot of sample set of data

60

congruent ( ~
= ) ................................. figures or objects that are the same
shape and size
cube ................................................. a rectangular prism that
has six square faces
data .................................................. information in the form of numbers
gathered for statistical purposes

Unit 8: Evaluating Data

485

denominator ................................... the bottom number of a fraction,
indicating the number of equal parts a
whole was divided into
Example: In the fraction 23 the
denominator is 3, meaning the whole
was divided into 3 equal parts.
dependent events .......................... two events in which the first affects the
outcome of the second event
empirical probability ................... the likelihood of an event happening
that is based on experience and
observation rather than on theory
equation .......................................... a mathematical sentence in which two
expressions are connected by an
equality symbol
Example: 2x = 10
even number .................................. any whole number divisible by 2
Example: 2, 4, 6, 8, 10, 12 …
event ................................................ a possible result or outcome in
probability
factor ................................................ a number or expression that divides
evenly into another number
Example: 1, 2, 4, 5, 10, and 20 are factors
of 20 and (x + 1) is one of the factors of
(x2 – 1).
five-number summary ................. consists of the minimum and maximum
values, the median value, and the lower
and upper quartile values; the five
values used in creating box-andwhisker plots
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formula ........................................... a way of expressing a relationship using
variables or symbols that represent
numbers
fraction ............................................ any part of a whole
Example: One-half written in
fractional form is 12 .
independent events ...................... two events in which the outcome of the
first event does not affect the outcome of
the second event
least common multiple (LCM) ... the smallest of the common multiples of
two or more numbers
Examples: For 4 and 6, 12 is the least
common multiple.
lower quartile ................................ the median of the lower 50 percent of a
set of data
mean (or average) .......................... the arithmetic average of a set of
numbers; a measure of central tendency
measures of central tendency ..... the mean, median, and mode of a set of
data
median ............................................ the middle point of a set of rankordered numbers where half of the
numbers are above the median and half
are below it; a measure of central
tendency
mode ................................................ the score or data point found most often
in a set of numbers; a measure of central
tendency
Example: There may be no mode, one
mode, or more than one mode in a set of
numbers.
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multiples ......................................... the numbers that result from
multiplying a given whole number by
the set of whole numbers
Example: The multiples of 15 are 0, 15,
30, 45, 60, 75, etc.
numerator ....................................... the top number of a fraction, indicating
the number of equal parts being
considered
Example: In the fraction 23 , the
numerator is 2.
odd number .................................... any whole number not divisible by 2
Example: 1, 3, 5, 7, 9, 11 …
outcome ........................................... a possible result of a probability
experiment
pattern (relationship) ................... a predictable or prescribed sequence of
numbers, objects, etc.; may be described
or presented using manipulatives,
tables, graphics (pictures or drawings),
or algebraic rules (functions)
Example: 2, 5, 8, 11 … is a pattern. Each
number in this sequence is three more
than the preceding number. Any number
in this sequence can be described by the
algebraic rule, 3n – 1, by using the set of
counting numbers for n.
percent (%) ..................................... a special-case ratio which compares
numbers to 100 (the second term)
Example: 25% means the ratio of 25 to
100.
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percent of increase ........................ the percent the amount of increase is of
the original amount
Example:

amount of increase
original amount

perfect square ................................ a number whose square root is a whole
number
Example: 25 is a perfect square because
5 x 5 = 25
point ................................................ a specific location in space that has no
discernable length or width
probability ..................................... a measure of the likelihood that a given
event will occur; expressed as a ratio of
one event occurring (favorable outcome)
to the number of equally likely possible
outcomes
product ............................................ the result of multiplying numbers
together
Example: In 6 x 8 = 48,
48 is the product.
random ............................................ by chance, with no outcome any more
likely
range (of a set of numbers) ......... the lowest value (L) in a set of numbers
through the highest value (H) in the set
Example: When the width of the range is
expressed as a single number, the range
is calculated as the difference between
the highest and the lowest values
(H – L). Other presentations show the
range calculated as (H – L + 1).
Depending upon the context, the result
of either calculation would be
considered correct.
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ratio .................................................. the comparison of two quantities
Example: The ratio of a and b is a:b or
where b ≠ 0.

a
b

,

rounded number ........................... a number approximated to a specified
place
Example: A commonly used rule to
round a number is as follows.
• If the digit in the first place after the
specified place is 5 or more,
round up by adding 1 to the digit
in the specified place ( 461 rounded
to the nearest hundred is 500).
• If the digit in the first place after
the specified place is less than 5,
round down by not changing the
digit in the specified place ( 441
rounded to the nearest hundred
is 400).
sector ............................................... a part of a circle
bounded by two
radii and the arc or
curve created
between any two of
its points

minor sector
major
arc

minor
arc

2 radii
major sector

set ..................................................... a collection of distinct objects or
numbers
solve ................................................. to find all numbers that make an
equation or inequality true
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square root (of a number) ............ one of two equal factors of a number
Example: 7 is the square root of 49.
stem-and-leaf plot ......................... a graph that
organizes data by
place value to
compare data
frequencies

Number of Goals Scored
Stem Leaves
1 59
2 13777
3 01344567
4 23678
Key: 2 3 represents 23.

sum .................................................. the result of adding numbers together
Example: In 6 + 8 = 14,
14 is the sum.
table (or chart) ............................... a data display that organizes
information about a topic into categories
theoretical/expected
probability ..................................... the likelihood of an event happening
that is based on theory rather than on
experience and observation
tree diagram ................................... a diagram in which all the possible
outcomes of a given event are displayed
upper quartile ................................ the median of the upper 50 percent of a
set of data
whole number ............................... the numbers in the set {0, 1, 2, 3, 4, …}

Unit 8: Evaluating Data

491

Unit 8: Evaluating Data
Introduction
You will make extensive use of data and statistics during your lifetime. In
this unit some important concepts of statistics and probability will be
reviewed and explored.

Lesson One Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situation to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors on
calculations. (MA.B.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
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• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
• Interpret data that has been collected, organized, and
displayed in charts, tables, and plots. (MA.E.1.4.1)
• Calculate measures of central tendency (mean, median,
and mode) and dispersion (range) for complex sets of
data and determine the most meaningful measure to
describe the data. (MA.E.1.4.2)
• Analyze real-world data and make predictions of larger
populations by using the sample population data and
using appropriate technology, including calculators and
computers. (MA.E.1.4.3)
• Design and perform real-world statistical experiments
that involve more than one variable, then analyze results
and report findings. (MA.E.3.4.1)
• Explain the limitations of using statistical techniques and
data in making inferences and valid arguments.
(MA.E.3.4.2)
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Analyzing Data
It is likely that you recently began driving or that you will
begin driving soon. Automobile passengers represent most
motor vehicle deaths although there are deaths to
operators of motorcycles and other vehicles as well
as pedestrians. Consider the following data from
the Insurance Institute for Highway Safety. You
will be using measures of central tendency, the
Passenger vehicle occupants
represent most motor vehicle mean, median, and mode, plus the range to
deaths.
analyze the data.
Motor Vehicle Deaths in the 50 U.S. States and the District of Columbia
in 2001
State

Alabama

Number
of Fatal
Crashes

Number Number of
of
Deaths in
Deaths Occupants of
Passenger
Vehicles

State

Number
of Fatal
Crashes

Number
of
Deaths

Number of
Deaths in
Occupants of
Passenger
Vehicles

901

994

832

Montana

201

230

189

Alaska

76

85

64

Nebraska

215

246

190

Arizona

935

1,048

731

Nevada

284

313

231

Arkansas

538

611
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New Hampshire

124

142

109

California

3,543

3,956

2,726

New Jersey

685

747

469

Colorado

643

736

557

New Mexico

414

463

330

Connecticut

285

312

223

New York

1,425

1,548

964

Delaware

117

136

105

North Carolina

1,360

1,530

1,200

North Dakota

District of Columbia

58

68

48

Florida

2,714

3,011

2,028

Ohio

Georgia

1,441

1,615

1,288

Oklahoma

Hawaii

132

140

82

Idaho

225

259

216

Pennsylvania

Illinois

1,274

1,414

1,021

Rhode Island

825

909

739

South Carolina

Indiana

Oregon

96

105

92

1,257

1,378

1,103

584

676

560

428

488

368

1,377

1,530

1,095

78

81

62

962

1,059

825

Iowa

385

447

361

South Dakota

154

171

129

Kansas

432

494

415

Tennessee

1,126

1,251

1,044

3,310

3,724

2,864

259

292

215

Kentucky

762

845

699

Texas

Louisiana

862

954

737

Utah

Maine

170

192

152

Vermont

84

92

68

Maryland

601

660
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Virginia

855

935

750

Massachusetts

446

477

333

Washington

568

649

502

Michigan

1,206

1,328

1,007

West Virginia

355

376

297

Minnesota

508

568

455

Wisconsin

683

763

614

Mississippi

704

784

663

Wyoming

155

186

162

Missouri

973

1,098

919
37,795

42,116

31,810

U.S. Total
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Practice
Use the chart on crash data on the previous page to answer the following.
1. The fewest fatal crashes occurred where?
_________________________________________________________
2. Which state had the most fatal crashes?
_________________________________________________________
3. What was the range (difference between the highest and lowest
value) in the number of fatal crashes in the 50 states and the District
of Columbia?
_________________________________________________________
4. Which states had more fatal crashes than Florida?
_________________________________________________________
5. How many states had fewer fatal crashes than Florida?
_________________________________________________________
6. The number of fatal crashes in Florida represents what percentage of
the total U.S. fatal crashes?
_________________________________________________________
7. If the number of fatal crashes for the District of Columbia is
subtracted from the U.S. total, the mean (or average) for the 50 states
could be calculated. What is this mean?
_________________________________________________________
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8. Name the state with the number of fatal crashes closest to this mean.
_________________________________________________________
9. Write a statement comparing the number of fatal crashes in Florida to
this mean.
_________________________________________________________
10. The number of fatal crashes in each of the 50 states and in the
District of Columbia have been arranged from smallest to largest in
the list provided. What is the median (middle point of the set of
rank-ordered numbers)? Circle the value for the median in the list
below.
58, 76, 78, 84, 96, 117, 124, 132, 154, 155, 170, 201, 215, 225,
259, 284, 285, 355, 385, 414, 428, 432, 446, 508, 538, 568,
584, 601, 643, 683, 685, 704, 762, 825, 855, 862, 901, 935,
962, 973, 1126, 1206, 1257, 1274, 1360, 1377, 1425, 1441,
2714, 3310, 3543
11. The lower quartile is the median of the data values below the median
of the data set. You will find 25 values below the median. What is the
value of the lower quartile for this data set? Circle the value for the
median of the lower quartile in the list above.
12. The upper quartile is the median of the data values above the
median of the data set. You will find 25 values above the median.
What is the value of the upper quartile for this data set? Circle the
value for the median of the upper quartile in the list above.
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13. To show an overall picture of how the data is distributed without
showing each item, a box-and-whisker plot (box plots) is used to
separate the data into quartiles. Five numbers determine the four
quartiles (just as five fence posts are needed for four sections of
fence). The (1) minimum value, (2) lower quartile value, (3) median
value, (4) upper quartile value, and (5) maximum value represent the
five-number summary for a data set. Study the sample of data and
its box-and-whisker plot below.
Sample set of data:
6, 7, 13, 17, 20, 25, 39, 41, 43, 49, 51, 62
•
•
•
•
•
•

median of all data = 32
median of lower quartile = 15
median of upper quartile = 46
minimum value = 6
maximum value = 62
five-number summary = 6
15

32

46

62

Box-and-Whisker Plot of Sample Set of Data
minimum
value
whisker
0

10

lower
quartile

upper
quartile
median

20

30

40

maximum
value
whisker
50

60

These values have special significance on a box-and-whisker plot above.
The following indicates the value for each of the five points on the plot
provided.
The middle half of the data entries are within the box for the lower and
upper quartiles.
•
•
•
•
•

The median of the lower half—the lower quartile.
The median of the upper half—the upper quartile.
The lowest number—minimum value.
The greatest number—maximum value.
The vertical line through the median—the midquartile.

The two whiskers from the quartiles to the extremes contain the five-number
summary. The whisker to the left represents the 41 of data of entries below
the middle half. The whisker to the right represents the 41 of data entries
above the middle half.
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Now it’s your turn to use the five-number summary data from this
practice. Indicate the value for each of the five points on the plot provided
below.

Numbers of Fatal Crashes in the 50 U.S. States
and the District of Columbia in 2001

0

200

400

600

800

1,000

1,200

1,400

1,600

1,800

2,000 2,200

2,400

2,600

2,800

3,000

3,200

3,400

3,600

14. Name any two states with data values represented by the whisker on
the left.
_________________________________________________________
15. Name any two states with data values represented by the box on the
left.
_________________________________________________________
16. Name any two states with data values represented by the box on the
right.
_________________________________________________________
17.

Name any two states with data values represented by the whisker
on the right.
_________________________________________________________
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______ 1. information in the form of numbers
gathered for statistical purposes

A. box-andwhisker plot

______ 2. a collection of distinct objects or
numbers

B. data

______ 3. the median of the lower 50 percent of
a set of data
______ 4. the lowest value (L) in a set of
numbers through the highest value
(H) in the set
______ 5. the arithmetic average of a set of
numbers
______ 6. a basic graphing tool that displays
centering, spread, and distribution of a
data set
______ 7. consists of the minimum and
maximum values, the median value,
and the lower and upper quartile
values; the five values used in creating
box-and-whisker plots.
______ 8. the median of the upper 50 percent of
a set of data
______ 9. the middle point of a set of rankordered numbers where half of the
numbers are above the median and
half are below it
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C. five-number
summary

D. lower
quartile

E. mean

F. median

G. range

H. set

I. upper
quartile
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Lesson Two Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situation to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors on
calculations. (MA.B.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
• Interpret data that has been collected, organized, and
displayed in charts, tables, and plots. (MA.E.1.4.1)

Unit 8: Evaluating Data

501

• Calculate measures of central tendency (mean, median,
and mode) and dispersion (range) for complex sets of
data and determine the most meaningful measure to
describe the data. (MA.E.1.4.2)
• Analyze real-world data and make predictions of larger
populations by using the sample population data and
using appropriate technology, including calculators and
computers. (MA.E.1.4.3)
• Design and perform real-world statistical experiments
that involve more than one variable, then analyze results
and report findings. (MA.E.3.4.1)
• Explain the limitations of using statistical techniques and
data in making inferences and valid arguments.
(MA.E.3.4.2)
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Calculating Percents
A brief review of percent (%) may be helpful as you solve the problems in
this section. Study the three examples below and on the following pages.
Example One
A basketball player makes 30 out of 50 field goals attempted.
To express this statistic as a fraction, a part of a whole, you
could say the following:
30
50

of his field goals were made.

3
5

of his field goals were made.

6
10

of his field goals were made.

60
100

of his field goals were made.

To express this statistic as a percent, a special-case ratio that compares a
number to 100, you would do the following:
?
100

30
50

=

?

= 60

60
100

= the same as 0.60 or 60%

30
50

= 30 divided by 50 or 0.6 or 60%
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50 3000
300
00
00
0
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Example Two
A basketball player makes 40% of 210 field goals attempted.
To find the number of field goals made, do the following:
40
100

=

x
210

100x = 8,400
x

= 84

Multiplying each side of the equation by the least common
multiple (LCM), or smallest of the common multiples of 100
and 210.
40
100

x
= 210

x
40
2,100( 100
) = 2,100( 210
)

840

= 10x

84

=x

Multiplying the left side by a name for 1 that will result in a denominator
of 210.
40
100

x
= 210

x
40
( 2.1
2.1 )( 100 ) = 210
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84
210

x
= 210

x

= 84
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Example Three
A basketball player makes 60% of the fields goals attempted. She makes
144 field goals.
To find the number of field goals attempted, do the following:
60
100

=

144
x

60x = 14,400
x

= 240

This could also be solved using other strategies.
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Practice
Solve the following.
The data used for the following set of problems came from the Web site for
the National Basketball Association (NBA) in February, 2004. The 2003-04
season was not yet over.
From the NBA category of percentage of free throws
1. Predrag Stojakovic of the Sacramento Kings was credited with
making 274 free throws out of 297. He had the highest percentage
for free throws made in the NBA at that time. What was his
percentage rounded to the nearest whole number?

2. Tracy McGrady of the Orlando Magic ranked 38th in this category,
making 296 out of 364. What was his percentage rounded to the
nearest whole number?

3. Emanuel Ginobili of the San Antonio Spurs ranked 50th, making 147
out of 186. What was his percentage rounded to the nearest whole
number?
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4. The player in the Top 50 with the highest number of free throws
made as well as the highest number of free throws attempted was
Corey Maggette of the LA Clippers. Explain why he ranked 21st and
Stojakovicic ranked 1st when he made 68 more free throws than
Stojakovicic.
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________
From the NBA category of field goals attempted
5. Tracy McGrady of the Orlando Magic ranked first, attempting 1,200
and making 509. What was his percentage, rounded to the nearest
whole number, for field goals made?

6. Kevin Garnett had a higher percentage of field goals made than
McGrady. He made 554 out of 1,119. Why was he ranked second in
this category?
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________
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7. When this table was printed, one column was cut off the printed
copy. The columns for percent (PCT) and field goals made (FGM)
were shown but the column for field goals attempted (FGA) was
missing. Complete the following table by calculating the number of
FGA.
Field Goals
Rank
14
50

508

Player/Team

PCT

FGM

Predrag Stojakovic
Sacramento Kings

48.0

432

Donyell Marshall
Toronto Raptors

47.8

311

FGA
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From the NBA category of total steals
Steals
Rank

Player

Number
of Games

Steals
per Game

Total Steals

1

Shawn Marion

54

2.13

115

2

Baron Davis

48

2.38

114

3

Darrell Armstrong

54

1.96

106

4

Ron Artest

52

2.02

105

5

Allen Iverson

41

2.46

101

6

Ben Wallace

55

1.84

101

7

Andrel Kirilenko

51

1.96

100

8

Paul Pierce

56

1.70

95

9

Stephon Marbury

54

1.74

94

10

Andre Miller

55

1.69

93

11

Jason Kidd

51

1.78

91

12

Emanuel Ginobili

49

1.84

90

13

Kerry Kittles

52

1.73

90

14

Doug Christie

52

1.63

85

15

Marko Jaric

49

1.69

83

16

James Posey

53

1.55

82

17

Speedy Claxton

51

1.57

80

17

Stephen Jackson

52

1.54

80

19

Jerome Williams

53

1.49

79

20

Jason Terry

53

1.45

77
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8. What is the range in the number of games played for these 20
players?

9. What is the mode, or the score point found most often in the set of
numbers, for the number of games played for these 20 players?

10. Complete the stem-and-leaf plot displaying the data to show the
frequency of steals for these 20 players.
Steals
Total Steals
7

7, 9

8
9
10
11

4, 5

11. What is the range in the total steals for these 20 players?
_________________________________________________________
_________________________________________________________

510

Unit 8: Evaluating Data

12. Why is there no rank of 18 in the chart?
_________________________________________________________
_________________________________________________________
_________________________________________________________

13. Two players have the same number of steals, but they have different
averages for steals per game. Explain why this is so.
_________________________________________________________
_________________________________________________________

14. If the category had been average number of steals per game, which
player would have been ranked #1?
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15. Complete the following table to show rankings from 1 to 20 for the
category of average number of steals per game.
Rankings of Players Based on
Average Number of Steals per Game
Rank

Player

Average Number
of Steals per Game

1

16. For which three rankings did ties occur? ______________________
512
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Statistics on individual players can also be accessed on the NBA Web site.
For example, the statistics provided for Tracy McGrady of the Orlando
Magic in February, 2004 included the following:
Statistics on Tracy McGrady
Ranks #1 in the NBA in points per game
Ranks #8 in the NBA in minutes per game
Ranks #2 in the NBA in field goals made
Ranks #3 in the NBA in three-point field goals made
Ranks #3 in the NBA in free throws
Ranks #19 in the NBA in assists
Ranks #15 in the NBA in total turnovers
Ranks #5 in the NBA in efficiency rankings

The NBA uses the following formula to determine the efficiency of a
player:
(PTS + REB + AST + STL + BLK) – [(FTA – FTM) + (FGA – FGM) + (TO)]
G
PTS = points

FTA = free throws attempted

REB = rebounds

FTM = free throws made

AST = assists

FGA = field goals attempted

STL = steals

FGM = field goals made

BLK = blocks

TO

= turnovers

G

= games

= EFF

EFF = efficiency of a player

The numbers in the first set of parentheses represent ways a player may be
helpful to the team. The NBA subtracts from that sum the number of
unsuccessful free throws and field goals and the number of turnovers. The
value of the numerator is divided by the number of games to determine
the efficiency rating.
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The following data was secured from the NBA’s Web site on April 1, 2004.
The two players with the highest efficiency ratings were Garnett and
Duncan. (Statistics are also provided for Tracy McGrady since this book is
published in Florida and McGrady played for the Florida Marlins.)
17. Use the data to determine the efficiency rating for each of the
players. Round to the nearest hundredth.
Efficiency Rating of Three NBA Players
Player

PTS REB

AST

STL BLK FTA

FTM FGA FGM

TO

G

Kevin
Garnett

1,851 1,053

386

108

162

425

334 1,513

753

199

76

Tim
Duncan

1,397

772

193

56

161

524

313 1,089

541

174

62

Tracy
McGrady 1,878

402

370

93

42

500

398 1,566

653

179

67

EFF

18. For each of the following, indicate if it is true or false. Write True if
the statement is correct. Write False if the statement is not correct.
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__________ a.

McGrady’s percentage of free throws made is higher than
Duncan’s and Garnett’s.

__________ b.

McGrady’s percentage of field goals made is lower than
Duncan’s and Garnett’s.

__________ c.

McGrady’s average number of points per game does not
exceed Duncan’s and Garnett’s.

__________ d.

Garnett’s rebounds are more than 2.5 times McGrady’s
and his blocks are almost 4 times McGrady’s.

__________ e.

Since McGrady had more points, assists, steals, free
throws made, and field goals made than Duncan, but
ranked below Duncan on efficiency, this indicates the
formula is not effective in determining efficiency.
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Practice
Use the list below to write the correct term for each definition on the line provided.
denominator
formula
fraction
least common multiple (LCM)

solve
mode
stem-and-leaf plot
numerator
whole number
percent (%)
rounded number

___________________

1.

a way of expressing a relationship using
variables or symbols that represent numbers

___________________

2.

the bottom number of a fraction, indicating
the number of equal parts a whole was
divided into

___________________

3.

the top number of a fraction, indicating the
number of equal parts being considered

___________________

4.

the numbers in the set {0, 1, 2, 3, 4, …}

___________________

5.

a special-case ratio which compares numbers
to 100 (the second term)

___________________

6.

the score or data point found most often in a
set of numbers

___________________

7.

any part of a whole

___________________

8.

to find all numbers that make an equation or
inequality true

___________________

9.

a number approximated to a specified place

___________________ 10.

the smallest of the common multiples of two
or more numbers

___________________ 11.

a graph that organizes data by place value to
compare data frequencies
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Lesson Three Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situation to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
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• Interpret data that has been collected, organized, and
displayed in charts, tables, and plots. (MA.E.1.4.1)
• Analyze real-world data and make predictions of larger
populations by using the sample population data and
using appropriate technology, including calculators and
computers. (MA.E.1.4.3)
• Determine probabilities using counting procedures,
tables, and tree diagrams. (MA.E.2.4.1)
• Determine the probability for simple and compound
events as well as independent and dependent events.
(MA.E.2.4.2)
• Design and perform real-world statistical experiments
that involve more than one variable, then analyze results
and report findings. (MA.E.3.4.1)
• Explain the limitations of using statistical techniques and
data in making inferences and valid arguments.
(MA.E.3.4.2)
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Probability
Probability will be reviewed in this lesson. Some general statements will
precede your work.
A. If an event is impossible, its probability is 0 (zero). If an
event is certain, its probability is 1 (one). The probability
of an event that is possible, but not certain, is a number
between 0 and 1.
B. A simple event is a single event in a probability problem,
such as tossing a coin.
A compound event consists of two or more simple events.
C. When the outcome of one event does not affect the
others, the events are independent events. The
probability of drawing a 5 from a standard deck of 52
4
playing cards is 52 . If the card drawn is returned each
time, the probability is the same each time. Each event is
independent of the preceding event.
When the outcome of one event affects the outcome of
another, the events are dependent events. If the first card
drawn was not a 5 and not returned to the deck, the
probability of drawing a 5 on the second draw would be
4
51 . However, if the first card drawn was a 5, the
3
probability of drawing a 5 on the second draw is 51
.
D. When you explore the probability of an event by rolling
dice, flipping coins, spinning spinners, or using a
calculator or a computer to generate random numbers,
etc., you are determining the empirical probability of an
event. When you explore the probability of an event by
making an organized list or tree diagram, using an area
diagram model, or by using formulas, etc, you are
determining the theoretical/expected probability of an
event.
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Example One
A student is bored with selections in the cafeteria and decides to have
some fun making choices.
When choosing rye or wheat bread, the student
will toss a coin.
When choosing chicken salad,
egg salad, or tuna salad for the sandwich filling, the
student will spin a spinner divided into 3 congruent or
equal sectors (parts of a circle).
When choosing milk or juice, the student will toss a fair
cubical die, with an even number or odd number being
the determining factor.
Spinner for Lunch Choices

egg
salad

chicken
salad

tuna
salad

During the first week, the student had the following results:
First Week Outcomes
Coins
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Spinner

Die

heads

egg

odd

heads

tuna

even

tails

egg

even

heads

chicken

odd

tails

tuna

odd
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There were no identical lunches during the first week. The student
decided to make a list to determine all possible combinations.
Possible Lunch Combinations
Bread
Filling
Beverage
Choices Choices
Choices
rye

chicken

milk

rye

chicken

juice

rye

egg

milk

rye

egg

juice

rye

tuna

milk

rye

tuna

juice

wheat

chicken

milk

wheat

chicken

juice

wheat

egg

milk

wheat

egg

juice

wheat

tuna

milk

wheat

tuna

juice

There were 12 possible combinations when there were the following
choices:
• 2 choices for bread
• 3 choices for filling
• 2 choices for beverage.
The student realized that two identical lunches could occur during the
first 12 days of the experiment.
2 x 3 x 2 = 12
If two identical lunches did not occur, however, it was certain that, on the
13th day, the combination would be the same as a combination from the
first 12 days.
520

Unit 8: Evaluating Data

Look at the table on the previous page to see the probabilities of getting
the following.
• the probability of getting tuna on wheat with juice is

1
12

• the probability of getting a tuna sandwich with milk is
• the probability of getting a tuna sandwich is

4
12

or

2
12

or

1
6

1
3

The same results could be shown in a tree diagram as illustrated below.
Lunch Outcomes
Bread
Choices

Filling
Choices

Beverage
Choices

Outcomes
Choices
RCM

chicken
rye

egg
tuna

milk
juice
milk
juice
milk
juice

RCJ
REM
REJ
RTM
RTJ
WCM

chicken
wheat

egg
tuna

Unit 8: Evaluating Data

milk
juice
milk
juice
milk
juice

WCJ
WEM
WEJ
WTM
WTJ
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Let’s look at another way to use the same probabilities from the previous
page using the tree diagram.
If there are
• 2 choices for a bread, then wheat equals 12 .
• 3 choices for a filling, then tuna equals 13 .
• 2 choices for a beverage, then juice equals 12 .
Then the probability of getting the following is
• wheat
1
2

tuna
x

• tuna
1
3

1
3

juice
x

1
2

=

1
6

=

1
12

milk
x

1
2

• tuna
1
3

The probabilities are the same as those found using the table and the tree
diagram.
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Practice
Solve the following.
The choices for entrees in the cafeteria today are hamburgers,
cheeseburgers, or veggie burgers. The sides are chips, French fries, or
fresh fruit. The beverages are milk, juice, water, or milkshake.
1. Describe how choices could be made randomly for each category.
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________

2. What is the probability of the random made choices being a
cheeseburger, fresh fruit, and milkshake? Explain how you got your
answer.
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______ 1. two events in which the first affects
the outcome of the second event

A. congruent (~
=)

______ 2. a number or expression that divides
evenly into another number

B. dependent
events

______ 3. a possible result or outcome in
probability
______ 4. a part of a circle bounded by two
radii and the arc or curve created
between any two of its points

D. event

______ 5. figures or objects that are the same
shape and size

E. factor

______ 6. a diagram in which all the possible
outcomes of a given event are
displayed

F. independent
events

______ 7. the likelihood of an event happening
that is based on theory rather than on
experience and observation
______ 8. a measure of the likelihood that a
given event will occur

G. outcome
H. probability

______ 9. by chance, with no outcome any
more likely

I. random

______ 10. the likelihood of an event happening
that is based on experience and
observation rather than on theory

J. sector

______ 11. two events in which the outcome
of the first event does not affect the
outcome of the second event
______ 12. a possible result of a probability
experiment
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C. empirical
probability

K. theoretical/
expected
probability
L. tree diagram
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More Probabilities
Example Two
A player gets tired of waiting to get out of jail in a Monopoly game. An
extra pair of dice is used to experiment a bit to determine the probability
of getting out of jail by rolling a pair of doubles.
The first 10 rolls resulted in doubles one time.
(2, 3), (5, 2), (4, 1), (3, 6), (3, 3), (2, 1), (4, 6), (4, 3), (4, 2), (1, 5)
The player gets pencil and paper and makes a list of all possible results.
1, 1

2, 1

3, 1

4, 1

5, 1

6, 1

1, 2

2, 2

3, 2

4, 2

5, 2

6, 2

1, 3

2, 3

3, 3

4, 3

5, 3

6, 3

1, 4

2, 4

3, 4

4, 4

5, 4

6, 4

1, 5

2, 5

3, 5

4, 5

5, 5

6, 5

1, 6

2, 6

3, 6

4, 6

5, 6

6, 6

The player finds 36 possible results and finds that 6 of them are doubles.
6
The probability of rolling doubles is 36
. Realizing that this is the same as
1
6 , the player decides to roll two more times to see if doubles will occur 2
times out of the total of 12 rolls.
Hopefully the player will understand that the probability of doubles on
any roll will be 16 . The 12th roll is not dependent on what occurred in the
first 11 rolls.
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Practice
Solve the following. Refer to the list of possible results on the previous page as
needed.
Consider these proposed rules for getting out of jail in the game of
Monopoly.
1. The player rolls one fair cubical die. If a 1 is rolled (Hint: 61 ), the
player gets out of jail. Otherwise, the player remains in jail. Will the
probability of getting out of jail improve, decrease, or remain the
same? Why?
_________________________________________________________
_________________________________________________________
_________________________________________________________

2. The player rolls a pair of dice. If the sum is 7, the player gets out of
jail. Otherwise, the player remains in jail. Will the probability of
getting out of jail improve, decrease, or remain the same? Why?
_________________________________________________________
_________________________________________________________
_________________________________________________________

3. The player rolls a pair of dice. If the product is an odd number, the
player gets out of jail. Otherwise, the player remains in jail. Will the
probability of getting out of jail improve, decrease, or remain the
same? Why?
_________________________________________________________
_________________________________________________________
_________________________________________________________
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4. The player rolls a pair of dice. If the sum is a multiple of 6, the player
gets out of jail. Otherwise, the player remains in jail. Will the
probability of getting out of jail improve, decrease, or remain the
same? Why?
_________________________________________________________
_________________________________________________________
_________________________________________________________

5. The player rolls a pair of dice. If the sum is greater than 9, the player
gets out of jail. Otherwise, the player remains in jail. Will the
probability of getting out of jail improve, decrease, or remain the
same? Why?
_________________________________________________________
_________________________________________________________
_________________________________________________________

6. The player rolls a pair of dice. If the product is a perfect square, the
player gets out of jail. Otherwise, the player remains in jail. Will the
probability of getting out of jail improve, decrease, or remain the
same? Why?
Remember: A perfect square is a number whose square
root is a whole number. For example, 4 = 2.
_________________________________________________________
_________________________________________________________
_________________________________________________________
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Using Diagrams to Help Determine Probability
Example Three
In the game of basketball, sometimes a player goes to the
free throw line for an opportunity for a “one and one.”
The player attempts the first free throw. If successful, the
player has an opportunity for a second free throw. If the
first free throw is unsuccessful, there is no second
opportunity. Suppose a player approaching the free throw line
is a 60% shooter. The following area diagram illustrates the
theoretical probability (or likelihood) of what is expected on the
first free throw.
60% Shooter—1st Free
Throw
makes
+1

misses
0

60% Shooter—1st & 2nd
Free Throw
made 1st
missed 2nd
24
100

= 24%

made 1st
made 2nd
60
100

= 60%

40
100 =

40%

36
100

= 36%

Makes shot
60% of the
time.

Misses shot
40% of the
time.

Makes shot
60% of the
time.

Gets another
try.

Gets no
more tries.

6 out of each
10

missed
1st
no more
tries
40
100 =

40%

On the first free throw, the player is likely to make the basket 60% of the
time and miss it 40% of the time. The diagram shows the free throw being
made 60 times out of 100 and missed 40 times out of 100.
The second area diagram shows that 40 times out of 100, the first shot was
missed and there is no second shot. It also shows that 60 times out of 100,
the first shot was made and a second shot can now be attempted. Since
60% is the same as 6 out of 10, you know that out of each set of 10 squares
in this area, 6 will represent the second shot being made and 4 will
represent the shot being missed.
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The area diagram on the previous page indicates the following.
• the probability of 0 points being scored in this situation is
• the probability of 1 point being scored in this situation is
• the probability of 2 points being scored in this situation is
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40
100
24
100
36
100
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Practice
Solve the following.
Make area diagrams to determine the probability of 0 points, 1 point, and 2
points in a one and one situation for the following.
1. A 50% shooter

2. A 40% shooter

3. A 70% shooter
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Using Spinners for Probability
Example Four
Boy Scouts served as ushers at all home football games at Florida State
University for many years. A number of methods were used
to determine the position in the stadium a Boy Scout would
be assigned for ushering. One year positions rotated so
that if a Scout ushered on the 50-yard line the first game,
duty would rotate to the 35-yard line the next game, followed
by 20-yard line, 5-yard line, the end zone, etc. Another year,
to encourage early arrival, positions were chosen by the Boy
Scout until all positions were taken.
Suppose two spinners had been used.
• The first spinner would determine whether the
assignment would be in the upper stands or lower stands.
• The second spinner would determine which side or which
end-zone area.
The second spinner would allow for the following:
•

1
3

chance for student side

•

1
3

chance for press-box side

•

1
3

chance for an end zone.
Spinner for Stands

Spinner for Sides or End Zones

student
side
upper

end
zone
two

lower
press-box
side
end
zone
one
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To determine the theoretical probability of each assignment area a list was
made. Before doing so, a broken line was sketched in the spinner to
indicate that the student side actually represents 26 of the second spinner.
The same is true for the press-box side.
Outcomes of Assignment Areas
upper

student side

upper

student side

upper

end zone one

upper

press-box side

upper

press-box side

upper

end zone two

lower

student side

lower

student side

lower

end zone one

lower

press-box side

lower

press-box side

lower

end zone two

Spinner for Sides or End Zones

end zone
two

student
side

press-box
side
end
zone
one

Spinner for Stands

upper

lower

The probabilities for each area are as follows:
2
12

upper student side

1
12

upper end zone one

2
12

upper press-box side
upper end zone two
lower student side

2
12

lower end zone one
lower press-box side
lower end zone two
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1
12

1
12
2
12
1
12
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It was decided to illustrate this probability with an area diagram.
Outcomes of Stands

upper

Outcomes of Assignment Areas

lower

upper
end zone two

lower
end zone two

end zone two

upper
student side

lower
student side

student side

upper
lower
end zone one end zone one

end zone one
press-box side

upper
press-box
side

lower
press-box
side

upper

lower

If a tree diagram is made, showing two branches for the student side, two
branches for the press-box side, and one branch each for the end zones is
likely to help the user understand the diagram. Otherwise, branches must
be weighted for the tree diagram to be meaningful.

Outcomes of Assignments

1
2

1
2

upper

lower
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1
6
1
6
1
6
1
6
1
6
1
6

student
student
end zone one
press box
press box
end zone two

1
6
1
6
1
6
1
6
1
6
1
6

student
student
end zone one
press box
press box
end zone two

1
2

1
2

upper

lower

1
3
1
6
1
3
1
6

student
end zone one
press box
end zone two

1
3
1
6
1
3
1
6

student
end zone one
press box
end zone two
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Practice
Solve the following.
In numbers 1-5, the Boy Scouts decided to design some other ways to get
ushering assignments randomly. You will be asked to compare each new
way with the method used on the previous page to get the upper section
of the press box as follows.
upper section

=

press box

=

upper press box =

1
2
2
6 or
2
12 or

1
3
1
6

1. A coin would be tossed (Hint: 12 ) to determine if assignment would
be in upper or lower section. One red, one blue, one white, and one
yellow block would be placed in a bag (Hint: 41 ), with the color
determining whether the assignment would be on the student side,
the press-box side, end zone one, or end zone two. Will the
probability of an assignment in the upper section of the press-box
side improve, decrease, or remain the same? Why?
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________
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2. A pair of fair dice would be rolled. An even sum would result in the
upper section and an odd sum in the lower section. Three coins
would be tossed. Three heads would result in end zone one, three
tails in end zone two, two heads and one tail in the press-box side,
and two tails and one head in the student side. Will the probability
of an assignment in the upper section of the press-box side
improve, decrease, or remain the same? Why?
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________

3. A pair of fair dice would be rolled. An even product would result in
the upper section and an odd product in the lower section. A
spinner is divided into 6 sections with end zones assigned one to
each side and sides assigned to two each side. Will the probability
of an assignment in the upper section of the press-box side
improve, decrease, or remain the same? Why?
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________
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4. A single die would be rolled. Upper and lower sections would be
assigned depending on whether the roll was 3 or less or 4 or more.
The die would again be rolled and a 1 would result in end zone one,
a 2 in end zone two, a 3 or 4 in the press-box side, a 5 or 6 in the
student side. Will the probability of an assignment in the upper
section of the press-box side improve, decrease, or remain the
same? Why?
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________

5. A coin would be tossed. Heads or tails would result in upper or
lower sections. The coin would then be tossed twice with head-head
resulting in end zone one, head-tail resulting in the student side,
tail-head resulting in the press-box side, and tail-tail resulting in end
zone two. Will the probability of an assignment in the upper section
of the press-box side improve, decrease, or remain the same? Why?
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________
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Working with Combinations
Example Five
A restaurant specializing in ice cream treats offers sundaes with the
following choices:
vanilla, chocolate, or strawberry ice cream – choose
one of three
hot fudge, caramel, or butterscotch – choose one of
three
pineapple, sprinkles, cookies, gummis, berries,
nuts – choose one of six
The owner would like to include a statement about the number of
possible choices in advertisements.
If vanilla ice cream is chosen, there are
• 3 possible sauces
• 6 possible toppings,
if one sauce and one topping are chosen.
Therefore, there are 18 possibilities.
3 x 6 = 18
See the table below.
Outcomes of Vanilla Sundaes
V

H

P

V

C

P

V

B

P

V

H

S

V

C

S

V

B

S

V

H

C

V

C

C

V

B

C

V

H

G

V

C

G

V

B

G

V

H

B

V

C

B

V

B

B

V

H

N

V

C

N

V

B

N
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A similar table could be made for chocolate ice cream and for strawberry
ice cream. With 18 choices for each type of ice cream, the total number of
combinations is 54.
• 3 choices for ice cream
• 3 choices for sauces
• 6 choices for toppings
When one of each is chosen there are 54 possibilities.
3 x 3 x 6 = 54
The owner is considering changing the policy to allow the following
• choice of 1 ice cream =
• choice of 1 sauce =

1
3

1
3

• choice of 2 different toppings =

2
6

.

The focus now will be on determining the number of combinations of two
toppings.
Outcomes of Topping
Choices
pineapple
sprinkles
cookies
gummis
berries
nuts
sprinkles
cookies
gummis
berries
nuts
cookies
gummis
berries
nuts
gummis
berries
nuts
berries
nuts
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There are 15 different combinations of two different toppings. There were
6 toppings to choose from for the first choice, and 5 remaining for the
second choice. The order in which the two toppings are chosen does not
make a difference, so there are 15 combinations rather than 30.
You may also notice the following.
• When the first of six toppings was paired with each of
the others, there were 5 combinations.
• When the second of six toppings was paired with
each of the others, there were 4 combinations.
• When the third of six toppings was paired with each of
the others, there were 3 combinations.
You likely see a pattern occurring.
For each of the 9 possible combinations of 3 ice creams and 3 sauces, there
are 15 combinations of 2 different toppings.
9 x 15 = 135
The owner could now say 135 combinations are possible when a customer
ordering a sundae chooses
• 1 of 3 ice cream flavors
• 1 of 3 sauces
• 2 of 6 toppings.
You would find even more if a customer particularly liking one topping,
such as berries, could request berries and berries for the toppings!
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Practice
Solve the following.
In ordering a pizza, a customer is asked to choose from the following:
3 different sizes: small, medium, or large
3 different crusts: thin crust, hand-tossed, or thick crust
8 different toppings: pepperoni, sausage, ham, olives, mushrooms,
peppers, onions, or pineapple.
1. How many pizza orders are possible if one topping is chosen?
_________________________________________________________

2. How did you get your answer?
_________________________________________________________
_________________________________________________________

3. How many pizza orders are possible if two different toppings are
chosen?
_________________________________________________________

4. How did you get your answer?
_________________________________________________________
_________________________________________________________
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Lesson Four Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situation to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Apply special number relationships such as sequences to
real-world problems. (MA.A.5.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Use systems of equations and inequalities to solve realworld problems graphically and algebraically.
(MA.D.2.4.2)
• Interpret data that has been collected, organized, and
displayed in charts, tables, and plots. (MA.E.1.4.1)

Unit 8: Evaluating Data

541

• Analyze real-world data and make predictions of larger
populations by using the sample population data and
using appropriate technology, including calculators and
computers. (MA.E.1.4.3)
• Design and perform real-world statistical experiments
that involve more than one variable, then analyze results
and report findings. (MA.E.3.4.1)
• Explain the limitations of using statistical techniques and
data in making inferences and valid arguments.
(MA.E.3.4.2)
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Statistics
You frequently encounter large numbers in data. The damages from
hurricanes, shown in the table on the following
page, reach billions of dollars. To get a picture
of “a billion,”think of this: if your heart beats at
a rate of 70 times a minute, it would take it
almost 10 days to beat a million times and more
than 27 years to beat a billion times! Think
about this as you consider the damages from
hurricanes in terms of dollars.
You will notice that all the entries have at least 7
zeroes in the amounts not adjusted for inflation.
You can be certain these amounts are in rounded form. Estimation
certainly plays a part in gathering such data. If you looked at a table
showing costliest hurricanes in terms of lives lost, the numbers would
likely not be rounded. However, the number of injuries may be estimated
and rounded since it would be difficult to make a precise count of injuries.

Unit 8: Evaluating Data

543

Costliest U.S. Hurricanes 1970-2000 - Damages are Listed in U.S. Dollars
Year

Damage
(Not adjusted for
inflation)

Damage
(Adjusted for inflation
using the 2000 deflator)

southeast Florida,
southeast Louisiana

1992

26,500,000,000

34,954,825,000 (1st)

Hugo

1989

7,000,000,000

9,739,820,625 (2nd)

1999

4,500,000,000

4,666,817,360 (8th)

1996

3,200,000,000

3,670,400,000 (10th)

1995

3,000,000,000

3,520,596,085 (11th)

1998

2,310,000,000

2,494,800,000 (15th)

1979

2,300,000,000

4,965,327,332 (7th)

1972

2,100,000,000

8,602,500,000 (3rd)

1983

2,000,000,000

3,421,660,182 (12th)

1991

1,500,000,000

2,004,635,258 (20th)

Hurricane
Andrew

South Carolina

Floyd
Mid Atlantic and
northeast U.S.

Fran
North Carolina

Opal
northwest Florida,
Alabama

Georges
Florida Keys,
Mississippi, Alabama

Frederic
Alabama,
Mississippi

Agnes
Florida,
northeast U.S.

Alicia
north Texas

Bob
North Carolina,
northeast U.S.
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Practice
Use the table on the previous page to determine if each statement is true or false.
Write True if the statement is correct. Write False if the statement is not correct.
__________ 1.

A statistic from one source shows that 37% of all U.S.
hurricanes hit Florida. The 10 most costly U.S.
hurricanes would support this statement.

__________ 2.

Hurricane Andrew was the most costly before and after
adjustments for inflation.

__________ 3.

The cost, when adjusted for inflation based on the year
2000, of repairing damages from Hurricane Agnes
would have been more than 4 times its 1972 cost in
dollars.

__________ 4.

The inflation factor makes little difference in ranking of
the storms by cost in dollars.

__________ 5.

The inflation factor impact on this data increases
awareness of a need to consider this when looking at
other data.

__________ 6.

Two of these hurricanes occurred in the 1980s and six in
the 1990s. We can, therefore, expect 3 times as many
costly hurricanes in the period from 2000-2010 as we had
in the 90s.
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Use the table on page 544 and the table below to answer the following.
You may find it interesting to consider average U.S. ticket prices to movies
over the years.
Year Average U.S. Ticket
Price for a Movie
2003
2002
2001
2000
1999
1998
1997
1996
1995
1994
1993
1992
1991
1990
1989
1988
1987
1983
1977
1971
1967
1958
1948

$6.03
$5.80
$5.65
$5.39
$5.06
$4.69
$4.59
$4.42
$4.35
$4.08
$4.14
$4.15
$4.21
$4.22
$3.99
$4.11
$3.91
$3.15
$2.23
$1.65
$1.22
$0.68
$0.36

7. The cost of a movie rose from $1.65 to $5.39 from 1971 to 2000. Write
a statement comparing this increase to the increase seen in the cost
of Hurricane Agnes in 1972 and when cost was adjusted for
inflation.
_________________________________________________________
_________________________________________________________
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8. The cost of a movie rose from $3.15 in 1983 to $5.39 in 2000. Write a
statement comparing this increase to the increase seen in the cost of
Hurricane Alicia in 1983 and when cost was adjusted for inflation.
_________________________________________________________
_________________________________________________________
9. The cost of a movie rose from $4.15 in 1992 to $5.39 in 2000. Write a
statement comparing this increase to the increase seen in the cost of
Hurricane Andrew in 1992 and when cost was adjusted for inflation.
_________________________________________________________
_________________________________________________________

10. Considering comparisons in the impact of inflation on the cost of
hurricane damage and the changes in average cost of a movie ticket
increases awareness that as the price of movie tickets changes
during one’s lifetime, the cost of other items is likely changing in a
similar fashion. Explain.
_________________________________________________________
_________________________________________________________
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Practice
Use the table below to answer the questions on the following pages.
The data in the following table deals with large numbers but it is obvious
the numbers have not been rounded. This data comes from our U.S.
Census.
Metropolitan Areas Ranked by Population in 2000

548

Percent of
Increase

April 1, 2000

April 1, 1990

Amount of
Increase

New York

21,199,865

19,549,649

1,650,216

8.4

Los Angeles

16,373,645

14,531,529

1,842,116

12.7

Chicago

9,157,540

8,239,820

917,720

11.1

Washington

7,608,070

6,727,050

881,020

13.1

San Francisco

7,039,362

6,253,311

786,051

12.6

Philadelphia

6,188,463

5,892,937

295,526

5.0

Boston

5,819,100

5,455,403

363,697

6.7

Detroit

5,456,428

5,187,171

269,257

5.2

Dallas

5,221,801

4,037,282

1,184,519

29.3

Houston

4,669,571

3,731,131

938,440

25.2

Atlanta

4,112,198

2,959,950

1,152,248

38.9

Miami

3,876,380

3,192,582

683,798

21.4

Seattle

3,554,760

2,970,328

584,432

19.7

Phoenix

3,251,876

2,238,480

1,013,396

45.3

Minneapolis

2,968,806

2,538,834

429,972

16.9

Cleveland

2,945,831

2,859,644

86,187

3.0

San Diego

2,813,833

2,498,016

315,817

12.6

St. Louis

2,603,607

2,492,595

111,082

4.5

Denver

2,581,506

1,980,140

601,366

30.4

San Juan

2,450,292

2,270,808

179,484

7.9

Area Name
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1. How was the amount of increase calculated?
_________________________________________________________
_________________________________________________________
_________________________________________________________

2. Which metropolitan area had the greatest amount of increase?
_________________________________________________________

3. Which metropolitan area had the least amount of increase?
_________________________________________________________

4. How was the percent of increase calculated?
_________________________________________________________
_________________________________________________________
_________________________________________________________

5. Which metropolitan area had the greatest percent of increase?
_________________________________________________________

6. Which metropolitan area had the least percent of increase?
_________________________________________________________

Unit 8: Evaluating Data
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7. In 1990 the metropolitan area of Miami had a greater population
than that of Atlanta. This reversed in 2000, although each area had
an increase in population. Explain how this could be true.
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________

8. Write a statement comparing the population of the Miami area with
one metropolitan area ranked higher than it is and one metropolitan
area ranked lower than it is on the basis of population.
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________
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Practice
Use the list below to write the correct term for each definition on the line provided.
box-and-whisker plot
consecutive
measures of central tendency
mean
median

mode
probability
random
range

____________________

1.

the mean, median, and mode of a set of
data

____________________

2.

a basic graphing tool that displays
centering, spread, and distribution of a
data set

____________________

3.

the middle point of a set of rank-ordered
numbers where half of the numbers are
above the median and half are below it

____________________

4.

in order

____________________

5.

the arithmetic average of a set of numbers

____________________

6.

by chance, with no outcome any more
likely

____________________

7.

the score or data point found most often in
a set of numbers

____________________

8.

the lowest value (L) in a set of numbers
through the highest value (H) in the set

____________________

9.

a measure of the likelihood that a given
event will occur

Unit 8: Evaluating Data
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Appendices

Table of Squares and Approximate Square Roots

Appendix A

n

n2

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

1
4
9
16
25
36
49
64
81
100
121
144
169
196
225
256
289
324
361
400
441
484
529
576
625
676
729
784
841
900
961
1,024
1,089
1,156
1,225
1,296
1,369
1,444
1,521
1,600
1,681
1,764
1,849
1,936
2,025
2,116
2,209
2,304
2,401
2,500

n

n

1.000
1.414
1.732
2.000
2.236
2.449
2.646
2.828
3.000
3.162
3.317
3.464
3.606
3.742
3.873
4.000
4.123
4.243
4.359
4.472
4.583
4.690
4.796
4.899
5.00
5.099
5.196
5.292
5.385
5.477
5.568
5.657
5.745
5.831
5.916
6.000
6.083
6.164
6.245
6.325
6.403
6.481
6.557
6.633
6.708
6.782
6.856
6.928
7.000
7.071

51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100

n2
2,601
2,704
2,809
2,916
3,025
3,136
3,249
3,364
3,481
3,600
3,721
3,844
3,969
4,096
4,225
4,356
4,489
4,624
4,761
4,900
5,041
5,184
5,329
5,476
5,625
5,776
5,929
6,084
6,241
6,400
6,561
6,724
6,889
7,056
7,225
7,396
7,569
7,744
7,921
8,100
8,281
8,464
8,649
8,836
9,025
9,216
9,409
9,604
9,801
10,000

n
7.141
7.211
7.280
7.348
7.416
7.483
7.550
7.616
7.681
7.746
7.810
7.874
7.937
8.000
8.062
8.124
8.185
8.246
8.307
8.367
8.426
8.485
8.544
8.602
8.660
8.718
8.775
8.832
8.888
8.944
9.000
9.055
9.110
9.165
9.220
9.274
9.327
9.381
9.434
9.487
9.539
9.592
9.644
9.695
9.747
9.798
9.849
9.899
9.950
10.000
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Mathematical Symbols
÷ or /

divide

x or •

times

~

is approximately equal to

=

is equal to

~
=

is congruent to

–

negative

~

is similar to

+

positive

±

positive or negative

%

percent

≠

is not equal to

π

pi

>

is greater than

AB

line AB

<

is less than

AB

line segment AB

>

is not greater than

AB

ray AB

<

is not less than

≥

is greater than or equal to

≤

is less than or equal to

mAB

measure of line segment AB

°

degrees

m ABC

measure of angle ABC

is parallel to

nonnegative square root

ABC
ABC

triangle ABC
angle ABC

is perpendicular to
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FCAT Mathematics Reference Sheet

Key
b = base

Formulas
triangle

rectangle

h = height
l = length

A = 12 bh

w = width
= slant height

A = lw

S.A. = surface area
trapezoid

d = diameter

A = 12 h(b1 + b2)

r = radius
parallelogram

A = area

A = bh

C = circumference
circle

A = π r2

V = volume
Use 3.14 or 22
7 for π.
circumference
C = πd or C = 2πr

Volume

Total Surface Area

right circular
cone

V = 13 πr2h

S.A. = 12 (2πr) + πr2

or

S.A. = πr + πr2

square pyramid

V = 13 lwh

S.A. = 4( 12 l

or

S.A. = 2l + l2

sphere

V = 3 πr3

4

S.A. = 4πr2

right circular
cylinder

V = πr2h

S.A. = 2πrh + 2πr2

rectangular solid

V = lwh

S.A. = 2(lw) + 2(hw) + 2(lh)

) + l2

In the following formulas, n represents the number or sides.
• In a polygon, the sum of the measures of the interior angles is equal to 180(n – 2).
• In a regular polygon, the measure of an interior angle is equal to

Appendix C

180(n – 2)
n

.
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Pythagorean theorem:
a

c

a 2 + b2 = c 2

Distance between two points
P1 (x 1 , y1 ) and P2 (x2 , y2 ):
(x2 – x1 )2 + (y2 – y1 )2

b
Slope-intercept form of an
equation of a line:
y = mx + b
where m = slope and
b = the y-intercept.
Distance, rate, time formula:

Midpoint between two points
P1 (x 1 , y1 ) and P2 (x2 , y2 ):

( x 2+ x
2

y2 + y1

, 2

)

Simple interest formula:
I = prt

d = rt
where d = distance, r = rate,
t = time.

1

where p = principal, r = rate,
t = time.

Conversions
1 yard = 3 feet = 36 inches
1 mile = 1,760 yards = 5,280 feet
1 acre = 43,560 square feet
1 hour = 60 minutes
1 minute = 60 seconds

1 cup = 8 fluid ounces
1 pint = 2 cups
1 quart = 2 pints
1 gallon = 4 quarts

1 liter = 1000 milliliters = 1000 cubic centimeters
1 meter = 100 centimeters = 1000 millimeters
1 kilometer = 1000 meters
1 gram = 1000 milligrams
1 kilogram = 1000 gram

1 pound = 16 ounces
1 ton = 2,000 pounds

Metric numbers with four digits are presented without a comma
(e.g., 9960 kilometers). For metric numbers greater than four
digits, a space is used instead of a comma (e.g., 12 500 liters)
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Index
A

D

absolute value .................................. 351, 395
acute angle ........................................ 255, 276
additive inverses .............................. 421, 448
adjacent angles ................................. 255, 282
algorithm ............................................ 75, 101
altitude ............................. 255, 334, 351, 372
angle ....................... 3, 37, 255, 271, 351, 371
area (A) ....... 3, 13, 75, 85, 255, 311, 351, 415
area diagram ..................................... 485, 518
axes (of a graph) ............. 175, 183, 421, 431

data ................................... 176, 202, 485, 495
decagon ............................................. 257, 309
decimal number .... 4, 57, 131, 137, 352, 378
decimal point ......................................... 4, 23
decrease ................................................... 4, 48
degree (º) .......................... 257, 271, 352, 363
denominator .................... 352, 366, 486, 504
dependent events ............................ 486, 518
diagonal ........................... 257, 272, 352, 369
diameter ............................................ 258, 318
difference .......................... 75, 104, 131, 146,
................................... 352, 387, 421, 439
digit .......................................................... 4, 28
distributive property ............ 4, 36, 176, 242

B
base (b) (geometric) .............. 3, 37, 255, 278
binomial ..................... 3, 56, 75, 87, 256, 330
bisect ................................. 256, 340, 351, 373
box-and-whisker plot (box plots)
.................................................... 485, 498

C
center (of circle) ............................... 256, 315
central angle (of a circle) ................ 256, 332
circle ........................................ 3, 58, 256, 314
circumference (C) ............................. 256, 333
coefficient ......................... 175, 191, 421, 440
common factor .................... 75, 90, 351, 366
concave polygon .............................. 256, 272
cone .................................................... 256, 314
congruent ( ) ....................... 3, 13, 257, 274,
................................... 352, 371, 485, 519
constant ..................................... 3, 37, 75, 87,
................... 131, 138, 175, 191, 257, 323
convex polygon ................................ 257, 272
coordinate grid or plane ................ 131, 139,
................... 175, 183, 352, 406, 421, 433
coordinate plane ............. 175, 185, 421, 430
coordinates ...................... 176, 183, 421, 430
corresponding angles and sides .... 3, 37, 50
cube ......................... 4, 42, 257, 312, 485, 519
cube (power) .................................... 257, 323
cubic unit .......................................... 257, 312
cylinder ............................................. 257, 314
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E
edge ......................................... 4, 42, 258, 332
empirical probability ...................... 486, 518
equation ........................ 4, 29, 176, 187, 353,
........................... 406, 421, 428, 486, 504
equilateral triangle ......... 258, 273, 353, 372
equivalent (form of a number) ..... 131, 137,
.................................................... 353, 399
estimation ......................................... 422, 448
even number .................................... 486, 519
event .................................................. 486, 518
exponent (exponential form) ............. 76, 83
exponential decay ............................ 176, 251
exponential growth ......................... 176, 248
expression ................................. 4, 38, 76, 89,
................................... 258, 330, 353, 366
exterior angle ................................... 258, 294

F
face .......................................... 5, 42, 258, 312
factor ........... 5, 36, 76, 83, 353, 367, 486, 519
factor pair ................... 5, 29, 76, 89, 258, 311
five-number summary .................... 486, 498
FOIL method .......................................... 5, 59
formula .................. 5, 13, 131, 137, 176, 227,
................... 259, 274, 353, 363, 487, 513
fraction ............................ 131, 165, 354, 366,
................................... 422, 448, 487, 503
function (of x) ................................... 176, 187
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G
graph ................................ 132, 142, 176, 187
graph of a point .............................. 177, 185
graph of a number ........................... 422, 469
graph of an equation ....................... 422, 430
greatest common factor (GCF) .......... 76, 91

H
height (h) ................ 5, 37, 259, 312, 354, 372
heptagon ........................................... 259, 273
hexagon ............................................. 259, 273
hypotenuse ...................... 259, 333, 354, 363

I
increase ................................... 6, 38, 132, 138
independent events ......................... 487, 518
inequality .......................................... 422, 466
infinite ............................................... 422, 457
integers ................. 76, 84, 177, 236, 422, 440
interest ............................................... 177, 241
intersect ............................ 177, 183, 422, 431
intersection ....................................... 422, 433
irrational number ........... 354, 378, 422, 471
irregular polygon ............................. 259, 277
isosceles trapezoid ........................... 259, 283
isosceles triangle ............. 260, 278, 354, 371

L
lateral ................................................. 260, 334
least common multiple (LCM) ..... 423, 449,
.................................................... 487, 504
leg ...................................... 260, 283, 354, 363
length (l) ..... 6, 13, 76, 85, 260, 277, 354, 363
like terms ............................. 77, 83, 355, 387
line (
) ........ 132, 138, 177, 183, 423, 430
linear equation ................ 177, 194, 423, 439
linear pair .......................................... 260, 293
linear relationship ........................... 132, 138
line segment (—) ............ 132, 139, 261, 287,
.................................................... 355, 373
lower quartile ................................... 487, 497

M
maximum .......................................... 132, 142
mean (or average) ........... 177, 218, 487, 495
measure (m) of an angle ( ) ......... 261, 271,
.................................................... 355, 371
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measures of central tendency ........ 487, 495
median ............................................... 487, 495
minimum .......................................... 132, 142
mode .................................................. 487, 495
monomial ................... 6, 56, 77, 87, 261, 330
multiples ........................................... 488, 504

N
natural numbers (counting numbers)
.......................................................... 6, 20
negative numbers .............. 77, 84, 177, 184,
................................... 355, 402, 423, 430
nonagon ............................................ 261, 309
number line ...................................... 423, 469
numerator ........................ 355, 366, 488, 513

O
obtuse angle ...................................... 261, 276
octagon .............................................. 261, 273
odd number ...................................... 488, 519
opposite angles ................................ 261, 282
opposite sides ......................................... 6, 13
opposites ........................................... 423, 455
ordered pair ..... 132, 142, 177, 184, 423, 431
origin ................................................. 177, 183
outcome ............................................. 488, 518

P
parallel( ) .............................. 6, 13, 178, 184,
................................... 261, 314, 423, 456
parallel lines ..................................... 424, 455
parallelogram ........................ 6, 13, 261, 282
pattern (relationship) ...................... 488, 539
pentagon ........................................... 262, 273
percent (%) ...................... 132, 137, 178, 241,
................................... 262, 319, 488, 503
percent of increase ........................... 489, 549
perfect square ......................... 6, 23, 77, 104,
................................... 355, 367, 489, 527
perimeter (P) ...................... 77, 117, 355, 415
perpendicular( ) ........... 262, 332, 355, 372
pi (π) ........................ 6, 58, 262, 314, 355, 416
plane ................................. 178, 185, 424, 455
point ................. 133, 139, 178, 184, 262, 315,
................... 356, 406, 424, 430, 489, 498
polygon .... 6, 13, 77, 117, 262, 271, 356, 372
polynomial ................. 7, 56, 77, 91, 262, 330
positive numbers ............... 77, 84, 133, 146,
................................... 178, 184, 424, 468
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power (of a number) ............... 7, 56, 78, 83,
.................................................... 356, 406
prime number ...................................... 78, 91
prime polynomial .............................. 78, 108
principal ............................................ 178, 241
prism .................................................. 263, 312
probability ........................................ 489, 518
product ...................... 7, 30, 78, 83, 263, 272,
................................... 356, 371, 489, 526
proportion ............................................... 7, 50
proportional ........................................... 7, 37
pyramid ............................................. 263, 315
Pythagorean theorem .......... 7, 15, 263, 334,
................................................... 356, 363

Q
quadrant ........................... 178, 183, 424, 430
quadratic equation .......................... 356, 406
quadratic formula ............................ 356, 406
quadrilateral .......................... 7, 13, 263, 276
quotient ................................ 78, 91, 264, 330

R
radical ..................................... 8, 39, 357, 366
radical sign ....................................... 357, 367
radicand ................................. 8, 39, 357, 367
radius (r) ................................ 8, 58, 264, 314
random .............................................. 489, 518
range (of a set of numbers) ............ 489, 495
rate ..................................................... 133, 137
rate of change ................................... 133, 138
ratio ......................... 8, 50, 264, 335, 490, 503
rational number ............................... 424, 471
rays (
) .......................................... 264, 293
real numbers .................... 357, 402, 424, 466
rectangle ..................... 8, 13, 78, 85, 264, 290
rectangular prism ............................ 264, 312
regular polygon ............................... 264, 274
relation .............................................. 178, 187
remote interior angles ..................... 264, 294
repeating decimal ............................ 357, 378
rhombus ............................................ 265, 283
right angle .............. 8, 13, 265, 276, 357, 363
right triangle .......................... 8, 37, 357, 363
root ..................................................... 358, 366
rounded number .................. 9, 57, 133, 154,
................................... 265, 318, 490, 506
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S
scale factor ............................. 9, 37, 265, 323
scalene triangle ................................ 265, 278
sector ................................. 265, 333, 490, 519
set ....................................................... 490, 497
side .......................... 9, 13, 266, 271, 358, 363
similar figures (~) .................................. 9, 37
simplest form ........................ 9, 39, 358, 366
simplify an expression .................... 358, 366
slant height ( ) ................................. 266, 332
slope .................. 133, 146, 178, 187, 424, 455
slope-intercept form ....... 179, 194, 424, 456
solid figures ...................................... 266, 314
solution.............................................. 425, 428
solve .................................. 425, 429, 490, 503
sphere ................................................ 266, 315
square ......... 9, 13, 78, 96, 266, 273, 358, 369
square (of a number) .......... 10, 27, 358, 363
square pyramid ................................ 266, 315
square root (of a number) .. 10, 16, 78, 104,
................................... 358, 366, 491, 527
square units ............................ 10, 37, 78, 90,
.................................... 267, 311, 358, 415
stem-and-leaf plot ........................... 491, 510
straight angle .................................... 267, 271
substitute ......................... 359, 364, 425, 429
sum .......... 10, 56, 78, 87, 267, 271, 359, 363,
................................... 425, 428, 491, 513
supplementary angles..................... 267, 282
surface area .......................... 10, 42, 267, 329
system of equations ......................... 425, 428

T
table (or chart) .... 79, 97, 133, 138, 179, 195,
................... 359, 381, 425, 463, 491, 508
term ....................................... 79, 91, 267, 330
terminating decimal ........................ 359, 378
theoretical probability ..................... 491, 518
three-dimensional ............................ 267, 312
tree diagram ..................................... 491, 518
triangle ................. 10, 37, 267, 271, 359, 363
trinomial ................. 10, 56, 79, 113, 267, 330
two-dimensional .............................. 268, 311

U
unit (of length) .... 10, 37, 179, 188, 268, 312
unlike terms .......................................... 79, 83
upper quartile .................................. 491, 497
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V
value (of a variable) ......... 79, 113, 179, 188,
.................................. 359, 364, 425, 428
variable ................ 79, 83, 179, 194, 268, 330,
................................... 359, 406, 425, 428
vertex ................................ 268, 272, 359, 372
volume (V) ........................................ 268, 312

W
whole number ...... 10, 29, 79, 104, 268, 319,
................................... 359, 370, 491, 506
width (w) .................. 10, 13, 79, 85, 268, 311

X
x-axis ................................. 179, 183, 425, 431
x-coordinate ..... 134, 142, 179, 184, 425, 431
x-intercept ......................................... 179, 188

Y
y-axis ................................. 179, 183, 426, 431
y-coordinate ..... 134, 142, 179, 184, 426, 431
y-intercept ........................ 179, 188, 426, 455
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