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Unit 1: The Concept of Rate and Algebraic Thinking
This unit emphasizes how the concept of rate is important in mathematics
and the everyday world. We will consider the rate of speed in this unit
and we’ll look at other rates in later units.
In this unit, you will discover:
• how your knowledge of rate can help you with algebra
• how algebra can help you apply your knowledge of rate.

Unit Focus
Number Sense, Concepts, and Operations
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Understand and explain the effects of addition,
subtraction, multiplication, and division on real numbers,
including square roots, exponents, and appropriate
inverse relationships. (MA.A.3.4.1)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
Measurement
• Use concrete and graphic models to derive formulas for
finding rate, distance, time, and angle measures.
(MA.B.1.4.2)

• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
Algebraic Thinking
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)
Data Analysis and Probability
• Interpret data that has been collected, organized, and
displayed in charts, tables, and plots. (MA.E.1.4.1)
• Calculate measures of central tendency (mean, median,
and mode) and dispersion (range) for complex sets of
data and determine the most meaningful measure to
describe the data. (MA.E.1.4.2)
• Design and perform real-world statistical experiments,
then analyze results and report findings. (MA.E.3.4.1)

Vocabulary
Use the vocabulary words and definitions below as a reference for this unit.
axes (of a graph) ............................ the horizontal and vertical number lines
used in a coordinate plane system;
(singular: axis)
Holdings in Billions of Dollars

XYX Stock Company

bar graph ........................................ a graph that
uses either
vertical or
horizontal
bars to
display data

8
7
6
5
4
3
2
1
0

1999

2000

2001

2002

Year

center (of a circle) .......................... the point from which all points on the
circle are the same distance
H

central angle (of a circle).............. an angle that has
its vertex at the
center of a circle,
with radii as its
sides

P

radii
(plural of
radius)
I

vertex
central angle ( ) HPI

circle ................................................ the set of all points in a
plane that are all the same
distance from a given point
called the center
circle graph ..................................... a data display that divides a circle into
regions representing a portion of the
total set of data; the circle represents the
whole set of data
Water Area of Earth

Pacific Ocean 46%

Indian Ocean 20%
Arctic Ocean 3%
Fresh Water 3%
Other Salt Water 5%
Atlantic Ocean 23%
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coordinate grid or plane .............. a two-dimensional network of
horizontal and vertical lines that are
parallel and evenly-spaced; especially
designed for locating points, displaying
data, or drawing maps
coordinate plane ............................ the plane containing the x- and y-axes
coordinates ..................................... numbers that correspond to points on a
coordinate plane in the form (x, y), or a
number that corresponds to a point on a
number line
data .................................................. information in the form of numbers
gathered for statistical purposes
data displays/graphs .................... different ways of displaying data in
charts, tables, or graphs
Example: pictographs, circle graphs,
single-, double-, or triple-bar and line
graphs, histograms, stem-and-leaf plots,
box-and-whisker plots, and scatterplots
degree (°) ......................................... common unit used in measuring angles
Widgets Purchased Online

14

Percent of People

double bar graph ........................... a graph used
12
to compare
10
quantities of
8
6
two sets of
4
data in which
2
length of bars
0
are used to
compare numbers

adults
teens

13.00

13.00

12.00

9.00

5.00

2.00

Widgets
purchased
2000

Widgets
purchased
2001
Year

Widgets
purchased
2002

equation .......................................... a mathematical sentence in which two
expressions are connected by an equality
symbol
Example: 2x = 10

4
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formula ........................................... a way of expressing a relationship using
variables or symbols that represent
numbers
fraction ............................................ any part of a whole
Example: One-half written in
fractional form is 12 .
graph ............................................... a drawing used to represent data
Example: bar graphs, double bar graphs,
circle graphs, and line graphs
graph of a point ............................. the point assigned to an ordered pair on
a coordinate plane
intersection ..................................... the point at which lines or curves meet;
the line where planes meet
labels (for a graph) ........................ the titles given to a graph, the axes of a
graph, or the scales on the axes of a
graph
linear equation .............................. an algebraic equation in which the
variable quantity or quantities are raised
to the zero or first power and the graph
is a straight line
Example: 20 = 2(w + 4) + 2w; y = 3x + 4

line graph ....................................... a graph that
displays data
using
connected
line segments
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Number of Customers (in millions)

linear relationship ........................ relationships between two variables that
can be expressed as straight-line graphs
Video Customers

30
25
20
15
10

10.00

8.00

5

5.00

2.00

0

1997

1998

1999
2000
Year

2001

2002

5

line segment (—) ........................... a portion of a line that consists of two
defined endpoints and all the points in
between
Example: The line segment
A
B
AB is between point A and
point B and includes point A and point B.
maximum ........................................ the largest amount or number allowed or
possible
mean (or average) .......................... the arithmetic average of a set of
numbers; a measure of central tendency
measures of central tendency ..... the mean, median, and mode of a set of
data
median ............................................ the middle point of a set of rank-ordered
numbers where half of the numbers are
above the median and half are below it; a
measure of central tendency
minimum ........................................ the smallest amount or number allowed
or possible
mode ................................................ the score or data point found most often
in a set of numbers; a measure of central
tendency
Example: There may be no mode, one
mode, or more than one mode in a set of
numbers.
nonlinear equation ....................... an equation whose graph is not a line
ordered pair .................................... the location of a single point on a
rectangular coordinate system where the
first and second values represent the
position relative to the x-axis and y-axis,
respectively
Example: (x, y) or (3, -4)
6
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order of operations ....................... the order of performing computations in
parentheses first, then exponents or
powers, followed by multiplication
and/or division (as read from left to
right), then addition and/or subtraction
(as read from left to right); also called
algebraic order of operations
Examples: 5 + (12 – 2) ÷ 2 – 3 x 2 =
5 + 10 ÷ 2 – 3 x 2 =
5+5–6=
10 – 6 =
4
origin ............................................... the point of intersection of the x- and
y-axes in a rectangular coordinate
system, where the x-coordinate and
y-coordinate are both zero (0)
parallel ( ) ...................................... being an equal distance at every point so
as to never intersect
parallel lines .................................. two lines in the same plane that are a
constant distance apart; lines with equal
slopes
percent (%) ..................................... a special-case ratio which compares
numbers to 100 (the second term)
Example: 25% means the ratio of 25 to
100.
point ................................................ a specific location in space that has no
discernable length or width
positive numbers .......................... numbers greater than zero
power (of a number) ..................... an exponent; the number that tells how
many times a number is used as a factor
Example: In 23, 3 is the power.
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product ............................................ the result of multiplying numbers
together
Example: In 6 x 8 = 48,
48 is the product.
protractor ........................................ an instrument used
for measuring and
drawing angles
quadrant ......................................... any of four regions
formed by the axes in a
rectangular coordinate
system

Quadrant II

Quadrant I

Quadrant III Quadrant IV

quotient ........................................... the result of dividing two numbers
Example: In 42 ÷ 7 = 6,
6 is the quotient.
range (of a set of numbers) ......... the lowest value (L) in a set of numbers
through the highest value (H) in the set
Example: When the width of the range is
expressed as a single number, the range
is calculated as the difference between
the highest and the lowest values
(H – L). Other presentations show the
range calculated as H – L + 1.
Depending upon the context, the result
of either calculation would be
considered correct.
rate/distance ................................... calculations involving rates, distances,
and time intervals, based on the
distance, rate, time formula (d = rt); a
ratio that compares two quantities of
different units
Example: feet per second
rate of change ................................. how a quantity is changing over time

8
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root ................................................... an equal factor of a number
Example:
In 144 = 12, 12 is the square root.
3
In 125 = 5, 5 is the cube root.
rounded number ........................... a number approximated to a specified
place
Example: A commonly used rule to
round a number is as follows.
• If the digit in the first place after the
specified place is 5 or more, round up
by adding 1 to the digit in the
specified place ( 461 rounded to the
nearest hundred is 500).
• If the digit in the first place after the
specified place is less than 5,
round down by not changing the
digit in the specified place ( 441
rounded to the nearest hundred is
400).
scale ................................................. the numeric values, set at fixed
intervals, assigned to the axes of a graph
sector ............................................... a part of a circle
bounded by two radii
and the arc or curve
created between any
two of its points

minor sector
major
arc

minor
arc

2 radii
major sector

slope ................................................ the ratio of change in the vertical axis
(y-axis) to each unit change in the
horizontal axis (x-axis) in the form rise
run
∆y

or ∆x ; the constant, m, in the linear
equation for the slope-intercept form
y = mx + b
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solution ........................................... any value for a variable that makes an
equation or inequality a true statement
Example: In y = 8 + 9
y = 17 17 is the solution.
standard form ................................ a method of writing the common
symbol for a numeral
Example: The standard numeral for five
is 5.
Number of Goals
Scored

stem-and-leaf plot ......................... a graph that organizes
data by place value to
compare data
frequencies

Stem Leaves
1
2
3
4
Key: 2

59
13777
01344567
23678
3 represents 23.

sum .................................................. the result of adding numbers together
Example: In 6 + 8 = 14,
14 is the sum.
table (or chart) ............................... a data display that organizes
information about a topic into categories
variable ........................................... any symbol, usually a letter, which
could represent a number
whole number ............................... the numbers in the set {0, 1, 2, 3, 4, …}
x-axis ................................................ the horizontal number line on a
rectangular coordinate system
x-coordinate ................................... the first number of an ordered pair
y-axis................................................ the vertical number line on a rectangular
coordinate system
y-coordinate ................................... the second number of an ordered pair

10
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Introduction
In analyzing data, we learn to organize sets of
statistics in ways that let us make better
decisions. The various forms of media
which provide us with information
frequently use graphs, measures of central
tendency (mean, median, and mode),
and probability. Television weather
reporters can predict for a week at a
time the probability of rain for a given
geographic area.

FIVE-DAY FORECAST
Today

Saturday Sunday Monday Tuesday

Therefore, in order to keep up with
current events, a person needs to be able to formulate hypotheses; collect
and interpret data; and draw conclusions based on statistics, tables,
graphs, and charts. Furthermore, we need to recognize ways in which
statistics can be misleading. Clever statisticians can devise graphs or
charts that are deceptive. A person with a good knowledge of data
analysis usually develops good skills for interpreting and evaluating the
accuracy or inaccuracy of statistical presentations.
• You will be working with variables, or symbols that
represent numbers, and algebraic expressions.
• You will be learning different ways to analyze and
express patterns, relations, and functions, including
words, tables, graphs, geometric formulas, and linear
equations and inequalities.
• You will be working with relations expressed by ratios,
rates, and proportions.
• You will have many opportunities to become skillful in
using a calculator.
Mastery of these skills is essential in our ever-changing technical world.
Proficiency in algebra will help you develop skills in abstract thinking
required to solve a variety of problems.
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Lesson One Purpose
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use concrete and graphic models to derive formulas for
finding rate, distance, time, and angle measures.
(MA.B.1.4.2)
• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Interpret data that has been collected, organized, and
displayed in charts, tables, and plots. (MA.E.1.4.1)
• Calculate measures of central tendency (mean, median,
and mode) and dispersion (range) for complex sets of
data and determine the most meaningful measure to
describe the data. (MA.E.1.4.2)

Data Analysis
There are many types of data displays used to organize and visually
compare information. You can use graphs, tables, or charts to find or
compare information. A table is a data display that organizes information
about a topic into categories.
Your science book may have a table very similar to the one below.
Temperature Comparisons
C
0 10 20 30
F 32 50 68 86

12
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The graph to the right is a visual
representation of the data from the
table above. The graph is called a
line graph. A line graph is a graph
that displays data using connected
line segments (—). The data used is Degrees
information in the form of numbers Fahrenheit
gathered for statistical purposes. A
line graph allows a person to see
patterns that may not be obvious from just
an equation. A graph is a powerful visual
tool for representing data.

y-axis Temperature Comparisons
140
130
120
110
100
90
80
70
60
50
40
30
20
10
0

x-axis
10 20 30 40 50 60 70 80 90 100

Degrees Celsius

The table and graph show the relationship
between Fahrenheit and Celsius temperatures. For example, a temperature
of 0 degrees Celsius corresponds to a temperature of 32 degrees
Fahrenheit, the temperature at which water freezes.
Exploring Data Using a Stem-and-Leaf Plot
A stem-and-leaf plot organizes data by place value to compare data
frequencies. It is a quick way to picture the shape of data while including
the actual numerical values in the data display or graph.
• The stem is the number to the left of a vertical ( ) line in
the display. In the stem-and-leaf plot below, the stem
represents the tens digit for each data entry.
• The leaves in the plot are to the right of the vertical line,
and they represent the final digit in the number. The
leaves in our plot below represent the units digit for each
number.
Stem Leaves
2

11378

In this example, the data entries are 21, 21, 23, 27, and 28.
• What the stem and leaf represent are explained in the key.
Key:

2

3 = 23
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Describing Data Using Measures of Central Tendency and
Range
What if you wanted to find the average of a long list of numbers? The
stem-and-leaf plot is also a convenient way to organize data to determine
the mean, median, mode, and range for the distribution.
The mean, median, and mode are sometimes called measures of central
tendency. Measures of central tendency describe how data are centered. Each
of these measures describes a set of data in a slightly different way. The
range (of a set of numbers) is the difference between the highest and
lowest value in a set of data. The range can help you decide if the
differences among the data are important.
Example of range: 100 – 0 = 100
The mean (or average) is the sum of the data divided by the number of
items.
Example of mean:

0 + 55 + 70 + 80 + 80 + 82 + 85 + 88 + 100
9

=

640
9

= 71 rounded

When the data are centered around the mean, it is an appropriate measure
of central tendency. The mean can be distorted by an extreme value, a value
that is much greater than or less than the other values.
The median is the middle item when the data are listed in numerical
order. (If there is an even number of items, the median is the average of
the two middle numbers.)
Example of median: 0, 55, 70, 80, 80, 82, 85, 88, 100
When there is an extreme value in a set of data that distorts the mean, the
median is an appropriate measure of central tendency.
The mode is the item that appears more often in a set of numbers. There
can be more than one mode. There also can be no mode if each item
appears only once.
Example of mode: 0, 55, 70, 80, 80, 82, 85, 88, 100
When data cannot be averaged (to find a mean) or listed in numerical
order (to find a median), the mode is the appropriate measure of central
tendency.

14
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Data Analysis with Speed Limits
The following numbers show the maximum posted speed limits (in miles
per hour—mph) for passenger vehicles as of January 2003 for the 50 states
and the District of Columbia:
Rural Interstates
60 65 65 65 65 65 65 65 65 65 65 65 65 65 65 65 65 65 65 65 65 75 75 75 75 75
75 75 75 75 75 75 70 70 70 70 70 70 70 70 70 70 70 70 70 70 70 70 70 70
Urban Interstates
50 55 55 55 55 55 55 55 55 55 55 55 55 55 55 55 55 55 55 55 55 55 60 60 60 65
65 65 65 65 65 65 65 65 65 65 65 65 65 65 65 65 65 65 70 70 70 70 70 70 70
Note: The District of Columbia has no rural interstates. Urban sections fall
within a census area with an urban population of 5,000 to 49,999 or within
a designated urbanized area with a population of 50,000 or greater.
The double stem-and-leaf plot (also called the back-to-back stem-and-leaf plot) is
a convenient way to compare two sets of data. The double stem-and-leaf
plot below compares the posted speed limits on the two types of
interstates, rural and urban.
• We see that no state has a speed limit below 60 on rural
interstates since there are no leaves denoting units digits
to the left of the stem, 5.
• To the right of the stem, 5, we see that one state
has a speed limit of 50 mph, and 21 states have
a speed limit of 55 mph on urban interstates.
Speed Limits
Rural Interstates
Leaves

555555555555555555550
55555555555000000000000000000

Key:
0

Stem

Urban Interstates
Leaves

5

0555555555555555555555

6

0005555555555555555555

7

0000000

5

0

6
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Practice
Use the double stem-and-leaf plot below to complete the following.
Speed Limits
Rural Interstates
Leaves

555555555555555555550
55555555555000000000000000000

Key:
0

Stem

Urban Interstates
Leaves

5

0555555555555555555555

6

0005555555555555555555

7

0000000

5

0

6

means 50 mph
means 60 mph

1. Find the range, the difference between the highest and lowest value.
a. The range for rural interstates is
b. The range for urban interstates is

to

or

to

or

.
.

2. Find the median, the middle number when the data is listed in
numerical order.
a. The median for rural interstates is
b. The median for urban interstates is

16

.
.

Unit 1: The Concept of Rate and Algebraic Thinking

3. Find the mode, the number that appears most often in a set of
numbers.
a. The mode for rural interstates is
b. The mode for urban interstates is

.
.

4. Find the mean, the sum of the numbers divided by the number of
items.
a. The mean for rural interstates, rounded to the nearest whole
number, is

.

b. The mean for urban interstates, rounded to the nearest whole
number, is

.

5. By examining the double stem-and-leaf plot on the previous page,
the number of states that have the same speed limit can be
determined. Complete the following.
states have a 60 mph speed limit on rural interstates.
states have a 65 mph speed limit on rural interstates.
states have a 70 mph speed limit on rural interstates.
states have a 75 mph speed limit on rural interstates.

Unit 1: The Concept of Rate and Algebraic Thinking
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6. Which of the following methods do you prefer for finding the mean?
Method One
(60 + 65 + 65 + 65 + 65 + 65 + 65 + 65 + 65 + 65 + 65 + 65 + 65 + 65 +
65 + 65 + 65 + 65 + 65 + 65 + 65 + 70 + 70 + 70 + 70 + 70 + 70 + 70 +
70 + 70 + 70 + 70 + 70 + 70 + 70 + 70 + 70 + 70 + 70 + 75 + 75 + 75 +
75 + 75 + 75 + 75 + 75 + 75 + 75 + 75) ÷ 50 =
Method Two
[1(60) + 20(65) + 18(70) + 11(75)] ÷ 50 =
I prefer Method

because _______________________________

__________________________________________________________ .
Note: You may have experienced buying several of the same items
at the grocery store. Sometimes the cashier may have
scanned one and entered the number of the items being
purchased. Sometimes the cashier may have scanned each
one individually. Consider the time required for each
method and which might be to the advantage of the
customer as well as the store.
7. For the problem below, use a four-function calculator that does not
have the order of operations in its memory, only the plus, minus,
multiplication, and division sign. Enter the problem from Method
Two into the calculator just as you see it below.
1 x 60 + 20 x 65 + 18 x 70 + 11 x 75 ÷ 50 =

18

mph
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When you see the result, you will know an error has been made
because the answer is very unreasonable! The average speed limit for
rural interstates is not even close to a half-million miles per hour!
This calculator simply does the operations in the order in which
they are entered. See below.
1 x 60 = 60
60 + 20 = 80
80 x 65 = 5200
5200 + 18 = 5218
5218 x 70 = 365260
365260 + 11 = 365271
365271 x 75 = 27395325
27395325 ÷ 50 = 547906.5 mph

unreasonable answer

The calculator below shows functions you might find on your four-function
calculator.
An Example of a Four-Function Calculator

On/Clear
Press ON/C to turn
the calculator on.
If already on, press
to clear the last
display.

Memory Recall
Press MRC to display
what is in memory.
Memory Plus
Press twice
Press M+ to add the display
to clear memory.
to what is in the memory.
Memory Minus
Press M- to subtract
the display from what
is in the memory.

Change Sign
Press +/- to change
the display between
positive and negative.
ON/C

Percent
Square Root
Press
to find the
square root of the
display.

MRC

M+

M–

OFF

+ –

Off
Press to turn calculator off.
Divide
Multiply

–

Subtract

CE

Add

Clear Everything
Press CE to clear
the display.
Decimal Point

Equals
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8. Use a scientific calculator with the order of operations* in its memory
and enter the following:
1 x 60 + 20 x 65 + 18 x 70 + 11 x 75 ÷ 50 =

mph

When you see the result, you will know an error has been made
because this answer is also unreasonable.
The calculator used the correct order of operations for what we
entered but we need to consider what we entered:
1 x 60 + 20 x 65 + 18 x 70 + 11 x 75 ÷ 50 =
The calculator found products and quotients as they appeared left to
right, as follows:
60 + 1300 + 1260 + 825 ÷ 50 =
60 + 1300 + 1260 + 16.5 =
2636.50

unreasonable answer

*Check your calculator for order of operations. Enter the following:
18 + 9 ÷ 9 =
Remember: To enter 9 , first press 9 then press

.

If the answer is 21, your calculator has order of operations. If the
answer is 9, it does not.
If your calculator does not have order of operations, then you will
need to find the answer to 9 to use in the equation.
• First enter 9

which gives you the answer of 3.

• Then press CE to clear everything.
• Now enter 9 ÷ 3 + 18 = and you should get the answer 21.

20
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9. Use a scientific calculator with the order of operations in its memory.
Enter the following, using the grouping symbols ( ).
When you enter ( , the calculator waits until you
enter ) before calculating what is between the
grouping symbols.
(1 x 60 + 20 x 65 + 18 x 70 + 11 x 75) ÷ 50.
This tells the calculator to divide the sum of the four products by 50 and
yields the correct answer.
The calculator below shows functions you might find on your scientific
calculator.

An Example of a Scientific Calculator
Square Root
Press x to find the
square root of the display.
2nd
Press 2nd to get
the 2nd function for
any key listed
above the key.
∏

Press ∏ to
automatically
enter pi (∏ ).

Display

12056.59687
DRG

10 x

DRG

LOG

K

SIN -1

COS -1 TAN-1

HYP

SIN

COS

TAN

yx

X Y

FRQ

x

oxn-1

oxn

∏

1/x

x2

x

∑–

n

∑x

∑ x2

EXC

LN

CE/C

2nd

∑+

SUM

Clear Entry/Clear

ex
x y

Divide
Multiply

P R

EE

(

)

CSR

nCr

nPr

R P
–

FLO

SCI

ENG

DMS DD

x3

%

x!

DD DMS

STO

Grouping Symbols/
Parentheses
Press ( to begin
grouping and )
to end grouping.

On/All Clear

ON/AC

Subtract
Add

RCL
d /c

Equals

a b/c

F D

% Percent
Press 2nd % to
convert display
from a percent to a
decimal.

3

x

FIX

–

Decimal
Point
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Change Sign
Press – to change the
sign of the display.
–

21

Order of Operations
Consider the following.
Evaluate 5 + 4 • 3 =
Is the answer 27 or is the answer 17? You could argue that both answers
are valid, although 17 is the universally accepted answer. Mathematicians
have agreed on the following order of operations.
Rules for Order of Operations
Always start on the left and move to the right.
1.

Do operations inside parentheses first.

( ), [ ], yx

2.

Then do all powers (exponents) or roots.

x2 or x

3.

Next do multiplication or division—
as they occur from left to right.

x or ÷

4.

Finally, do addition or subtraction—
as they occur from left to right.

+ or –

Note: The fraction bar sometimes comes in handy to show grouping.
Example:

3x2 + 8
2

= (3x2 + 8) ÷ 2

The order of operations makes sure everyone doing the problem will get the
same answer.

22
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Some people remember these rules by using this mnemonic device to help
their memory.
Please Pardon My Dear Aunt Sally
Please ....................... Parentheses
Pardon ...................... Powers
My Dear .................... Multiplication or Division
Aunt Sally ................. Addition or Subtraction

Remember: You do multiplication or division—as they occur
from left to right—and then addition or subtraction—as they
occur from left to right.
Study the following.
25 – 3 • 2 =
There are no parentheses. There are no powers or roots. We look for
multiplication or division and find multiplication. We multiply. We look
for addition or subtraction and find subtraction. We subtract.
25 – 3 • 2 =
25 – 6 =
19
Study the following.
12 ÷ 3 + 6 ÷ 2 =
There are no parentheses. There are no powers or roots. We look for
multiplication or division and find division. We divide. We look for
addition or subtraction and find addition. We add.
12 ÷ 3 + 6 ÷ 2 =
4+3=
7
If the rules were ignored, one might divide 12 by 3 and get 4, then add 4
and 6 to get 10, then divide 10 by 2 to get 5. That is why agreement is
needed, and why we use the agreed-upon order of operations.

Unit 1: The Concept of Rate and Algebraic Thinking
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Study the following.
30 – 33 =
There are no parentheses. We look for powers and roots and find powers,
33. We calculate this. We look for multiplication or division and find none.
We look for addition or subtraction and find subtraction. We subtract.
30 – 33 =
30 – 27 =
3
Study the following.
22 – (5 + 24) + 7 • 6 ÷ 2 =
We look for parentheses and find them. We must do what is inside the
parentheses first. We find addition and a power. We do the power first and
then the addition. There are no roots. We look for multiplication or
division and find both. We do them in the order they occur, left to right, so
the multiplication occurs first. We look for addition or subtraction and
find both. We do them in the order they occur, left to right, so the
subtraction occurs first.
22 – (5 + 24) + 7 • 6 ÷ 2 =
22 – (5 + 16) + 7 • 6 ÷ 2 =
22 – 21 + 7 • 6 ÷ 2 =
22 – 21 + 42 ÷ 2 =
22 – 21 + 21 =
1 + 21 =
22

24

22 – (5 + 24) + 7 • 6 ÷ 2 =
22 – (5 + 16) + 7 • 6 ÷ 2 =
22 – 21 + 7 • 6 ÷ 2 =
22 – 21 + 42 ÷ 2 =
22 – 21 + 21 =
1 + 21
=
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______

1. a drawing used to represent data

A. data

______

2. a graph that organizes data by
place value to compare data
frequencies

B. data displays

______

3. different ways of displaying data
in charts, tables, or graphs

C. equation

______

4. a data display that organizes
information about a topic into
categories

D. graph

______
______

5. a graph that displays data using
connected line segments
6. information in the form of
numbers gathered for statistical
purposes

______

7. an equal factor of a number

______

8. a mathematical sentence in which
two expressions are connected by
an equality symbol

______

9. an exponent; the number that tells
how many times a number is used
as a factor

______ 10. a number approximated to a
specified place

Unit 1: The Concept of Rate and Algebraic Thinking

E. line graph
F. power (of a
number)
G. root
H. rounded
number
I. stem-and-leaf
plot
J. table
(or chart)

25

Practice
Use the list below to write the correct term for each definition on the line provided.

mean
measures of central tendency
median

mode
order of operations
product

quotient
range
sum

___________________________ 1. the middle point of a set of ordered
numbers where half of the numbers
are above the median and half are
below it
___________________________ 2. the order of performing computations
in parentheses first, then exponents or
powers, followed by multiplication
and/or division (as read from left to
right), then addition and/or
subtraction (as read from left to right)
___________________________ 3. the mean, median, and mode of a set of
data
___________________________ 4. the lowest value (L) in a set of
numbers through the highest value (H)
in the set
___________________________ 5. the score or data point found most
often in a set of numbers
___________________________ 6. the arithmetic average of a set of
numbers
___________________________ 7. the result of adding numbers together
___________________________ 8. the result of dividing two numbers
___________________________ 9. the result of multiplying numbers
together

26
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Finding Distance Traveled
What would you need to know to find the distance traveled by a person,
vehicle, or object? You would need to know the following:
• the rate or average speed and
• the amount of time spent traveling.
The formula d = rt can be used to find the distance traveled (d), if the
rate (r) and the amount of time (t) are known.
• To find the distance traveled, we multiply the rate of
speed by the time.
distance = rate x time
Example of finding distance traveled:
If the posted speed limit on a highway is 65 miles per hour (mph) and I
maintain that speed for 1 hour, I will have traveled 65 miles.
d = rt
d = 65(1)
d = 65
If I maintain that speed for 2 hours, I will have traveled 130 miles.
d = rt
d = 65(2)
d = 130

Unit 1: The Concept of Rate and Algebraic Thinking
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Practice
Use the distance formula below to complete the following table.
distance = rate x time
d = rt
Distance in Miles

28

Time
(in hours)

Rate
(in miles per hour)

1

50

1

55

1

60

1

65

1

70

1

75

4

50

4

55

4

60

4

65

4

70

4

75

8

50

8

55

8

60

8

65

8

70

8

75

Distance
(in miles)
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Finding Rate or Average Speed
What would you do if you knew the distance and time traveled but
needed to find the rate or average speed?
• The formula for distance is d = rt. You can find the rate by
dividing the distance by the time as follows:

rate =

distance
time

Example of finding rate or average speed:
If I travel 240 miles in 6 hours, my average rate of speed can be found by
dividing the distance, 240, by the time, 6. An equivalent equation or
formula for finding rate is as follows:
r=

d
t
240
6

r=
r = 40

We could also use the original formula, d = rt, and substitute 240 for d and
6 for t.
d = r(t)
240 = r(6)
To solve this equation intuitively, I can ask: what do I multiply 6 by to get
240?
6 times ? = 240
6 times 40 = 240

40 = r

Unit 1: The Concept of Rate and Algebraic Thinking
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Here is one way to work the problem.
I can divide both sides of the equation by 6 to solve it in a step-by-step
symbolic manner.

40

d = rt
240 = 6r
6r
240
6 = 6
240
6

1

=

1
1

divide each side of the equation by 6

6r
6

40 = r
This is actually how we get r =
d = rt
d
rt
t = t

d
t

from d = rt.

divide each side of the equation by t
1

rt
t1

d
t

=

d
t

=r

Finding Time Traveled
What would you do if you knew the distance traveled and the rate of
speed but needed to find the time traveled?
• The formula for distance is d = rt. You can find the time
traveled by dividing the distance by the rate as follows.

time =

distance
rate

Example of finding time traveled:
If you travel 360 miles at an average rate of 45 miles per hour, your time
can be found by dividing the distance, 360, by the rate, 45.
t=

d
r
360
45

t=
t=8

30
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Formulas for Distance, Rate or Average Speed, and Time
Review the three formulas below. Each will be used in the following
practice.
• total distance is the average rate of speed x total time
d = rt
• average rate of speed is the
r=

d
t

• total time is the
t=

total distance
total time

total distance
average rate of speed

d
r

Unit 1: The Concept of Rate and Algebraic Thinking
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Practice
Use the formula below to complete the following table.
d = rt

r=

d
t

t=

d
r

Time, Rate, Distance, and Formula Used
Time
(in hours)
2

Rate
(in miles
per hour)

6

10

450
550

55

495

50

20

1,100
65

5

975
265

70
70

840

55

660

7

455

24

1,560

10

62.5

20

62.5
62.5

12

32

260
420

75

3

Formula
Used

60
65

7

Distance
(in miles)

500
750

Unit 1: The Concept of Rate and Algebraic Thinking

Lesson Two Purpose
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use concrete and graphic models to derive formulas for
finding rate, distance, time, and angle measures.
(MA.B.1.4.2)
• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Interpret data that has been collected, organized, and
displayed in charts, tables, and plots. (MA.E.1.4.1)

Using Other Data Displays—Circle Graphs and Bar Graphs
An important consideration when establishing a speed limit for a road is
the speed at which most drivers travel under ideal driving conditions.
Radar speed observations are made and a technical analysis is done to
determine the 85th percentile, or the speed under which 85 percent of the
drivers are traveling. Other considerations include factors such as volume
of traffic and accident frequency.
While the stem-and-leaf plot of state speed limits used in Lesson One is
helpful in some ways, it does not allow us to determine the speed limit for
a specific state, such as Florida. It also does not allow us to compare the
difference in speed limits for rural interstates and urban interstates for a
particular state. We need a different type of data display for this purpose.

Unit 1: The Concept of Rate and Algebraic Thinking
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Circle Graphs

Water Area of Earth

Indian Ocean 20%
Circle graphs are used to
Arctic Ocean 3%
compare parts of a whole. Circle
Pacific Ocean 46%
Fresh Water 3%
graphs display data expressed as
Other Salt Water 5%
fractional parts or percents (%)
Atlantic Ocean 23%
of a whole. The entire circle
represents the whole, which is 100%. Each
circle graph
part is shown as a percent of the whole.

Recall that a circle contains 360 degrees (°). When making a circle graph,
we must determine what fractional part of the 360 degrees in the circle
should be used for each sector (or part) of the circle representing a
category of data.
To Make a Circle Graph
• Draw a circle and mark the center of the circle.
A circle has 360 degrees (°). The circle represents
100% of the data.

center of a circle

• Determine the degrees in a sector or part of the
circle.

sector
2

0

0
12

60

90

13
0

0

0

16

11

0

Pacific Ocean 46%

Indian Ocean 20%
Arctic Ocean 3%
Fresh Water 3%
Other Salt Water 5%

13

20

14

0

15

0

30

Water Area of Earth

12

50

40

sectors of a circle
or
central angle

50

70

60

• Label and title your circle graph.

0
80 10

• Use a protractor to draw a central angle with the
degree of measure assigned to the data.

sector 1

80 10
0
70
110

Each sector of the circle represents a fractional part
or a percent of the data. Some arithmetic will be
necessary to find the percent and to represent that
percent as a sector in the circle graph.

0

40

14

30

150

60
20 1

10 170

10 170

0 180

0 180

Atlantic Ocean 23%
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Bar Graphs
Bar graphs use lengths of bars to compare quantities of data about different
things at a given time. Double bar graphs are used to compare quantities
of two sets of data. Bar graphs have two axes: a horizontal axis ( ) and a
vertical axis ( ). One of these axes is labeled with a numerical scale.
Widgets Purchased Online

14
12

8
Percent of People

Holdings in Billions of Dollars

XYX Stock Company
7
6
5
4

9.00

8
6

5.00

4
2.00

2

2

0

1
0

2000

2001

13.00

12.00

10

3

1999

13.00

adults
teens

2002

Widgets
purchased
2000

Widgets
purchased
2001
Year

Year

bar graph

Widgets
purchased
2002

double bar graph

There are horizontal bar graphs and vertical bar graphs.
Ten States with the Most Prevalent
Wild Horse Population

Ten States with the Most Prevalent
Wild Horse Population

25,000

15,000

20,000

25,000

horizontal bar graph

5,000

0

WY

10,000

UT

5,000

Number of Wild Horses (horizontal axis)

OR

0

NM

WY

10,000

NV

UT

MT

OR

15,000

ID

NV
NM

CO

MT

20,000

CA

ID

AZ

CO

Number of Wild Horses (vertical axis)

States (vertical axis)

AZ
CA

States (horizontal axis)

To Make a Bar Graph

vertical bar graph

• Title the graph.
• Draw and label the horizontal axis (

) and the vertical axis ( ).

• Mark off equal scales on one of the axes. Create and label
appropriate scales to best represent the data.
• Draw and label bars with space between each one to show
quantities.
• Include a key to show which bar represents which data for double
bar graphs.
Unit 1: The Concept of Rate and Algebraic Thinking
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Practice
Use the chart below to complete the following.

Comparison of Speed Limits on Urban Interstates for
States Having a Speed Limit of 70 Miles per Hour on
Rural Interstates
Rural
Interstates

State
Alabama
Arkansas
California
Florida
Georgia
Kansas
Louisiana
Michigan
Minnesota
Mississippi
Missouri
North Carolina
North Dakota
South Carolina
Tennessee
Texas
Washington
West Virginia

Urban
Interstates
70
55
65
65
65
70
55
65
65
70
60
65
55
70
70
70
60
55

70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70
70

1. Of the states having a speed limit of 70 miles per hour (mph) on
rural interstates,

have a speed limit on urban

interstates greater than Florida’s and

have a speed

limit on urban interstates less than Florida’s.
2. Of the states having a speed limit of 70 mph on rural interstates,
have the same limit on urban interstates and
have a reduced limit on urban interstates.
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The following will help prepare you to represent this data in a circle graph.
3.

states out of 18 have a speed limit of 70 mph on urban
interstates. Therefore,

degrees (°) out of 360 should be

used for the sector representing these states.
Remember: 360° = total number of degrees in a circle.
4.

states out of 18 have a speed limit of 65 mph on urban
interstates. Therefore,

degrees out of 360 should be

used for the sector representing these states.
Think: Here’s one way to consider working number 4.
number of states with speed limit of 70 mph = 6
number of total states = 18
6
18

=

1
3

• multiply the fractional part by 360 degrees
120
1

5.

1
3

x

360
1

= 120°

states out of 18 have a speed limit of 60 mph on urban
interstates. Therefore,

degrees out of 360 should be

used for the sector representing these states.
6.

states out of 18 have a speed limit of 55 mph on urban
interstates. Therefore,

degrees out of 360 should be

used for the sector representing these states.
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7. Use the circle graph below to represent your data from numbers 3-6
on the previous page. Title the graph and label each section.

8. The same data from numbers 3-6 on the previous page could be
displayed in a bar graph. Make a bar graph for this data.
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9. If you were reporting this data, would you prefer to use the table,
circle graph, or bar graph in your report? Why?
___________________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
Complete the following.
10. The speed limit in some states on rural interstates is 75 mph. These
states are Arizona, Colorado, Idaho, Montana, Nebraska, Nevada,
New Mexico, Oklahoma, South Dakota, Utah, and Wyoming.
What factor(s) do you think contribute to the higher speed limit for
these states?
___________________________________________________________
___________________________________________________________
___________________________________________________________
Where might you seek information to verify your thinking?
___________________________________________________________
___________________________________________________________
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11. Refer to the road map of the United States below.
• Major interstate highways running north to south have odd numbers.
I-95 runs along the Atlantic Coast and is an important interstate in
Florida.
• Major interstate highways running east to west are evenly numbered.
I-10 runs near the Mexican border and is an important interstate in
northern Florida.
a. What interstate runs north to south along the Pacific coast?

b. What interstate runs east to west near the Canadian border?

Canada

94
5
95

Pacific
Ocean

Atlantic
Ocean

80
70

15

64

40
75
35
Mexico

10

Florida

Gulf of Mexico
N
W

E
S

Road Map of the United States
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Practice
Use the distance formula below to solve the following.
distance = rate x time
d = rt
1. The distance from Jacksonville to Pensacola along Interstate 10 is 364
miles. If this distance was covered in 6.5 hours without stopping,
what was the average rate of speed?
miles per hour (mph)

2. The distance from Jacksonville to Pensacola along Interstate 10 is 364
miles. If the average speed for a driver is 70 mph, how long in hours
and minutes will the trip require without stops?
hours

minutes

How many minutes does 0.2 of an hour equal?
Here’s one way to consider working the problem.
Hint: Convert 0.2 to a fraction.
2
0.2 = 10
Now multiply
2

1 10

•

60
1

2
10

times 1 hour, which equals 60 minutes.

6

= 12 minutes
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3. For a driver traveling west on Interstate 80 from Salt Lake City to
Wendover on the Nevada border, a map shows the distance to be
125 miles and the estimated driving time to be 2 hours and 27
minutes. If the rural interstate speed limit of 75 mph is maintained
on this road for the distance of 125 miles, how much less will the
actual driving time be than the estimated driving time?
minutes
Here’s one way to consider working the problem.
Hint: How many minutes does 0.67 of an hour equal? Convert 0.67
to a fraction.
67
0.67 ≈ 32 ( 100
is about 32 )
20
1

2
3

x

60
1

= 40

Remember: ≈ means approximately

4. When driving west on Interstate 80, a driver will cross the Nevada
border at West Wendover. After one segment runs slightly
northwest and a later segment runs southwest, Reno is reached. The
distance is 402 miles. If the speed limit of 75 mph is maintained, will
the trip require more or less than 5 hours 30 minutes without stops?

Explain your answer. ________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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5. When driving west on Interstate 64 from Lexington to Louisville, a
driver will travel 79 miles. If Kentucky’s rural interstate speed limit
of 65 mph is maintained, will the trip require more or less than 1
hour and 15 minutes?

How did you get your answer? ________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

6. In Hawaii, the speed limit on rural interstates is 60 miles per hour. If
this rate is maintained for 10 minutes, what distance is traveled?
miles
Here’s one way to consider working the problem.
Hint: Before using the distance formula, convert minutes into a
fraction of an hour.
1
10 minutes = 10
60 = 6
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7. In the District of Columbia, the location of our nation’s capital city,
all interstate roadway is considered urban interstate and the speed
limit is 55 mph. If that speed is maintained for 30 minutes, what
distance is traveled?
miles

8. Drivers of two vehicles approach a section of urban interstate in
Florida. Each sees a sign indicating that the speed limit is reduced
from 70 mph to 65 mph.
• Driver A chooses to reduce speed accordingly and
reaches the sign, allowing speed to be again increased
to 70 mph 12 minutes later.
• Driver B continues to drive at a rate of 70 mph,
ignoring the lawful speed limit.
How much farther does Driver B go in 12 minutes than
Driver A?
___________________________________________________________
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Practice
Use the list below to write the correct term for each definition on the line provided.
axes (of a graph)
bar graph
center of a circle
central angle (of a circle)

circle graph
degree (°)
labels (for a graph)

percent (%)
scale
sector

________________________ 1. a special-case ratio which compares
numbers to 100 (the second term)
________________________ 2. a data display that divides a circle into
regions representing a portion of the total
set of data
________________________ 3. a part of a circle bounded by two radii
and the arc or curve created between any
two of its points
________________________ 4. a graph that uses either vertical or
horizontal bars to display data
________________________ 5. the point from which all points on the
circle are the same distance
________________________ 6. the numeric values, set at fixed intervals,
assigned to the axes of a graph
________________________ 7. common unit used in measuring angles
________________________ 8. the titles given to a graph, the axes of a
graph, or the scales on the axes of a graph
________________________ 9. the horizontal and vertical number lines
used in a coordinate plane system
_______________________ 10. an angle that has its vertex at the center of
a circle, with radii as its sides
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Lesson Three Purpose
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use concrete and graphic models to derive formulas for
finding rate, distance, time, and angle measures.
(MA.B.1.4.2)
• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Interpret data that has been collected, organized, and
displayed in charts, tables, and plots. (MA.E.1.4.1)
• Design and perform real-world statistical experiments,
then analyze results and report findings. (MA.E.3.4.1)

Linear Relationships
Linear relationships are relationships between variables that can be
expressed as straight-line graphs. Linear relationships are important in
mathematics and in everyday life. We will look at why the distance
formula, d = rt, represents a linear relationship.
To see the linear relationship that exists, we will plot data on a coordinate
grid or plane. First, let’s review how to make a graph.

46

Unit 1: The Concept of Rate and Algebraic Thinking

Plans for Making a Graph to Plot Time and Distance
We will begin a graph to plot the distance between when the sound of
thunder is heard (time in seconds) and when the lightning strike is seen
(distance in feet).
• Time and distance are always positive numbers. Only
the first quadrant or region of the graph is needed.
first quadrant
(Quadrant I)

coordinate graph

• Distance changes over time, so time is placed on the
horizontal ( ) or x-axis and labeled “Time in Seconds.”
y

horizontal axis

Time in Seconds

x

• Distance traveled is placed on the vertical ( ) or y-axis
and labeled “Distance in Feet.”
vertical axis

Distance in Feet

y

Time in Seconds

x
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• Every graph needs a title. The title is placed above the graph.
• On this graph, zero (0) is used as the minimum value and 6 is
the maximum value for time. A scale or assigned numeric value
of 1 has been used on the x-axis.
• Zero is also the minimum value, and 6,600 is the maximum
value for distance. A scale of 1,100 was chosen for the y-axis.
This is because the rate of the speed of sound is about 1,100
feet per second. However, this is not the only scale that could
have been chosen.
• To plot the ordered pairs and graph the points for the data,
start at the origin (0, 0). The origin is the intersection where
the x-axis and the y-axis meet. First, locate the number of
seconds on the x-axis. Then move from that point on the x-axis
straight up and parallel ( ) to the y-axis. Move to a point
aligned with the correct distance on the y-axis and draw a
point.
Sound of Thunder and Lightning Strike Distance
y
6,600
(5 seconds, 5,500 feet)

Distance in Feet

5,500
4,400
3,300
2,200
1,100

x
origin 0

1

2

3

4

5

6

Time in Seconds

• A set of ordered pairs (5, 5500) has been located on the graph.
The 5 is the first number of the ordered pair or the x-coordinate
on the x-axis ( ). The 5,500 is the second number of the
ordered pair or the y-coordinate.
• To complete the graph, you would continue to plot the other
coordinates, or sets of ordered pairs, that correspond to points
on the coordinate plane.
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Sound of Thunder and Lightning Strike Distance
Distance (d) in Feet

Time in Seconds (s)
0

0

1

1,100

2

2,200

3

3,300

4

4,400

5

5,500

Sound of Thunder and Lightning Strike Distance
y

Distance in Feet

6,600
5,500
4,400
3,300
2,200
1,100
0

1

2

3

4

5

6

x

Time in Seconds
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Practice
Use the distance formula below to complete the following tables and plot the
points on the coordinate grid provided. Title each graph and label the axes.
The first graph has been titled and labeled for you.
distance = rate x time
d = rt
1. Distance traveled at a rate of 50 miles per hour (mph)
Distance Traveled
at 50 MPH
Distance
in Miles

0.5

25

1
1.5
2

Distance Traveled
at 50 MPH

200
180

Distance in Miles

Time
in Hours

y

160
140
120
100
80
60
40

2.5

20
0

0.5 1 1.5 2 2.5
Time in Hours

x

2. Distance traveled at a rate of 55 mph
Distance Traveled at
55 MPH
Time
in Hours
0.5

y

Distance
in Miles
27.5

1
1.5
2
2.5
x
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3. Distance traveled at a rate of 60 mph
Distance Traveled
at 60 MPH
Time
in Hours
0.5

y

Distance
in Miles
30

1
1.5
2
2.5
x

4. Distance traveled at a rate of 65 mph

Distance Traveled
at 65 MPH
Time
in Hours
0.5

y

Distance
in Miles
32.5

1
1.5
2
2.5
x
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5. Distance traveled at a rate of 70 mph

Distance Traveled
at 70 MPH
Time
in Hours
0.5

y

Distance
in Miles
35

1
1.5
2
2.5
x

6. Distance traveled at a rate of 75 mph

Distance Traveled
at 75 MPH
Time
in Hours
0.5

y

Distance
in Miles
37.5

1
1.5
2
2.5
x
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Change of Rate over Time—Slope
We all know that some mountains are steeper than others. Lines in a
coordinate plane also have steepness. In math, the steepness of a line is
called its slope. Slope can be used to describe a rate of change. The rate of
change tells how a quantity is changing over time. The vertical ( ) change is
called the change in y and the horizontal ( ) change is called the change in
x. On the coordinate grid below, the line slopes upward from left to right,
indicating a positive slope.
y
6
5
4

change
in y

3
2

change in x

1
-3 -2

-1 0
-1

1

2

3

4

5

x

slope = rate of change
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Practice
A constant rate of change can be seen in each table from the previous practice
numbers 1-6. Use the answers from the previous practice to complete the
following.
1. In the table for 50 mph, as the time increases by
the distance increases by

miles.

2. In the table for 55 mph, as the time increases by
the distance increases by

54

hour,

miles.

6. In the table for 75 mph, as the time increases by
the distance increases by

hour,

miles.

5. In the table for 70 mph, as the time increases by
the distance increases by

hour,

miles.

4. In the table for 65 mph, as the time increases by
the distance increases by

hour,

miles.

3. In the table for 60 mph, as the time increases by
the distance increases by

hour,

hour,

miles.
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Answer the following using the graphs from the previous practice.
7. A constant rate of change can be seen in each of the graphs because
.

the points for each graph lie in a straight
Complete the following.

8. The rate of change is constant in linear relationships. The following
graph has three lines and each is labeled either a, b, or c.
Line a represents the distance traveled at

mph.

Line b represents the distance traveled at

mph.

Line c represents the distance traveled at

mph.

y

Distance Traveled

200
c

Distance in Miles

180
160

b
a

140
120
100
80
60
40
20
0

0.5

1 1.5 2 2.5
Time in Hours
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9. Lines a, b, and c on the graph provided in question 8 are not parallel
lines because their slopes are different. The rate of change controls
the slope of a line. Look carefully at the lines.
Line
change of
Line
change of

has the steepest slope and represents a rate of
mph.
has the gentlest slope and represents a rate of
mph.

10. If a line were added to the graph representing distance traveled at 65
mph, it would lie between lines

and

.

11. If a line were added to the graph representing a distance traveled at
40 mph, its slope would be

(greater or less) than the

slopes of lines a, b, and c and it would lie (above or below)
the line on the graph.
12. Using a graphing calculator or computer software, produce the
tables and graphs from the previous practice for numbers 1-6.
Note: When a general equation, such as y = 60x, is entered to
determine the distance traveled (y) at 60 mph for any number (x)
miles, a table of values and a graph can be produced. Graphing
calculators can have different keyboards and displays. Follow your
teacher’s instruction.
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Practice
Use the list below to write the correct term for each definition on the line provided.
______

1. numbers that correspond to
points on a coordinate plane in
the form (x, y)

______

2. being an equal distance at every
point so as to never intersect

______

3. the smallest amount or number
allowed or possible

______

______

______

4. the point of intersection of the
x- and y-axes in a rectangular
coordinate system, where the
x-coordinate and y-coordinate
are both zero (0)
5. a two-dimensional network of
horizontal and vertical lines that
are parallel and evenly-spaced

A. coordinate grid
or plane

B. coordinates

C. graph of a point

D. maximum

E. minimum

F. origin

6. the vertical number line on a
rectangular coordinate system
G. parallel ( )

______

7. the horizontal number line on a
rectangular coordinate system

______

8. the point assigned to an ordered
pair on a coordinate plane

______

9. the largest amount or number
allowed or possible

Unit 1: The Concept of Rate and Algebraic Thinking

H. x-axis

I. y-axis
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Practice
Match each definition with the correct term. Write the letter on the line provided.
coordinate plane
intersection
ordered pair
parallel lines

positive numbers
quadrant
rate of change

slope
x-coordinate
y-coordinate

___________________________ 1. the first number of an ordered pair
___________________________ 2. the second number of an ordered pair
___________________________ 3. the point at which two lines or curves
meet
___________________________ 4. the plane containing the x- and y-axes
___________________________ 5. numbers greater than zero
___________________________ 6. the ratio of change in the vertical axis
(y-axis) to each unit change in the
horizontal axis (x-axis) in the form rise
run
or

∆y
∆x

___________________________ 7. two lines in the same plane that are a
constant distance apart; lines with
equal slopes
___________________________ 8. any of four regions formed by the axes
in a rectangular coordinate system
___________________________ 9. the location of a single point on a
rectangular coordinate system where
the first and second values represent
the position relative to the x-axis and
y-axis, respectively
__________________________ 10. how a quantity is changing over time
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Lesson Four Purpose
• Understand and explain the effects of addition,
subtraction, multiplication, and division on real numbers,
including square roots, exponents, and appropriate
inverse relationships. (MA.A.3.4.1)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use concrete and graphic models to derive formulas for
finding rate, distance, time, and angle measures.
(MA.B.1.4.2)
• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Interpret data that has been collected, organized, and
displayed in charts, tables, and plots. (MA.E.1.4.1)
• Design and perform real-world statistical experiments,
then analyze results and report findings. (MA.E.3.4.1)

Graphing to Interpret Relationships
Equations:
• can be simple or complex
• can have one variable or many
• can have one solution or many
• can be graphed
• can be solved in different ways.
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A graph is a drawing used to
represent data. A graph can be a
picture of an equation. The graphs
of some equations are straight lines.
Equations whose graphs are
straight lines are called linear
equations.
Graphs of other equations can be
curves or other shapes. Equations
whose graphs are not straight lines
but are curves or other shapes are
called nonlinear equations.

y

40
30
20
10
0

2

4

6

x

linear equation

y
125
100
75
50
25
0

2

4

6

x

nonlinear equation
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Practice
Consider the following.
The speed at which you are driving impacts the stopping distance. Therefore,
reaction distance, as well as the braking distance, must be considered when
determining stopping distance.
Given a certain speed, over an hour
• the reaction distance is s
s2

• the braking distance is 20 , and
2

(s )

• the stopping distance is s + 20 .
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Complete the following table.
1.

Reaction, Braking, and Stopping Distances
after One Hour
Speed
(in mph)

Reaction
Distance
(in feet)

s2
20

s
10

Braking
Distance
(in feet)

Stopping
Distance
(in feet)
2

s
s + 20

10
26.25

15
20

20
25

75

30
35

35

40
45

125

50
55
60
65
70
75
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Refer to your answers in the table in number 1 to answer numbers 2-5.
2. If the typical car length is 15 feet, how many car lengths are
represented in the stopping distance at a speed of
30 mph?

40 mph?

60 mph?

70 mph?

3. As the speed increases by 10, the reaction distance
(does, does not) increase by a constant amount.
4. As the speed increases by 10, the braking distance
(does, does not) increase by a constant amount.
5. As the speed increases by 10, the stopping distance
(does, does not) increase by a constant amount.
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Graph the data in the table in number 1 on the grids below.
y

6.

Reaction Distance

Reaction Distance in Feet

80
70
60
50
40
30
20
10
0 10 20 30 40 50 60 70 80

x

Speed in MPH

y

7.

Braking Distance

Braking Distance in Feet

400
350
300
250
200
150
100
50
0 10 20 30 40 50 60 70 80

x

Speed in MPH
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8.

y

Stopping Distance

Stopping Distance in Feet

400
350
300
250
200
150
100
50
0 10 20 30 40 50 60 70 80

x

Speed in MPH

9. Which of the graphs appear to be linear?
___________________________________________________________
Explain why this is true. _____________________________________
___________________________________________________________
___________________________________________________________

10. Which of the graphs appear not to be linear?
___________________________________________________________
Explain why this is true. _____________________________________
___________________________________________________________
___________________________________________________________
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Think about This!
If a graphing calculator was used to produce the table and graphs
produced in questions 1 and 4, the following equations would be entered
as follows:
a. y1 = x
x2

b. y2 = 20
x2

c. y3 = 20 + x
• The first equation indicates that y and x have the same
values.
When the speed is 10 mph, the reaction distance is 10
feet. When the speed is 50 mph, the reaction distance is
50 feet.
• All values that make the equation true lie on a straight
line that passes through the origin (0, 0).
The variable, x, is to the first power. As x increases by 10,
y increases by 10, so the rate of increase is constant.
• The variable, x, in the second equation is raised to the
second power.
The values for x and y that make the equation true do not
lie in a straight line. As x increases by 10, the amount of
increase in y varies. The amount of increase is not
constant.
When we see all three graphs on the same coordinate grid, we see that
equation a yields a line and that equations b and c yield curves. The curve
for equation c lies above the one for equation b.
11. Explain why this occurs.
___________________________________________________________
___________________________________________________________
___________________________________________________________

66

Unit 1: The Concept of Rate and Algebraic Thinking

Practice
Answer the following.
In May 2003, a USA Today newspaper featured a story on Allyson Felix, a
17-year-old high school student from North Hills, California. She was
described as having “jaw-dropping natural athleticism, uncommon work
ethic, and laser focus.” Her father was quoted as saying, “Allyson puts
herself into what she wants to put herself into. I’d love to see her put
herself into cleaning her room. It’s a disaster.” The article also noted that
she was 5’6” tall.
At the time of the article, she was the fastest woman in the world in the
200-meter race. At a meet with world-class sprinters in Mexico City, she
set a time of 22.11 seconds for 200 meters.
1. What was her rate in meters per second (mps) rounded to the
mps

nearest hundredth of a meter?

2. Place some meter sticks end to end or measure and mark a
convenient distance in meters. Then determine your rate when
walking and when running.
your walking rate:

mps

your running rate:

mps

3. Florence Griffith Joyner set the world record in the 1988 Olympics,
which was still standing at the time this problem was written in
2003. She ran 200 meters in 21.34 seconds.
What was her rate in meters per second rounded to the nearest
hundredth of a meter?

mps

4. Write a sentence comparing the rates of Felix and Joyner.
___________________________________________________________
___________________________________________________________
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Practice
Answer the following.
An article in USA Today on February 23, 2004 reported the results of their
analysis of 1.2 million speeding tickets issued in 2002 on interstate
highways in 18 states.
Use the following data from zones where speed limit was 65 mph to respond
to answer number 1 on the following page.
Percent of Tickets in 65 MPH Zones on
Interstate Highways in 18 States in 2002

68

Speed Limit

Speed When
Ticketed in 2002

Percentage
of Tickets

65 mph

Up to 69 mph

0%

65 mph

Up to 74 mph

2%

65 mph

Up to 79 mph

25%

65 mph

Up to 84 mph

73%

65 mph

Up to 89 mph

93%

65 mph

Up to 94 mph

98%
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1. a. Few, if any, tickets were written when speed exceeded the limit
by 1 to
b.

mph.
% of the tickets were written for speeds

exceeding the limit by 5 to 9 mph.
c. 23% of the tickets were written for speeds exceeding the limit
by 10 to

mph.

Note: Although 25% of the tickets were written for speed limits
up to 79 mph, you must subtract 2% to take out the tickets
already written for speed limits up to 74 mph.
d.

% of the tickets were written for speeds
exceeding the limit by 15 to 19 mph.

e. True or not enough information given to answer:
No tickets were written for speeds exceeding the limit by 30
mph or more.
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Use the following data from the analysis to answer number 2.
Percent of Tickets in 75 MPH Zones on
Interstate Highways in 18 States in 2002
Speed Limit

2.

Speed When
Ticketed in 2002

Percentage
of Tickets

75 mph

Up to 79 mph

0%

75 mph

Up to 84 mph

18%

75 mph

Up to 89 mph

71%

75 mph

Up to 94 mph

91%

75 mph

Up to 99 mph

97%

a. For each 100 tickets written,

went to drivers

exceeding the limit by 5 to 9 mph.
b. For each 100 tickets written,

went to drivers

exceeding the limit by 10 to 14 mph.
c. For each 100 tickets written, 20 went to drivers exceeding the
limit by

to

mph.

d. When the speed limit was 75 mph, the percentage of tickets
written for drivers exceeding the limit by 5 to 9 mph was
(greater than, less than, the same as) the
percentage under the same circumstances for a speed limit of
65 mph.
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Use the following data from the analysis to answer number 3.
Percent of Tickets for Speeds of
100 MPH or Greater in 2000
Speed When
Ticketed in 2002

3.

Amount over
the Speed Limit

Percentage
of Tickets

100 mph or greater

25 mph over

14%

100 mph or greater

30 mph over

28%

100 mph or greater

35 mph over

49%

100 mph or greater

40 mph over

9%

a. Nearly half of these tickets went to drivers with speed
exceeding the speed limit by

mph.

b. If the speed limit was 65 mph and a driver exceeded it by 40
mph, the driver’s speed would be

mph.

c. If a driver exceeded the speed limit by 40 mph and the driver’s
speed was 115 mph, then the speed limit was
mph.
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Use the following data from the analysis to answer number 4.
Percent of Tickets for Speeds of 80, 90,
and 100 MPH or Greater in 1991 and 2002
Speed When
Ticketed

4.

Percentage of Percentage of
Tickets in 1991 Tickets in 2002

80 mph or greater

20%

66%

90 mph or greater

2%

10%

100 mph or greater

0.3%

1.0%

a. The percentage of tickets written for drivers with speeds of 80
mph or greater
to 2002.

(increased, decreased) from 1991

b. The report indicates 1.2 million tickets were analyzed. Write
1.2 million in standard form. ___________________________
Remember: Standard form is a method of writing the
common symbol for a numeral. Example: The
standard numeral for eight is 8.
c. Of the 1.2 million tickets analyzed in 2002,
(number, not percent) were written for drivers at speeds of 90
mph or greater.
d. Of the 1.2 million tickets analyzed in 2002,
(number, not percent) were written for drivers at speeds of 80
mph or greater.
e. Explain how the calculation to answer question 4b can be easily
done without the use of paper and pencil or a calculator.
_____________________________________________________
_____________________________________________________
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Read the following.
The newspaper provided reasons drivers give for speeding which
included the following:
a. “Because everyone else does, especially our leaders.”
b. “Because we think we have a good excuse.”
c. “Because we think we have a right to.”
d. “Because we’re sure we won’t crash—or get hurt.”
e. “Because no one’s gonna stop us.”
Answer the following. Then on your own paper, write a short news article in
response to one of the reasons above.
5. What facts can you find to support or deny reason a above?
___________________________________________________________
___________________________________________________________
6. Conduct a survey to determine what excuses people give for
speeding. Strive for a representative sample. Write a conclusion on
how “good” you think these reasons are.
___________________________________________________________
___________________________________________________________
7. Consider what rights Americans have and conclude whether or not
speeding is one of them. Explain.
___________________________________________________________
___________________________________________________________
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8. What research can you find to support or deny reason e on the
previous page?
___________________________________________________________
___________________________________________________________
9. The following data from the news article may contribute to an article
supporting or denying reason d on the previous page.
Speed at Time of Crash

Fatality Rates per 1,000 Crashes

30 mph or less

2.5

35 or 40 mph

3.5

45 or 50 mph

6.1

55 mph

15.3

60 mph or more

16.9

Speed of a 4,000-pound Vehicle

Force When Hitting a Tree

40 mph

26 tons

60 mph

60 tons

Estimated Number of Deaths in
Speed-related Crashes in 2000

12,350

Estimated Number of Injuries in
Speed-related Crashes in 2000

690,000

10. On your own paper, write a short news article.
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______

______

1. the middle point of a set of rankordered numbers where half of the
numbers are above the median
and half are below it
2. an algebraic equation in which the
variable quantity or quantities are
raised to the zero power or first
power and the graph is a straight
line

______

3. an equation whose graph is not a
line

______

4. the score or data point found most
often in a set of numbers

______

5. a drawing used to represent data

______

6. any value for a variable that makes
an equation or inequality a true
statement

______

7. an exponent; the number that tells
how many times a number is used
as a factor

______

8. the arithmetic average of a set of
numbers

______

9. the lowest value (L) in a set of
numbers through the highest value
(H) in the set
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A. graph

B. linear equation

C. mean

D. median

E. mode

F. nonlinear
equation

G. power (of a
number)

H. range (of a set
of numbers)

I. solution

75

Unit 2: Working with Integers
This unit emphasizes the rules related to adding, subtracting, multiplying,
and dividing integers.

Unit Focus
Number Sense, Concepts, and Operations
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers, and
real numbers. (MA.A.1.4.1)
• Understand the relative size of integers, rational
numbers, and real numbers. (MA.A.1.4.2)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Understand and explain the effects of addition,
subtraction, multiplication, and division on real numbers,
including square roots, exponents, and appropriate
inverse relationships. (MA.A.3.4.1)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)

Measurement
• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors on
calculations. (MA.B.3.4.1)
Algebraic Thinking
• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)

Vocabulary
Use the vocabulary words and definitions below as a reference for this unit.
absolute value ................................ a number’s distance from zero (0) on a
number line; distance expressed as a
positive value
Example: The absolute value of both 4,
written 4 , and negative 4, written
4 , equals 4.
4 units

-5

-4

-3

-2

-1

4 units

0

1

2

3

4

5

addition property of equality ..... adding the same number to each side of
an equation results in an equivalent
equation; for any real numbers a, b, and
c, if a = b, then a + c = b + c
additive inverse property ............ a number and its additive inverse have a
sum of zero (0)
Example: In the equation 3 + -3 = 0, 3 and
-3 are additive inverses of each other.
additive inverses ........................... a number and its opposite whose sum is
zero (0); also called opposites
Example: In the equation 3 + -3 = 0,
3 and -3 are additive inverses, or
opposites, of each other.
coordinate ....................................... the number paired with a point on the
number line
decrease ........................................... to make less
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difference........................................ a number that is the result of subtraction
Example: In 16 – 9 = 7,
7 is the difference.
factor ................................................ a number or expression that divides
evenly into another number
Example: 1, 2, 4, 5, 10, and 20 are factors
of 20 and (x + 1) is one of the factors of
(x2 – 1).
graph of a number ........................ the point on a number line paired with
the number
increase ........................................... to make greater
integers ........................................... the numbers in the set
{… , -4, -3, -2, -1, 0, 1, 2, 3, 4, …}
multiplicative inverse
(reciprocal) ..................................... any two numbers with a product of 1
1
Example: 4 and 4 ; zero (0) has no
multiplicative inverse
natural numbers
(counting numbers) ...................... the numbers in the set
{1, 2, 3, 4, 5, …}
negative numbers ......................... numbers less than zero
number line .................................... a line on which ordered numbers can be
written or visualized
-3

-2

-1

0

1

2

3

opposites ......................................... two numbers whose sum is zero
Example: -5 + 5 = 0 or 23 + - 23 = 0
opposites
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origin ............................................... the point of intersection of the x- and
y-axes in a rectangular coordinate
system, where the x-coordinate and
y-coordinate are both zero (0)
point ................................................ a specific location in space that has no
discernable length or width
positive numbers .......................... numbers greater than zero
product ............................................ the result of multiplying numbers
together
Example: In 6 x 8 = 48,
48 is the product.
quotient ........................................... the result of dividing two numbers
Example: In 42 ÷ 7 = 6,
6 is the quotient.
solve ................................................. to find all numbers that make an
equation or inequality true
subtraction property
of equality ...................................... subtracting the same number from each
side of an equation results in an
equivalent equation; for any real
numbers a, b, and c, if a = b, then
a–c=b–c
sum .................................................. the result of adding numbers together
Example: In 6 + 8 = 14,
14 is the sum.
whole number ............................... the numbers in the set {0, 1, 2, 3, 4, …}
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Introduction
As a very young child, you learned to count and probably started with 1,
counting 1, 2, 3, and so on. The counting numbers are known as the set of
natural numbers. You later added the number zero (0) to your set of
numbers although you did not include it when counting. Our set of whole
numbers {0, 1, 2, 3, 4, …} is important when considering the set of integers
{… , -4, -3, -2, 0, 1, 2, 3, 4, … }.
Your work with whole numbers {0, 1, 2, 3, 4, …} has been extensive in the
past. Your work with integers has not been as extensive because the need
for them in the real world is less frequent. We will review the four
operations of addition, subtraction, multiplication, and division with
integers since these operations represent necessary tools for solving
equations algebraically.

Lesson One Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers, and
real numbers. (MA.A.1.4.1)
• Understand the relative size of integers, rational
numbers, and real numbers. (MA.A.1.4.2)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Understand and explain the effects of addition,
subtraction, multiplication, and division on real numbers,
including square roots, exponents, and appropriate
inverse relationships. (MA.A.3.4.1)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
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• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)

Whole Numbers, Natural Numbers, and Integers
Numbers were invented by people. The positive numbers 1, 2, 3, 4, 5, ...
were probably invented first, and were used for counting. Counting
numbers are also known as natural numbers {1, 2, 3, 4, 5, ... }. Positive
numbers are numbers greater than zero.
Negative numbers were invented to
represent things like temperatures below
freezing, overdrawn bank balances, owing
money, loss, or going backwards. Negative
numbers are numbers less than zero.
We frequently represent numbers on a number line.
-4

-3

-2

-1

0

1

2

3

4

number line

Numbers to the left of zero are negative, while numbers to the right are
positive. Zero is neither positive nor negative. The set of numbers used on
the number line above is called the set of integers.
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It is helpful to define integers {… , -4, -3, -2, -1, 0, 1, 2, 3, 4, …} as the set of
whole numbers {0, 1, 2, 3, 4, …} and their opposites. The opposite of 1 is
-1 and the opposite of 2 is -2. The opposite of -5 is 5 and the opposite of -7
is 7.
This set can be written {… , -7, -6, -5, -4, -3, -2, -1, 0, 1, 2, 3, 4, 5, 6, 7, …}.
The larger the number, the farther it is to the right. The smaller the
number, the farther it is to the left. A number is considered positive even if
it does not have a positive sign (“+”) written in front of it.

Graph of a Number
To graph a number means to draw a dot at the point that represents that
integer. A point represents an exact location. The number paired with a
point is called the coordinate of the point. The graph of zero (0) on a
number line is called the origin.
Below is a graph of {-3, -2, 0, 1, 4}.
origin
coordinate of 1
-5

-4

-3

-2

-1

0

1

negative numbers

2

3

4

5

positive numbers

Number line above shows coordinates of points -3, -2, 0, 1, and 4.

Consider the following sets of numbers graphed below:
Graph A: The set of integers
-3

-2

-1

0

1

2

3

1

2

3

Graph B: The set of integers less than 2
-3

-2

-1

0

Remember: The numbers between 0 and 1 such as 12 and 0.3
are not integers. We therefore shade the points to be included
but not the line itself. Notice the arrow on the left of Graph B
indicates that all the integers to the left are included in the set.
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Addition of Integers
Looking for Patterns
Patterns are predictable. Study the problems below for patterns.
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3+4= 7

10 + 6 = 16

-5 + 8 = 3

3+3= 6

10 + 4 = 14

-5 + 7 = 2

3+2= 5

10 + 2 = 12

-5 + 6 = 1

3+1= 4

10 + 0 = 10

-5 + 5 = 0

3+0= 3

10 + -2 = 8

-5 + 4 = -1

3 + -1 = 2

10 + -4 = 6

-5 + 3 = -2

3 + -2 = 1

10 + -6 = 4

-5 + 2 = -3

3 + -3 = 0

10 + -8 = 2

-5 + 1 = -4

3 + -4 = -1

10 + -10 = 0

-5 + 0 = -5

3 + -5 = -2

10 + -12 = -2

-5 + -1 = -6
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Pattern 1
3 + -3 = 0
and
10 + -10 = 0
and
-5 + 5 = 0
From the pattern above, we can say the following:
• The sum of a number and its opposite is zero.
• A number and its opposite are called additive inverses of
each other.
• The additive inverse property tells us the following.
For every number n,
n + (-n) = 0.
Review of Opposites or Additives Inverses
5 and -5 are called opposites. Opposites are two numbers whose points on
the number line are the same distance from 0 but in opposite directions.
opposites

-5

-4

-3

-2

-1

0

1

2

3

4

5

The opposite of 0 is 0.
opposites or additive inverses
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Every positive integer can be paired with a negative integer. These pairs
are called opposites. For example, the opposite of 4 is -4 and the opposite of
-5 is 5.
The opposite of 4 can be written -(4) , so -(4) equals -4.
-(4) = -4
The opposite of -5 can be written -(-5), so -(-5) equals 5.
-(-5) = 5
Two numbers are opposites or additive inverses of each other if their sum is
zero.
For example: 4 + -4 = 0
-5 + 5 = 0

Additive Inverse Property

A number and its additive inverse have a sum of zero (0).
3 + -3 = 0
3 and -3 are additive inverses, or opposites, of each other.
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Pattern 2
3+5=8
and
-5 + -1 = -6
From these and many other examples, we could say the following:
• The sum of two positive integers, or the sum of two negative
integers, seems to be the sum of the two amounts and
• the sign is the same as the sign of the two integers.
Another way to think of this is the sum of each number’s distance
from zero or the sum of their absolute values, with the sign the
same as the two integers.
Review of Absolute Value
The absolute value of a number is the distance the number is from the origin
or zero (0) on a number line. The symbol | | placed on either side of a
number is used to show absolute value.
Look at the number line below. You see that -4 and 4 are different
numbers. However, they are the same distance in number of units from 0.
Both have the absolute value of 4.
-4

=

= 4 The absolute value of a
number is always positive.

4

4 units

-5

-4

-3

-2

4 units

-1

0

1

2

3

4

5

The absolute value of 0 is 0.
-4 denotes the
absolute value of -4.
-4 = 4
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4 denotes the
absolute value of -4.
4 =4
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The absolute value of 10 is 10. We can use this notation:
10 = 10
The absolute value of -10 is also 10. We can use this notation:
-10 = 10
Both 10 and -10 are 10 units away from the origin. Consequently, the
absolute value of both numbers is 10.
Now that we have reviewed absolute value, we can introduce two rules
for adding numbers which will enable us to add quickly.

Pattern 3
3 + -2 = 1
and
10 + -8 = 2
and
-5 + 6 = 1
From the pattern above, we can say the following:
• The sum of a positive integer and a negative integer
seems to be the numerical answer in their difference, and
• the sign is the same as the sign of the number the greatest
distance from zero.
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Review of Adding Positive and Negative Integers
There are specific rules for adding positive and negative numbers.
1. If the two integers have the same sign, keep the sign and add their
absolute values.
Example: -5 + -7
Think: Both signs are negative.
-5 = 5
-7 = 7
5 + 7 = 12
The sign will be negative because both signs were negative.
Therefore, the answer is -12.
-5 + -7 = -12
2. If the two integers have opposite signs, subtract the absolute
values. The answer has the sign of the integer with the greater
absolute value.
Example: -8 + 3
Think: Signs are opposite.

-8 = 8
3 =3
8–3=5
The sign will be negative because 8 has the greater absolute value.
Therefore, the answer is -5.
-8 + 3 = -5
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Example: -6 + 8
Think: Signs are opposite.

-6 = 6
8 =8
8–6=2
The sign will be positive because 8 has a greater absolute value.
Therefore, the answer is 2.
-6 + 8 = 2
Rules to Add Integers
• The sum of two positive integers is positive.
• The sum of two negative integers is negative.
• The sum of a positive integer and a negative integer takes

the sign of the number with the greater absolute value.
• The sum of a positive integer and a negative integer is

zero if numbers have the same absolute value.

Note: The sum of a positive integer and a negative integer may be positive,
negative, or zero.
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Using the Number Line Method to Model Adding Positive
and Negative Integers
Example 1:
3+1=4

+1
+3

-2

-1

0

1

2

3

4

5

3+1=4

Think and Visualize
• From 0, move 3 units to the right to represent positive 3.
• From 3, move 1 unit to the right to add 1.
• The sum is 4.
Example 2:
3 + -1 = 2
-1
+3

-2

-1

0

1

2

3

4

5

3 + -1 = 2

Think and Visualize
• From 0, move 3 units to the right to represent positive 3.
• From 3, move 1 unit to the left to add -1.
• The sum is 2.
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Example 3:
-3 + 1 = -2
+1
-3

-4

-3

-2

-1

0

1

2

3

-3 + 1 = -2

Think and Visualize
• From 0 move 3 units to the left to represent negative 3.
• From negative 3, move 1 unit to the right to add 1.
• The sum is -2.
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Using the Chip Method to Model Adding Positive and
Negative Integers
Let the unshaded chips represent positive numbers and the shaded chips
represent negative numbers.
Example 1:
3+1=4
Think and Visualize

Chip Board
+1

+1

+1
+1

• The sum of 4 unshaded chips, each with a value of +1, is 4.

Example 2:

Chip Board
+1

3 + -1 = 2
Think and Visualize

-1

+1
+1

• The sum of +1 and -1 is zero. These two chips can be removed from
the chip board.
• 2 chips, each with a value of +1, remain.
• The sum is 2.
Chip Board

Example 3:

-1

+1

-1

-3 + 1 = -2

-1

Think and Visualize
• The sum of +1 and -1 is zero. These two chips can be removed from
the chip board.
• 2 chips, each with a value of -1, remain.
• The sum is -2.
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Practice
Use the number line method or the chip method to solve the following.

1. 5 + -9 =

6. -7 + 9 =

2. -8 + 10 =

7. 21 + -30 =

3. -24 + -20 =

8. 1,000 + -256 =

4. 50 + 76 =

9. 84 + -92 =

5. -42 + 21 =
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10. 6 + -54 =
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Answer the following.
11. On May 22, 2004, Annika Sorenstam became the first woman in 58
years to play on the PGA Tour. Her score qualified her to continue
play on the second day. Eighteen holes were played. Par was 3 for
four holes, 4 for twelve holes, and 5 for two holes, yielding a total
par of 70 on the course in Ft. Worth, Texas. Sorenstam’s scores in
relation to par are provided in the table below. Find her total.
Note: Par is the standard number of strokes a good golfer is
expected to take for a certain hole on a given golf course.
Annika Sorenstam’s Golf Scores for Day 2
Hole

1 2

3

4 5

Total
Score
Relative
to Par

0 0

0

0

+1

6

7 8

9 10 11 12 13 14 15 16 17 18

0

0 0

+1

0

0 0

-1

0

0

0 0 0

Answer:
12. On day two of the play, Sorenstam’s scores did not qualify her to
play on day three. Her scores in relation to par are provided in the
table below. Find her total for day three.
Annika Sorenstam’s Golf Scores for Day 3
Hole

1 2

3

4 5

6

7 8

9 10 11 12 13 14 15 16 17 18

Total
Score
Relative
to Par

0

-1

0

0

+1

0

0

+1

+1

+1

0

+1

0 0

0

0 0 0

(You may be interested to know that Babe Zaharias was the last
woman to compete on the PGA Tour, in 1945. She made the 36-hole
cut in the Los Angeles Open but did not qualify for the final round.)
Answer:
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13. When an unknown integer is added to 12, the sum is less than -2.
Give three examples of what the unknown number might be.
Answer:

Complete the following statements.
14.

a. The sum of two positive numbers is

(always,

sometimes, never) positive.
b. The sum of two negative numbers is

(always,

sometimes, never) positive.
(always,

c. The sum of a number and its opposite is
sometimes, never) positive.
d. The sum of a positive number and a negative number
is
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(always, sometimes, never) positive.
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Keeping Equations in Balance
Think about This!
We know that addition and subtraction are inverse operations since one
“undoes” the other. This is often helpful in solving equations in a step-bystep method.
Consider the following problem:
Margaret earns $4 less an hour than Susie. If Margaret earns $20 per hour,
what is Susie’s hourly rate?
In the equation,
s – 4 = 20,
s represents Susie’s hourly rate.
We might think:
• “From what number can I subtract 4 and the result be 20?” and
solve the equation intuitively.
? – 4 = 20
24 – 4 = 20
Susie’s hourly rate is $24.
However, addition, the inverse operation of subtraction can also be used.
Thus, to solve for s, I can eliminate the subtraction of 4 from s by adding 4.
If I add 4 to the left side, I must add 4 to the right side.
s – 4 = 20
s – 4 + 4 = 20 + 4
s = 24

add 4 to
both sides

s–4
+4
s

=
=

20
+4
24

Susie’s hourly rate is $24.
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The value on the left side of the equation, s – 4, is the same as the value on
the right side of the equation, 20. If I add 4 to the value on the left side, I
must add 4 to the value on the right side if the equation is to remain true.
This property is called the addition property of equality.
Equality properties help you keep an equation balanced. When you think of
an equation, visualize it on a balance scale. See below.
s – 4 = 20
s–4

=

20

The amount on this side
balances the amount on
the other side.

s – 4 + 4 = 20 + 4

s–4+4

=

20 + 4

If I add 4 to this side, I
must add 4 to the other
side to keep both sides
balanced.

s = 24
s

=

24

keeping an equation balanced
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Equality Properties
Equality properties keep an equation in balance.
Addition Property of
Equality

Subtraction Property of
Equality

The same number can be added to each
side of an equation and the equation
remains balanced.

The same number can be subtracted from
each side of an equation and the equation
remains balanced.

For any real numbers a, b, and c,
if a = b, then
a + c = b + c.

For any real numbers a, b, and c,
if a = b, then
a – c = b – c.

Now consider the following problem:
Jack and Tom played a game in which Tom’s score was 2 points less than
Jack’s. Tom’s score was -5. What was Jack’s score?
In the equation, j represents Jack’s score.

j – 2 = -5
j – 2 + 2 = -5 + 2

add 2 to
both sides

j = -3

j – 2 = -5
+2
+2
j =
-3

Jack’s score was -3.
Adding or Subtracting Integers
What to Do
•

Add numbers
with the same
sign

How to Solve
•
•

Add absolute values.
Use the original sign
in answer.

Example
-8 + (-8):
|-8| + |-8| = 8 + 8 = 16
So -8 + (-8) = -16.

•

Add numbers
with different
signs

•
•

Subtract absolute values.
Use sign of addend (any
number being added) with
greater absolute value.

-8 + 2:
|-8| – |2| = 8 – 2 = 6
|-8| > |2|
So -8 + 2 = -6.

•

Subtract

•
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Add the opposite of the
number following the
subtraction sign.

-8 – 5 = -8 + (-5) = -13
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Practice
Use the addition property of equality to solve the following. The first one has
been done for you.
1. a – 25 = 40
a – 25 + 25 = 40 + 25
a = 65

or

a – 25 = 40
+ 25
+ 25
a = 64
self-check:
Does 65 – 25 = 40? Yes.

2. b – 25 = 15

6. f – 14 = -20

3. c – 13 = 30

7. g – 5 = -8

4. d – 13 = 5

8. h – 60 = 24

5. e – 12 = -2
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______

1. two numbers whose sum is zero

______

2. the numbers in the set
{… , -4, -3, -2, -1, 0, 1, 2, 3, 4, …}

______

3. the numbers in the set
{1, 2, 3, 4, 5, …}

______

4. numbers less than zero

______

5. the numbers in the set
{0, 1, 2, 3, 4, …}

A. addition property of
equality
B. additive inverse
property
C. integers
D. natural numbers
(counting numbers)
E. negative numbers

______

6. a number and its additive inverse
have a sum of zero (0)

F. opposites

______

7. numbers greater than zero

G. positive numbers

______

8. adding the same number to each
side of an equation results in an
equivalent equation; for any real
numbers a, b, and c, if a = b, then
a+c=b+c

H. whole number
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Lesson Two Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers, and
real numbers. (MA.A.1.4.1)
• Understand the relative size of integers, rational
numbers, and real numbers. (MA.A.1.4.2)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Understand and explain the effects of addition,
subtraction, multiplication, and division on real numbers,
including square roots, exponents, and appropriate
inverse relationships. (MA.A.3.4.1)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)
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Subtraction of Integers
Looking for Patterns
Study the problems below. Look for patterns. Remember, patterns are
predictable.
8–4= 4
8–3= 5
8–2= 6
8–1= 7
8–0= 8
8 – (-1) = 9
8 – (-2) = 10
8 – (-3) = 11
8 – (-4) = 12
Think about This!
From the pattern above, we can say the following:
• As the number being subtracted from 8 decreases, the
difference increases.
Example: When 4 is subtracted from 8, the difference is 4.
8–4=4
When -4 is subtracted from 8, the difference is 12.
8 – (-4) = 12
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This is difficult for some people to grasp. Perhaps
modeling subtraction will help clarify this. Subtracting a
number from 8 and adding the opposite of that number to
8 will yield the same result.
8–4=4

and

8 + (-4) = 4

8–1=7

and

8 + (-1) = 7

8 – (-2) = 10

and

8 + 2 = 10

Using the Number Line Method to Model Adding and
Subtracting Integers
When you were first introduced to addition and subtraction of whole
numbers, you may have used a number line drawn on the floor or on
paper.
When adding 6 + 3, you likely started at zero, took 6 steps to the right and
then another 3 steps to the right. You wound up on 9.
3 steps to the right
6 steps to the right

-1

0

1

2

3

4

6

5

7

8

9

6+3=9

When subtracting 3 from 6, you likely started at zero, took 6 steps to the
right, and then 3 steps to the left, winding up on 3.
3 steps to the left
6 steps to the right
-1

0

1

2

3

4

5

6

7

6–3=3
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In Lesson One of this unit, you moved to the right when adding a positive
number and to the left when adding a negative number.
When using a number line for subtraction of integers, we always begin at
zero and move the appropriate number of steps to the left or right to
represent the first number (sometimes called the minuend). The minuend is
the number you subtract from. The subtrahend is the number being
subtracted.
minuend
subtrahend
difference

6
–3
3

• If the number to be subtracted is a positive number, we
move to the left as we have in the past.
• If the number to be subtracted is a negative number, we
move to the right, which is the opposite of what we have
done in the past.
Number Line Models
5–3=2
-3
5
-6

-5

-4

-3

-2

-1

0

1

2

3

4

5

6

2

3

4

5

6

4

5

6

5–3=2
-2 – 1 = -3
-1

-6

-5

-4

-3

-2
-2

-1

0

1

-2 – 1 = -3
2 – (-3) = 5
3
2
-6

-5

-4

-3

-2

-1

0

1

2

3

2 – (-3) = 5
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Using the Chip Method to Model Adding and Subtracting
Integers
In Lesson One of this unit, we paired the positive 1s with the negative 1s
to make zero until no pairs were left when adding. We then counted the
chips that remained.
When using the chip method to model for subtraction we “take away.”
Example 1:
6–4=?

Chip Board
+1

+1

+1

+1

+1

6–4=2
You have 6 chips,
each with a value
of 1.

+1
Chip Board

Remove
4 chips.

+1

+1

+1

+1

+1
+1
Chip Board
+1
+1

Two remain,
each with a value
of 1.

• We begin with 6 positive chips and take 4 of them away,
• leaving 2 positive chips.
So 6 – 4 = 2.
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Example 2:
6 – (-4) = ?
Chip Board
+1 +1

6 – -4 = 10
You have 6 chips,
each with a value
of 1.

+1 +1
+1

You need to remove 4 chips,
each having a value of -1.
You have no chips with a
value of -1.

+1
Chip Board
+1 +1

+1 -1

+1 +1

+1 -1

+1

+1 -1

+1

+1 -1

You know that 1 + -1 = 0.
You add to the board 4 zeroes, each
represented by +1 -1 . This does not change
the value represented on the board.

Chip Board
+1 +1

+1 -1

+1 +1

+1 -1

+1

+1 -1

+1

+1 -1

You now remove the
4 chips, each having
a value of -1.

Chip Board
+1 +1

+1

+1 +1

+1

+1

+1

+1

+1

The chip board now
has 10 chips, each with
a value of 1.

• We would begin with 6 positive chips.
• There are no negative chips and we need to take 4
negative chips away.
• We therefore place 4 positive and 4 negative chips on the
board. This is like adding zero.
• We now have 4 negative chips to take away, leaving 10
positive chips on the board.
So 6 – (-4) = 10.
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Example 3:
-4 – 2 = ?
-4 – 2 = ?

Chip Board
-1

You have 4 chips,
each with a value
of -1.

-1
-1

You need to remove 2 chips,
each having a value of 1.
You have no chips with a
value of 1.

-1
Chip Board
-1

+1 -1

-1

+1 -1

You know that 1 + -1 = 0.
You add to the board 2 zeroes, each
represented by +1 -1 . This does not change
the value represented on the board.

-1
-1
Chip Board
-1

+1 -1

-1

+1 -1

-1

You now remove the
2 chips, each having
a value of 1.

-1
Chip Board
-1

-1

-1

-1

The chip board now
has 6 chips, each with
a value of -1.

-1
-1

• We begin with 4 negative chips.
• There are no positive chips and we need to take 2
positive chips away.
• We therefore place 2 positive chips and 2 negative chips
on the board. This is like adding zero.
• We now have 2 positive chips to take away, leaving 6
negative chips on the board.
So -4 – 2 = -6.
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Review: Subtracting Integers
Definition of Subtraction
a – b = a + (-b)

Examples:

8 – 10 = 8 + (-10) = -2
12 – 20 = 12 + (-20) = -8
-2 – 3 = -2 + (-3)= -5

Even if we have

8 – (-8), this becomes
8 plus the opposite of -8, which equals 8.
8 + -(-8) =
8 + 8 = 16

Shortcut

Two negatives become one positive!
10 – (-3) becomes 10 plus 3.
10 + 3 = 13

And

-10 – (-3) becomes -10 plus 3.
-10 + 3 = -7

Generalization: Subtracting Integers
Subtracting an integer is the same as adding its opposite.
a – b = a + (-b)

Unit 2: Working with Integers
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Rules to Subtract Integers
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Subtract

Outcome

positive – positive

The difference is positive if the first number is
greater—however, if the second number is
greater, it is negative.

negative – positive

The difference is negative.

positive – negative

The difference is positive.

negative – negative

The difference is negative if the first absolute
value is greater—however, if the second absolute
value is greater, it is positive.

Unit 2: Working with Integers

Practice
Solve the following.
1. 6 – 4 =

6. 18 – 24 =

2. 5 – (-3) =

7. 21 – (-3) =

3. -14 – 5 =

8. 26 – (-26) =

4. -12 – (-2) =

9. -37 – 17 =

5. -57 – 3 =

Unit 2: Working with Integers

10. -37 – (-17) =
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11. Complete the following statements.
a. When a positive integer is subtracted from a positive integer,
the result is

(always, sometimes, never) positive.

Hint: See numbers 1 and 6.
b. When a negative integer is subtracted from a negative integer,
the result is

(always, sometimes, never) positive.

Hint: See numbers 4 and 10.
c. When a negative integer is subtracted from a positive integer,
the result is

(always, sometimes, never) positive.

Hint: See numbers 2, 7, and 8.
d. When a positive integer is subtracted from a negative integer,
the result is

(always, sometimes, never) positive.

Hint: See numbers 3, 5, and 9.
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Answer the following.
12. The distance between an unknown number and 7 on a number line
is 9 units. Give two possibilities for the unknown number.
Answer:

-8

-7

-6

-5

-4

-3

-2

-1

0

1

2

3

4

5

6

7

8

13. The distance between an unknown number and -5 on a number line
is 12 units. Give two possibilities for the unknown number.
Answer:

-8

-7

-6

-5

-4

-3

-2

-1

0

1

2

3

4

5

6

7

8

14. Explore adding and subtracting with a scientific calculator. Consider
the difference in the key used for subtraction on your calculator and
the key used to indicate that a number being entered is a negative
number.
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Continuing to Keep Equations in Balance
Think about This!
Let’s consider two problems similar to the ones visited in Lesson One of
this unit.
Margaret earns $4 more per hour than Susie. If Margaret earns $20 per
hour, what is Susie’s hourly rate?
In the equation,
s + 4 = 20,
s represents Susie’s hourly rate.
We might think:
• “To what number can I add 4 and the result be 20?”
? + 4 = 20
16 + 4 = 20
Susie’s hourly rate is $16.
However, you might also choose to use the inverse operation of addition,
which is subtraction.
s + 4 = 20
s + 4 – 4 = 20 – 4
s = 16

subtract 4 from
both sides

s+4
–4
s

=
=

20
–4
16

Susie’s hourly rate is $16.
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Or, you might also choose to define subtraction as adding the opposite and
solve the problem this way:
s + 4 = 20
s + 4 + (-4) = 20 + (-4)
s = 16

add -4 to
both sides

The value on the left side of the equation,
s + 4, is the same as the value on the right
side of the equation, 20. If I add -4 to the
value on the left side, I must add -4 to the
value on the right side if the equation is
to remain true. This property is called the
addition property of equality.
Remember: Equality
properties help you keep an
equation balanced.

s + 4 = 20
+ -4
+ -4
s = 16
s + 4 = 20
s+4
=

20

s + 4 + (-4) = 20 + (-4)
s = 16
keeping an equation balanced

Jack and Tom played a game in which Tom’s score was 2 more than Jack’s.
Tom’s score was -5. What was Jack’s score?
In the equation, j represents Jack’s score.
j + 2 = -5
j + 2 – 2 = -5 – 2
j = -7

subtract 2 from
both sides

j+2 =
–2
j =

-5
–2
-7

or
j + 2 = -5
j + 2 + (-2) = -5 + (-2)
j = -7

add -2 to
both sides

j + 2 = -5
+ -2
+ -2
j =
-7

Jack’s score was -7.
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Practice
Solve the following.
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1. a + 25 = 40

5. e + 12 = -2

2. b + 25 = 15

6. f + 14 = -20

3. c + 13 = 30

7. g + 5 = -8

4. d + 13 = 5

8. h + 60 = 24
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Lesson Three Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers, and
real numbers. (MA.A.1.4.1)
• Understand the relative size of integers, rational
numbers, and real numbers. (MA.A.1.4.2)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Understand and explain the effects of addition,
subtraction, multiplication, and division on real numbers,
including square roots, exponents, and appropriate
inverse relationships. (MA.A.3.4.1)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)
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Multiplication of Integers
Looking for Patterns
Study the problems below for patterns.
4 x 3 = 12

-4 x 3 = -12

4x2=

8

-4 x 2 = -8

4x1=

4

-4 x 1 = -4

4x0=

0

-4 x 0 =

0

4 x -1 = -4

-4 x -1 =

4

4 x -2 = -8

-4 x -2 =

8

4 x -3 = -12

-4 x -3 = 12

Think about This!
1. As 4 is multiplied by a factor 1 less than the previous factor, the
product is 4 less than the previous product.
Remember: A factor is a number that divides evenly into
another number.
4 x 3 = 12
4x2=8
2. As -4 is multiplied by a factor 1 less than the previous factor, the
product is 4 greater than the previous product.
-4 x 3 = -12
-4 x 2 = -8
3. The product of a number and zero is zero.
4x0= 0
-4 x 0 = 0
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4. The product of a number and 1 is that same number.
4x1=4
5. The product of two positive numbers, such as 4 and 3, is a positive
number.
4 x 3 = 12
6. The product of two negative numbers, such as -4 and -2, is a positive
number.
-4 x -2 = 8
7. The product of one negative number and one positive number, such
as -4 x 2 or 4 x -3, is a negative number.
-4 x 2 = -8
4 x -3 = -12
You can see that the sign of a product depends on the signs of the numbers
being multiplied. Therefore, you can use the following rules for
multiplying integers.

Rules to Multiply Integers

• The product of two positive integers is positive.
• The product of two negative integers is positive.
• The product of two integers with different signs is negative.
• The product of any integer and 0 is 0.
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Let’s consider using the number line to model multiplication.

-1

0

1

move 1

move 2

move 3

+4

+4

+4

2

3

4

5

6

7

8

9

10

11

12

4 + 4 + 4 = 12

To show 3 x 4 = 12 on the number line, we will show 3 moves of 4 units
each. We would do the same for the problem 4 + 4 + 4 = 12, since we can
think of multiplication as repeated addition.
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Practice
Use the method of your choice to solve the following.

1. 5 x 6 =

5. 3 x (-18) =

2. 6 x (-7) =

6. 2 x 4 =

3. -4 x 8 =

7. -20 x (-20) =

4. -5 x (-20) =

8. -6 x (-6) =

9. The temperature was 83 degrees at 9:00 PM and dropped an average
of 1.5 degrees per hour for the next 9 hours. What was the
temperature at 6:00 AM?
Answer:
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degrees
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Dividing Integers
Division is the inverse of multiplication. The same patterns we saw in
multiplication will exist in division.
We know that
24 ÷ 3 = 8
because

8 x 3 = 24.

The quotient of two positive integers is
positive.
The product of two positive integers is
positive.

The same will be true when we are dividing integers.
24 ÷ (-3) = -8
because -8 x (-3) = 24

The quotient of two integers with
different signs is negative.
The product of two negative integers is
positive.

and
-24 ÷ 3 = -8
because

-8 x 3 = -24

The quotient of two integers with
different signs is negative.
The product of two integers with
different signs is negative.

and
-24 ÷ (-3) = 8
because
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8 x -3 = -24

The quotient of two negative integers is
positive.
The product of two integers with
different signs is negative.
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In summary,
same signs positive
quotient (or product)

different signs negative
quotient (or product)

24 ÷ 3 = 8

-24 ÷ 3 = -8 because -8 x 3 = -24

because 8 x 3 = 24

-24 ÷ (-3) = 8 because 8 x (-3) = -24

24 ÷ (-3) = -8 because -8 x -3 = 24

Below are the rules used to divide integers.

Rules to Divide Integers

• The quotient of two positive integers is positive.
• The quotient of two negative integers is positive.
• The quotient of two integers with different signs is negative.
• The quotient of 0 divided by any nonzero integer is 0.
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Practice
Complete the following.
1. 35 ÷ 5 =

6. -400 ÷ 25 =

2. 49 ÷ (-7) =

7. -625 ÷ (-25) =

3. 225 ÷ (-15) =

8. 1,000 ÷ (-10) =

4. -121 ÷ 11 =

9. -1,000 ÷ 100 =

5. 169 ÷ (-13) =

10. -10,000 ÷ (-100) =

11. The temperature of 69 degrees dropped to 44 degrees at an average
rate of 6.25 degrees per hour. How many hours did the total drop of
25 degrees require?
Answer:
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Solving Word Problems
Consider the following problem:
Bob’s hourly wage is 3 times as much as Jerry’s. If Bob earns $33.00 per
hour, what is Jerry’s hourly wage?
If j represents Jerry’s hourly wage then
3j = 33
• You might think:
Three times some number is 33.
3 x ? = 33
That number is 11.
• You might think:
The multiplicative inverse (reciprocal) of 3 is

1
3

because

1
3

times 3 is 1.
1
3

x3=1

I’ll multiply both sides of the equation by

1
3

.

3j = 33
1
3

(3j) =

1
3

(33)

j = 11
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multiply both
sides by 13

1
3

•

3j
1

=

1
13

•

33
1

11

j = 11
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• You might think:
Division is the inverse operation for multiplication.
When 3 is divided by 3, the quotient is 1.
3÷3=1
I’ll divide both sides of the equation by 3.
3j = 33
(3j) ÷ 3 = 33 ÷ 3

divide both sides by 3

j = 11
Jerry’s hourly wage is $11.00.
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Practice
Use the method of your choice to solve the following.
1. 4a = 32

5. -17e = -289

2. -2b = 46

6. 20f = 300

3. 25c = -400

7. 14g = -42

4.

8. -24h = -96

15d = 225
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Practice
Use the list below to make each statement true. One or more numbers will be
used more than once.
-6

1.

+

= -8

+

= -8

+

=0

+

=0

+

=0

+

= -2

+

= -2

+

=2

+

=2

-4

-2

2

4

6

and

2.
and

and

3.
and

4.
and
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Practice
Use the list below to make each statement true. One or more numbers will be
used more than once.
-5

1.

x

=4

x

=4

2.

x

= -4

3.

x

= 25

x

= 25

x

= -15

x

= -15

x

=9

x

=9

-3

-2

2

3

5

and

and

4.
and

5.
and
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6.

x

= -25

7.

x

= -9

8.

x

=6

x

=6

x

= -6

x

= -6

and

9.
and

132

Unit 2: Working with Integers

Practice
Use the list below to write the correct term for each definition on the line provided.
difference
factor
integers
multiplicative inverse

natural numbers
negative numbers
positive numbers

product
quotient
sum

___________________________ 1. the numbers in the set
{… , -4, -3, -2, -1, 0, 1, 2, 3, 4, …}
___________________________ 2. the numbers in the set {1, 2, 3, 4, 5, …}
___________________________ 3. the result of adding numbers together
___________________________ 4. the result of dividing two numbers
___________________________ 5. numbers greater than zero
___________________________ 6. numbers less than zero
___________________________ 7. a number or expression that divides
evenly into another number
___________________________ 8. any two numbers with a product of 1
___________________________ 9. a number that is the result of
subtraction
__________________________ 10. the result of multiplying numbers
together
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Unit 3: Examining Formulas and Relationships with
Geometric Shapes
This unit emphasizes using concrete and graphic models and algebraic
knowledge to find the perimeter of various geometric shapes.

Unit Focus
Number Sense, Concepts, and Operations
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Select and justify alternative strategies, such as using
properties of numbers, including inverse, identity,
distributive, associative, and transitive, that allow
operational shortcuts for computational procedures in
real-world or mathematical problems. (MA.A.3.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
Measurement
• Use concrete and graphic models to derive formulas for
finding perimeter, area, surface area, circumference, and
volume of two- and three-dimensional shapes, including
rectangular solids, cylinders, cones, and pyramids.
(MA.B.1.4.1)

• Relate the concepts of measurement to similarity and
proportionality in real-world situations. (MA.B.1.4.3)
• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors on
calculations. (MA.B.3.4.1)
Geometry and Spatial Sense
• Represent and apply geometric properties and
relationships to solve real-world and mathematical
problems including ratio and proportion. (MA.C.3.4.1)
Algebraic Thinking
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)

Vocabulary
Use the vocabulary words and definitions below as a reference for this unit.
base
base (b) (geometric) ...................... the line or
base
height
plane of a
geometric
base
base
figure, from
base
which an
altitude can be constructed, upon which
a figure is thought to rest

center (of a circle) .......................... the point from which all
points on the circle are the
same distance
circle ................................................ the set of all points in a plane that are all
the same distance from a given point
called the center
circumference
circumference (C) .......................... the distance around a
circle
coefficient ....................................... the number part in front of an algebraic
term signifying multiplication
Example: In the expression 8x2 + 3xy – x,
• the coefficient of x2 is 8
(because 8x2 means 8 • x2)
• the coefficient of xy is 3
(because 3xy means 3 • xy)
• the coefficient of -x is 1
(because -1 • x = -x).
In general algebraic expressions,
coefficients are represented by letters
that may stand for numbers. In the
expression ax2 + bx + c = 0, a, b, and c are
coefficients, which can take any number.
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commutative property .................. the order in which two numbers are
added or multiplied does not change
their sum or product
Example: 2 + 3 = 3 + 2 or 4 x 7 = 7 x 4
congruent (~
= ) ................................. figures or objects that are the same
shape and size
decagon ........................................... a polygon with 10 sides
diameter (d) .................................... a line segment from any
point on the circle passing
through the center to
another point on the circle

diameter

distributive property .................... the product of a number and the sum or
difference of two numbers is equal to the
sum or difference of the two products
Example: x(a + b) = ax + bx
endpoint ......................................... either of two points
marking the end of a line
segment

S

P
S and P are
endpoints

equation .......................................... a mathematical sentence in which two
expressions are connected by an equality
symbol
Example: 2x = 10
equilateral triangle ....................... a triangle with three
congruent sides
exponent (exponential form) ...... the number of times the base occurs as a
factor
Example: 23 is the exponential form of
2 x 2 x 2. The numeral two (2) is called
the base, and the numeral three (3) is
called the exponent.
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expression ....................................... a collection of numbers, symbols,
and/or operation signs that stands for a
number
Example: 4r2; 3x + 2y; 25
Expressions do not contain equality (=)
or inequality (<, >, ≤, ≥, or ≠) symbols.
formula ........................................... a way of expressing a relationship using
variables or symbols that represent
numbers
height (h)......................................... a line segment extending from the
vertex or apex (highest point) of a figure
to its base and forming a right angle
with the base or plane that contains the
base
height (h)
base (b)

height (h)

height (h)
base (b)

base (b)

heptagon ......................................... a polygon with seven sides
hexagon ........................................... a polygon with six
sides
hypotenuse ..................................... the longest side of a
right triangle; the side
opposite the right
angle

hy

po

te

leg

nu

se

leg

isosceles triangle ........................... a triangle with two
congruent sides and two
congruent angles
leg ..................................................... in a right triangle, one of
the two sides that form
the right angle

leg

leg
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length (l) ......................................... a one-dimensional measure that is the
measurable property of line segments
like terms ........................................ terms that have the same variables and
the same corresponding exponents
Example: In 5x2 + 3x2 + 6, 5x2 and 3x2 are
like terms
line segment (—) ........................... a portion of a line that
A
B
consists of two defined
endpoints and all the
points in between
Example: The line segment AB is between
point A and point B and includes point A
and point B.
nonagon .......................................... a polygon with nine sides
octagon ............................................ a polygon with eight sides
parallel ( ) ...................................... being an equal distance at every point so
as to never intersect
parallelogram ................................. a quadrilateral with
two pairs of parallel
sides
pentagon ......................................... a polygon with five sides
perimeter (P) .................................. the distance around a polygon
pi (π)................................................. the symbol designating
the ratio of the circumference of a circle
to its diameter; an irrational number
with common approximations of either
3.14 or 22
7
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point ................................................ a specific location in space that has no
discernable length or width
polygon ........................................... a closed-plane figure, having at least
three sides that are line segments and
are connected at their endpoints
Example: triangle (3 sides),
quadrilateral (4 sides),
pentagon (5 sides), hexagon (6 sides),
heptagon (7 sides), octagon (8 sides);
concave, convex

product ............................................ the result of multiplying numbers
together
Example: In 6 x 8 = 48,
48 is the product.
hypotenuse

leg

Pythagorean theorem ................... the square of the
a
c
hypotenuse (c) of
a right triangle is
b
right angle
equal to the sum of leg
the square of the legs (a and b), as
shown in the equation c2 = a2 + b2
quadrilateral .................................. polygon with four sides
Example: square, parallelogram,
trapezoid, rectangle, rhombus, concave
quadrilateral, convex quadrilateral

us

di
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diameter

ra

radius (r) ......................................... a line segment extending
from the center of a circle
or sphere to a point on the
circle or sphere; (plural:
radii)
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rectangle ......................................... a parallelogram with
four right angles
regular polygon ............................. a polygon that is both equilateral (all
sides congruent) and equiangular (all
angles congruent)
right triangle .................................. a triangle with one right angle
rounded number ........................... a number approximated to a specified
place
Example: A commonly used rule to
round a number is as follows.
• If the digit in the first place after
the specified place is 5 or more,
round up by adding 1 to the digit
in the specified place ( 461 rounded
to the nearest hundred is 500).
• If the digit in the first place after
the specified place is less than 5,
round down by not changing
the digit in the specified place ( 441
rounded to the nearest hundred
is 400).
scalene triangle .............................. a triangle having no congruent
sides

side

side
edge of a polygon

si
de

si

e

sid

de

side ................................................... the edge of a polygon, the face of a
polyhedron, or one of the rays that
make up an angle
Example: A triangle has three sides.

side

ray of an angle
face of a polyhedron
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simplify an expression ................. to perform as many of the indicated
operations as possible
square .............................................. a rectangle with four sides the
same length
substitute ........................................ to replace a variable with a numeral
Example: 8(a) + 3
8(5) + 3
sum .................................................. the result of adding numbers together
Example: In 6 + 8 = 14,
14 is the sum.
transitive property ........................ when the first element has a particular
relationship to a second element that in
turn has the same relationship to a third
element, the first has this same
relationship to the third element
For any numbers a, b, and c, if a = b and
b = c, then a = c.
Example:
5 + 7 = 8 + 4 and 8 + 4 = 12,
then 5 + 7 = 12.
Identity and equality are transitive
properties.
trapezoid ......................................... a quadrilateral
with just one pair
of opposite sides
parallel

base
leg

altitude

leg

base

triangle ............................................ a polygon with three sides; the sum of
the measures of the angles is 180°
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two-dimensional
(2-dimensional) ............................. existing in two dimensions; having
length and width
value (of a variable) ...................... any of the numbers represented by the
variable
variable ........................................... any symbol, usually a letter, which
could represent a number
whole number ............................... the numbers in the set {0, 1, 2, 3, 4, …}
width (w) ........................................ a one-dimensional measure of
something side to side
w
l
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l

w
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Unit 3: Examining Formulas and Relationships with
Geometric Shapes
Introduction
How can my knowledge of perimeter of polygons help me with algebra?
How can my knowledge of algebra help me apply my knowledge of
perimeter?

Lesson One Purpose
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Select and justify alternative strategies, such as using
properties of numbers, including inverse, identity,
distributive, associative, and transitive, that allow
operational shortcuts for computational procedures in
real-world or mathematical problems. (MA.A.3.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Use concrete and graphic models to derive formulas for
finding perimeter, area, surface area, circumference, and
volume of two- and three-dimensional shapes, including
rectangular solids, cylinders, cones, and pyramids.
(MA.B.1.4.1)
• Relate the concepts of measurement to similarity and
proportionality in real-world situations. (MA.B.1.4.3)
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• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)

Perimeter—The Distance around a Polygon
If you have walked around a block, walked around a house, or walked
around a track, then you have basically walked around the perimeter (P)
of the block, house, or track. Perimeter may be determined in a few
different ways.
Remember: Perimeter (P) means the distance around
a polygon.
For example, the perimeter of the rectangle shown below can be
determined in a number of ways. In the next several pages, we will
examine three different methods for finding the perimeter of rectangles.
Perimeter of a Rectangle

4 centimeters

4 centimeters

6 centimeters

6 centimeters
scale:
= 1 unit
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Practice
Study the following.

Method One

Perimeter of a Rectangle

6 + 4 + 6 + 4 = 20
4 centimeters

The perimeter is 20 centimeters.
This uses the general formula:
l+w+l+w=P

4 centimeters

6 centimeters

6 centimeters

where l represents the length, w represents the
width, and P represents the perimeter.

scale:
= 1 unit

This formula uses the sum of the 4 sides to find the perimeter.
We call l, w, and P variables because their values may vary from one
rectangle to another. P will represent the perimeter whether it is 2.5
centimeters, 60 inches, 5 inches, or 40 feet.
Use Method One and the formula below to determine the perimeter of each of
the following rectangles.
l+w+l+w=P
1.

2.

Answer:

Answer:
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11

3.

5.
w

9

9

7

11

Answer:

Answer:

4.

6.
6
w

l
l

Answer:
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Practice
Study the following.

Method Two

Perimeter of a Rectangle

This uses the general formula:
2l + 2w = P
where l represents the length, w represents the
width and P represents the perimeter.

4 centimeters

The perimeter is 20 centimeters.

6 centimeters

4 centimeters

2(6) + 2(4) = 12 + 8 = 20

6 centimeters
scale:
= 1 unit

This formula uses the sum of twice the length and twice the width
to determine the perimeter.
When writing algebraic expressions and equations, we do not use the “x”
symbol for multiplication. When there is no visible operation symbol
between a variable and its coefficient, it is understood that we multiply.
The coefficient of the variables l and w is 2, indicating that we multiply the
length by 2 and multiply the width by 2. The coefficient of a term is the
number part in front of an algebraic expression, signifying multiplication.
The coefficient is the numerical factor.
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Use Method Two and the formula below to determine the perimeter of each of
the following rectangles.
2l + 2w = P
1.

4.
6

l

Answer:

Answer:

2.

5.
w

7

Answer:

Answer:
15

3.

6.
9

9

w

15

l

Answer:
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Practice
Study the following.

Method Three

Perimeter of a Rectangle

2(6 + 4) = 2(10) = 20
4 centimeters

The perimeter is 20 cm.
This uses the general formula:

4 centimeters

6 centimeters

6 centimeters

2(l + w) = P
where l represents the length, w represents the
width, and p represents the perimeter.

scale:
= 1 unit

This formula uses twice the sum of the length and the width to
determine the perimeter.
Use Method Three and the formula below to determine the perimeter of each
of the following rectangles.
2(l + w) = P
1.

2.

Answer:

Answer:

Unit 3: Examining Formulas and Relationships with Geometric Shapes

151

3.

5.

15

w

10

10

14

15

Answer:

Answer:

4.
6.

9

w
l

l

Answer:
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Answer:
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______

1. a parallelogram with four right angles

A. coefficient

______

2. a way of expressing a relationship
using variables or symbols that
represent numbers

B. equation

______

3. the distance around a polygon

C. expression

______

4. the number part in front of an
algebraic term signifying
multiplication

D. formula

______

5. any symbol, usually a letter, which
could represent a number

______

6. the result of adding numbers together

______

7. a one-dimensional measure that is the
measurable property of line segments

G. rectangle

______

8. a collection of numbers, symbols,
and/or operation signs that stands
for a number

H. sum

______

9. any of the numbers represented by
the variable

E. length (l)
F. perimeter (P)

______ 10. a one-dimensional measure of
something side to side
______ 11. a mathematical sentence in which two
expressions are connected by an
equality symbol
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I. value (of a
variable)
J. variable
K. width (w)
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Comparing Methods One, Two, and Three for Finding
Perimeter
Let’s now consider why all three formulas used with the three methods
produce the same perimeter for the rectangles provided.
First, review the chart below to examine some basic properties that will
help us work with variables.
Three Methods to Find Perimeter of a Rectangle
Method One
l+w+l+w=P
When variables have no
visible coefficient, we
understand there is an
invisible coefficient of 1.
We can rewrite this formula
as follows:
1l + 1w + 1l + 1w = P
When terms contain the
same variable and the
same exponents, they are
called like terms.
Sometimes it is helpful to
underline like terms when
we are simplifying an
expression.
1l + 1w + 1l + 1w = P
The commutative
property states that the
order in which any two
numbers are added (or
multiplied) does not
change their sum (or
product). This allows us to
change the order of the
second and third terms:
1l + 1w + 1l + 1w = P
1l + 1l + 1w + 1w = P
2l + 2w = P

Method Two
2l + 2w = P

Method Three
2(l + w) = P

The distributive
property tells us that you
can distribute the
numbers to write an
equivalent or equal
expression.

The transitive property
tells us that when the first
element (a) has a
particular relationship to
a second element (b)
which in turn has the
same relationship to a
third element (c), the first
element (a) has this same
relationship to the third
element (c). Therefore, for
any numbers a, b, and c,
the following is true.

For all numbers
a, b, and c:
a(b + c) = ab + bc
or
ab + bc = a(b + c)
3(7 + 4) = 3(7) + 3(4)
or
3(7) + 3(4) = 3(7 + 4)
Think of the distributive
property of multiplication
as “spreading” things out
or distributing things out
to make it easier to work
with—yet making no
difference in the outcome.

If a = b, and b = c,
then a = c.
If a = b—Method 1
perimeter formula
l + w + l + w = 2l + 2w
and b = c—Method 2
perimeter formula
2l + 2w = 2(l + w)

2l + 2w = 2(l + w)
Now examine the
formulas used in Method
Two and Method Three.
They are also equivalent.

then a = c—Method 3
perimeter formula
l + w + l + w = 2(l + w)
Therefore, in comparing
the formulas used in
Methods One, Two, and
Three, you will find that
they are all equivalent.

Compare the formula used
in Method One to the
formula used in Method
Two. The formulas are
equivalent; you will find that
they are the same.
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These formulas can help us establish an important relationship between
the perimeter of a rectangle and its dimensions.
If 2l + 2w = P, then 1l + 1w =
If 2(l + w) = P, then 1(l + w) =

1
2

P

1
2

P

Experiment to determine if the following is true. If the distributive
property of multiplication works over addition, see if it also works over
subtraction.
a(b – c) = ab – ac.

Properties
Addition
Commutative:
Associative:
Identity:

Multiplication

a+b=b+a
(a + b) + c = a + (b + c)
0 is the identity.
a + 0 = a and 0 + a = a

Commutative: ab = ba
Associative:
(ab)c = a(bc)
Identity:
1 is the identity.
a • 1 = a and 1 • a = a

Addition
Distributive:

Subtraction

a(b + c) = ab + ac and
(b + c)a = ba + ca

Distributive:

a(b – c) = ab – ac and
(b – c)a = ba – ca

Properties of Equality
Reflexive:
Symmetric:
Transitive:
Substitution:

a=a
If a = b, then b = a.
If a = b and b = c, then a = c.
If a = b, then a may be replaced by b.
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Other Strategies to Find Dimensions of a Rectangle
Think about This!
A rectangle has a perimeter of 46 centimeters and a width of 8
centimeters. To find its length, there are a number of strategies you could
use. See a few of the strategies below.
Four Strategies to Find the Perimeter of a Rectangle
Thinking

Strategy
2l +

=P

2w

2l + 2(8)

= 46

Using the formula, I will substitute 8 for the width
and 46 for the perimeter and solve the resulting
equation for l (length).

2l +

= 46

I do this using step-by-step algebraic equation-solving:

16

2l + 16 – 16 = 46 – 16

• subtract 16 from both sides of
the equation

2l = 30
(2l) ÷ 2 = 30 ÷ 2

• divide both sides of the equation
by 2.

l = 15
2l + 2w

=P

2l + 2(8) = 46
? + 16

= 46

30 + 16

= 46

2(15) + 16

= 46

Using the formula, I will substitute 8 for the width and
46 for the perimeter and solve the resulting equation
for l (length).
I do this using intuitive equation-solving. I seek the
number that when added to 16 gives me 46. I know
the number is 30. I also know that number represents
2 lengths, so one length would be 12 of that or 15.

Since ? represents 2l, the
1l is 12 of 30 or 15.
1l + 1w

=

1
2

P

1l +

8

=

1
2

(46)

1l +

8

= 23

1l + 8 – 8
1l

= 23 – 8

I subtract 8 from both sides of the equation.

= 15

1l + 1w

=

1
2

P

1l + 8

=

1
2

(46)

l

I use the fact that the sum of the length and width
will be 12 of the perimeter. I represent that in an
equation, make substitutions, and solve.

+8

= 23

l

= 15

I use the fact that the sum of the length and width
is 12 of the perimeter.
1

I mentally calculate 2 of 46 is 23 and I think, what
number plus 8 is 23?

Do you have a different strategy to share?
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Practice
Answer the following. Show all your work.
1. The length of a rectangle is 8 inches and its perimeter is 22 inches.
What is its width? Explain how you got your answer.
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

2. The width of a rectangle is 20 centimeters and its perimeter is 100
centimeters. What is its length? Explain how you got your answer.
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

Unit 3: Examining Formulas and Relationships with Geometric Shapes

157

3. The perimeter of a rectangle is 30 centimeters. In the table below, list
all possible whole number lengths and widths for this rectangle.
Remember: If you list a 10 by 5 rectangle, there is no need
to list a 5 by 10 rectangle, since they are congruent (~
= ), or
the same shape and size.
2(10) + 2(5) = 30
2(5) + 2(10) = 30.
Lengths and Widths for a Rectangle
with a Perimeter of 30 Centimeters (cm)
Length in
cm

Width in
cm

Perimeter
in cm
30
30
30
30
30
30
30

4. List the dimensions of the rectangle with the least area.
Answer:
List the dimensions of the rectangle with the greatest area.
Answer:
5. Crown molding is being purchased for placement where the 4 walls
of a dining room meet the ceiling. The dimensions of the dining
room are 14 feet by 17 feet. The crown molding cost $7.80 per
running foot. What is the cost of the crown molding for the dining
room?
Answer:
158
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Guess and Check to Find Dimensions of a Rectangle
Think about This!
The length of a rectangle is 12 more inches than its width. The perimeter
of the rectangle is 44 inches. What are the dimensions of the rectangle?
This problem could be solved by guess and check.
• If width is 1, length would be 13 and perimeter would be 28 inches.
• If width is 2, length would be 14 and perimeter would be 32 inches.
• If width is 3, length would be 15 and perimeter would be 36 inches.
• If width is 4, length would be 16 and perimeter would be 40 inches.
• If width is 5, length would be 17 and perimeter would be 44 inches.

Applying Formulas to Find Dimensions of a Rectangle
The problem above could also be solved by representing the width as w,
the length as w + 12, and the perimeter as 44. We could then write a
formula to solve. See below.
Formulas to Find Dimensions of a Rectangle with a Length of 12 More
Inches Than Its Width and a Perimeter of 44 Inches
l
+w+
l
+w=P
(w + 12) + w + (w + 12) + w = 44
4w
+
24
= 44
4w
+ 24 – 24
= 44 – 24
4w
= 20
4w
= 20
4
4
w
=5
If the width is 5, the length is
12 + 5 or 17.
2(l + w)
2(w + 12 + w)
2w + 24 + 2w
4w + 24
4w + 24 – 24
4w

=P
= 44
= 44
= 44
= 44 – 24
= 20
4w
= 20
4
4
w
=5
If the width is 5, the length is
12 + 5 or 17.

=P
= 44
= 44
= 44
= 44 – 24
= 20
4w
= 20
4
4
w
=5
If the width is 5, the length is
12 + 5 or 17.
2l
2(w + 12)
2w + 24
4w
4w

+
2w
+ 2(w)
+
2w
+
24
+ 24 – 24
4w

l
+w
w + 12 + w
2w + 12
2w + 12 – 12
2w

1

= 2 P
1
= 2 (44)
= 22
= 22 – 12
= 10
2w
= 10
2
2
w
=5
If the width is 5, the length is
12 + 5 or 17.

Do you have a different strategy to share?
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Practice
Answer the following. Show all your work.
1. The width of a rectangle is 4 less than its length and the perimeter is
20 centimeters. What are the dimensions of the rectangle? Explain
the strategy you chose.
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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Practice
Use the list below to write the correct term for each definition on the line provided.
commutative property
congruent ( ~
=)
distributive property

exponent
substitute
like terms
transitive property
simplify an expression whole number

________________________ 1. the numbers in the set {0, 1, 2, 3, 4, …}
________________________ 2. the order in which two numbers are added
or multiplied does not change their sum or
product
Example: 2 + 3 = 3 + 2 or 4 x 7 = 7 x 4
________________________ 3. the number of times the base occurs as a
factor
________________________ 4. figures or objects that are the same shape
and size
________________________ 5. terms that have the same variables and the
same corresponding exponents
________________________ 6. the product of a number and the sum or
difference of two numbers is equal to the
sum or difference of the two products
Example: x(a + b) = ax + bx
________________________ 7. when the first element has a particular
relationship to a second element that in
turn has the same relationship to a third
element, the first has this same
relationship to the third element
Example: For any numbers a, b, and c,
if a = b and b = c, then a = c.
________________________ 8. to replace a variable with a numeral
Example: 8(a) + 3
8(5) + 3
________________________ 9. to perform as many of the indicated
expressions as possible
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Lesson Two Purpose
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Select and justify alternative strategies, such as using
properties of numbers, including inverse, identity,
distributive, associative, and transitive, that allow
operational shortcuts for computational procedures in
real-world or mathematical problems. (MA.A.3.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Use concrete and graphic models to derive formulas for
finding perimeter, area, surface area, circumference, and
volume of two- and three-dimensional shapes, including
rectangular solids, cylinders, cones, and pyramids.
(MA.B.1.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)

162

Unit 3: Examining Formulas and Relationships with Geometric Shapes

Simplifying Expressions
The following strategy is frequently used to simplify expressions.
Since we know a – b = a + (-b),
• change each subtraction problem to an addition problem
by adding the opposite of the number which follows the
subtraction sign
• combine like terms (terms that have the same variable) by
adding.
Simplify
like terms
2a + 3 – 6a
2a + 3 – 6a = 2a + 3 + (-6a)
= -4a + 3

Simplify
8b + 7 – b – 6 like terms
8b + 7 – b – 6 = 8b + 7 + (-1b) + (-6)
= 7b + 1
like terms

The following practice allows you to extend your knowledge of perimeter
as you use some skills of algebra.
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Practice
The following expressions have like terms. Combine the like terms to simplify
the expression.
Remember: x is the same as 1x.
1. x + y + x + y =

4. r + 4s + 2r + 3r =

2. 2a + b + a + 3b =

5. s + 4s – 2s + 3r – 2r =

3. m + 2n + 3n + p =

Use the distributive property to write an equivalent expression for each of
the following.
Remember: The distributive property allows us to write an
equivalent expression for
a(b + c) as ab + ac
and
ab + ac as a(b + c)

164

3(5 + 3)

or

as 3(5) + 3(3)
and
3(5) + 3(3) as 3(5 + 3)

6. 4(2a + 3b) =

10. 24(3r + 7b) =

7. 2(6x + y) =

11. 4c + 10f =

8. 3(5m + 2n) =

12. 8b + 12s =

9. 9x + 18z =

13. 20v + 70d =
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Think about This!
When we mentally compute, we often use the distributive property.
Consider this example:
37(12) = 37(10 + 2 ) = 37(10) + 37(2) = 370 + 74 = 444
23(19) = 23(20 – 1) = 23(20) – 23(1) = 460 – 23 = 437
Use the distributive property to mentally compute the following products.
14. 22(11) =

17. 32(22) =

15. 15(19) =

18. 240(12) =

16. 45(9) =
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Polygons
So far, we have worked with rectangles and squares in this unit. These
shapes are considered polygons (having at least three sides that are line
segments (—) connected at their endpoints). There are many other shapes
included in the broad category of polygons.
This chart identifies many geometric shapes that are polygons.
Polygons
Name of Polygon

Description

rectangle

4 sides
4 right angles

triangle

3 sides

Examples

equilateral
triangle
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square

4 sides the same length
4 right angles
(A square is also a rectangle.)

pentagon

5 sides

hexagon

6 sides

heptagon

7 sides

octagon

8 sides

nonagon

9 sides

decagon

10 sides

isosceles
triangle

scalene
triangle
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Perimeter of Polygons
A regular polygon has sides of equal lengths and angles of equal
measurements, thus all sides and angles are congruent. This knowledge
will aid us in finding the perimeter of regular polygons.
To compute the perimeter (P) of a polygon, we determine the distance
around the polygon. Lengths of sides and various formulas are used. Sides
are the edges of two-dimensional geometric figures. Two-dimensional
figures have two dimensions: length (l) and width (w).
We have used formulas to find perimeter of rectangles in this unit. For
other polygons in this unit, such as triangles, trapezoids, and pentagons,
we simply add the lengths of all the sides (s) to get perimeter (P). See some
examples on the following page.
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Formulas for Finding the Perimeter of Polygons
Examples

Formulas
Perimeter = the sum of the lengths of the
three sides—a, b, and c

triangle
20 cm

12 cm

P= a + b
+ c
P = 12 cm + 16 cm + 20 cm
P = 48 centimeters
The perimeter is 48 centimeters.

16 cm

Perimeter = 4 times the length (l) of one
side (s = side length)

square
18 m
18 m

Perimeter = 2 times the length (l) plus 2
times the width (w)
P=
2l + 2w
P = 2(15 ft) + 2(10 ft)
P = 30 ft + 20 ft
P = 50 ft
The perimeter is 50 feet.

rectangle

10 ft
15 ft
trapeziod
6 in.
9 in.

8 in.

P = 4s
P = 4(18 m)
P = 72 m
The perimeter is 72 meters.

12 in.
pentagon
36 in.
18 in.
24 in.
18 in.

Perimeter = the sum of the lengths of all the
sides
P = s1 + s2 + s3 + s4
P = 8 in. + 6 in.+ 9 in. + 12 in.
P = 35 in.
The perimeter of the trapezoid is 35 inches.

Perimeter = the sum of the lengths of all the
sides
P = s1 + s2 + s3 + s4 + s5
P = 24 in. + 36 in. + 18 in. + 18 in. + 36 in.
P = 132 in.
The perimeter of the pentagon is 132 inches.

36 in.
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Practice
Complete the following table.
Perimeter of Regular Polygons
Number of Name of
Congruent Polygon
Sides and
Angles
3

equilateral
triangle

4
5

4 inches

10

12 inches

General Formula
for Perimeter

s+s+s=P
or 3s = P
s+s+s+s=P
or 4s = P

30 centimeters

pentagon
2 feet
heptagon

5
centimeters

8
9

Perimeter

2.5 inches

6
7

Length
of a Side

72 millimeters
nonagon

s+s+s+s+s+s+s+s=P

or 8s = P

10 inches
15 inches
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Perimeter of Isosceles Triangles
All triangles are not regular polygons. A triangle with two congruent sides
and two congruent angles is called an isosceles triangle. If the side lengths in
an isosceles triangle are 4 inches, 4 inches, and 3 inches, the perimeter
would be 11 inches.
4 + 4 + 3 = 11
The general formula could be
a+a+b=P
where a represents the length of each of the 2 congruent sides, b represents
the length of the third side and P represents the perimeter.
Combining like terms, we could also write this formula as
2a + b = P
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Practice
Use the formula below to find the perimeter of each of the following isosceles
triangles. Combine like terms to simplify the expression. Explain how you
got your answer. Show your work.
a+a+b=P
or
2a + b = P
5 inches

1.
6 inches

5 inches

Answer:
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

2.

3 inches

3 inches

2.5 inches

Answer:
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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3.
4 inches

4 inches

x inches

Answer:
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
y centimeters

4.

7 centimeters
y centimeters

Answer:
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

172

Unit 3: Examining Formulas and Relationships with Geometric Shapes

5.
x millimeters

x millimeters

y millimeters

Answer:
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

6. If an isosceles triangle has two sides with a length of 4 inches and a
perimeter of 13 inches, what is the length of the third side?
Answer:

inches

7. If the longest side of an isosceles triangle has a length of 12
centimeters and the perimeter of the triangle is 30 centimeters, what
is the length of one of the two congruent sides?
Answer:

centimeters
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Perimeter of Scalene Triangles
A triangle with no congruent sides and no congruent angles is called a
scalene triangle.
If the side lengths of a scalene triangle are 4 inches, 5 inches, and 8 inches,
the perimeter will be 17 inches.
4 + 5 + 8 = 17
The general formula could be
a+b+c=P
where a, b, and c represent the three different side lengths and P
represents the perimeter.
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Practice
Use the formula below to find the perimeter of each of the following scalene
triangles. Combine like terms to simplify the expression. Explain how you
got your answer. Show your work.
a+b+c=P
1. 5 inches

8 inches
10 inches

Answer:
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

2. 5 inches

6 inches
2 inches

Answer:
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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3.
15 centimeters

21 centimeters

10 centimeters

Answer:
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
4. The perimeter of a regular polygon is 40 centimeters and the length
of each side is a whole number. Name all polygons it might be if it
has less than 12 sides. Explain.
Answer:____________________________________________________
___________________________________________________________
Explanation: ________________________________________________
___________________________________________________________
5. The following pentagon is not a regular polygon since all sides and
all angles are not congruent. Find the perimeter of this pentagon.
x centimeters
y centimeters
x centimeters
y centimeters
x centimeters

Answer:
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Practice
Match each polygon shape with the correct polygon name. Write the letter on
the line provided.
polygon shape

polygon name

______

1.

A. decagon

______

2.

B. equilateral triangle

______

3.

C. heptagon

______

4.

D. hexagon

______

5.

E. isosceles triangle

______

6.

F. nonagon

______

7.

G. octagon

______

8.

H. pentagon

______

9.

I. rectangle

______ 10.

______ 11.

J. scalene triangle

K. square
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Practice
Use the list below to write the correct term for each definition on the line provided.
equilateral triangle
isosceles triangle
regular polygon
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scalene triangle
two-dimensional

____________________________

1. a triangle having no congruent
sides

____________________________

2. a polygon that is both equilateral
(all sides congruent) and
equiangular (all angles congruent)

____________________________

3. a triangle with three congruent
sides

____________________________

4. existing in two dimensions;
having length and width

____________________________

5. a triangle with two congruent
sides and two congruent angles
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Lesson Three Purpose
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Select and justify alternative strategies, such as using
properties of numbers, including inverse, identity,
distributive, associative, and transitive, that allow
operational shortcuts for computational procedures in
real-world or mathematical problems. (MA.A.3.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Use concrete and graphic models to derive formulas for
finding perimeter, area, surface area, circumference, and
volume of two- and three-dimensional shapes, including
rectangular solids, cylinders, cones, and pyramids.
(MA.B.1.4.1)
• Relate the concepts of measurement to similarity and
proportionality in real-world situations. (MA.B.1.4.3)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors on
calculations. (MA.B.3.4.1)
• Represent and apply geometric properties and
relationships to solve real-world and mathematical
problems including ratio and proportion. (MA.C.3.4.1)
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• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)

Circles
Suppose that you tie a string to a thumbtack and push it into a piece of
cardboard. Next you tie a marker or pencil to the other end of the
string and you move the string around the thumbtack. The curved
line drawn by the marker or pencil is a circle. The thumbtack is
the center of the circle. The center of the circle is the point
from which all the points on the circle are the same
distance.
A circle is the set of all points that are the same distance
from the center. The distance of any line segment drawn
from the center to any point on the circle is called a
radius (r). A diameter (d) of a circle is the distance of a line segment (—)
from one point of the circle to another, through the center.
The distance around a circle is called the circumference (C) while the
distance around polygons is called the perimeter.

Circles

)

ci

C

rc

circumference (C) - the distance around a
circle or the perimeter (P) of a circle

fe r e n c e
um
(

diameter (d) - a line segment that passes
through the center of a circle to another
point on a circle

diameter (d)
r)
s(
diu
ra

center of a
circle

center of a circle - the point from which all
points on a circle are the same distance
radius (r) - any line segment from the center
of a circle to a point on a circle
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Circumference—The Distance around a Circle
You may have had the opportunity in the past to measure the circumference
of a variety of circular objects along with the diameter for each. You
probably noticed that the circumference was a bit more than 3 times the
diameter for each of your circular objects. You then might have used the
following formula for circumference
C = πd
where C represents circumference, π is the Greek letter π (pi) and
represents approximately 3.14, and d represents diameter.
Another equivalent formula sometimes seen is
C = 2πr
where C represents circumference and r represents radius. We know these
two formulas are equivalent because the length of the diameter in a given
circle is twice the length of a radius in that circle.
pi (π)
If you look on a scientific calculator, you will find a key for π. If you press
it, you will probably get 3.141592654.
π is neither 3.14 nor the long number which the calculator gave us. One of
the great challenges faced by mathematicians through the ages has been
trying to find an exact value for π. However, there isn’t one! In this section
we will use 3.14 for π. Our answers will be approximate (≈).
If the π key on the calculator is used, the answer will be more accurate but
still approximate.
Note: The fraction

22
7

is also used for π.
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Practice
Use the formula below to find the circumference of each of the following circles.
You may use 3.14 or 22
7 for π, whichever is more convenient. Show all your work.
Round to the nearest whole number.
C = πd or C = 2πr
1.

4.
ers

s

met

nti
0 ce

5i

nc

he

1

Answer:
Answer:
2.
7 centimeters

5.
21

cen

tim

ete

rs

Answer:

3.
7 inches

Answer:

Answer:
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6. Choose three of the circles in numbers 1-5 to explain how you might
use mental math to determine the circumference rather than using a
calculator or paper and pencil.

Explanation for circle number

:

___________________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

Explanation for circle number

:

___________________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

Explanation for circle number

:

___________________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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Finding the Perimeter of Non-Rectangular Parallelograms
Using the Pythagorean Theorem
You may have had the opportunity in the past to determine the perimeter
of non-rectangular parallelograms. A parallelogram is a quadrilateral (foursided polygon) with two pairs of parallel ( ) sides.
If the side lengths were provided, you simply found their sum.
If the side lengths were not provided you likely estimated, used string
and/or a ruler, or you may have used the Pythagorean theorem.
Consider the following parallelogram.
parallelogram

4

10

By counting, we can see that the length of the base is 10 units and that the
height is 4 units. However, we do not know the length of the shorter side.
To find the length of the shorter side of the parallelogram, we can sketch in
a right triangle and use the Pythagorean theorem, which tells us that in a
right triangle,
a2 + b2 = c2
where a and b represent the lengths of the two shorter sides called the legs
and c represents the length of the longest side called the hypotenuse.
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The Pythagorean Theorem
Pythagorean theorem: In a right triangle,
the sum of the square of the lengths of
the legs a and b equals the square of the
length of the hypotenuse c.
Algebraically: a2 + b2 = c2

hypotenuse
leg a

c

right angle
measures
exactly 90
degrees (°)

leg b

Remember: To square a number, multiply it by itself.
Example: The square of 6 or 62 = 6 x 6 = 36.
Now, to determine the perimeter of the parallelogram, we need to
determine the dimension of the shorter side.

parallelogram
c=?
a=4
b=3
10

The height (h) of the triangle and parallelogram is 4. The base (b) of the
parallelogram is 10. The base of the triangle is 3.
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Let’s substitute the two shorter
sides (legs) into the Pythagorean
theorem below.
a2 + b2 =
42 + 32 =
16 + 9 =
25 =
5 =

parallelogram
c=5
a=4

c2
c2
c2
c2
c

b=3

Now we can determine the
perimeter of the parallelogram.
Find the sum of all sides.

parallelogram
10
5

5 + 5 + 10 + 10
2(5) + 2(10)
10 + 20
30

=P
=P
=P
=P

5
10

So the perimeter of the parallelogram is 30.
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Practice
Find the perimeter of each of the following parallelograms. Show all your
work.
Pythagorean theorem
a2 + b2 = c2

perimeter of a parallelogram
sum of all sides

1.
3
4
10

2.

6

8
15

3.

12

5
20
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Practice
Match the shapes with the correct formula for finding perimeter or
circumference. Write the letter on the line provided.
Shapes

Formulas
2 semicircles

A. P = 2l + 2w

_______ 1.

_______ 2.

a

c

B. P = 2l + w +

b

_______ 3.

a

1
2

πd

a

C. P = a + b + c

b
w

_______ 4.
l

_______ 5.

D. C = πd

E. P = 2l + πd

s
d

_______ 6.

a

c

F. P = a + b + c + d

b
semicircle

_______ 7.

_______ 8.

G. P = 2a + b

w
l
a

b
b

_______ 9.
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a
d

b

H. P = 4s

b

I. P = 2a + 4b

Unit 3: Examining Formulas and Relationships with Geometric Shapes

Practice
Match each definition with the correct term. Write the letter on the line provided.
______

1. the longest side of a right
triangle

A. circumference (C)

______

2. if a = b and b = c, then a = c

B. congruent (≈)

______

3. an irrational number with
common approximations of
either 3.14 or 22
7

______

4. x(a + b) = ax + bx

______

5. a line segment from any point on
the circle passing through the
center to another point on the
circle

______

6. the distance around a circle

______

7. in a right triangle, one of the two
sides that form the right angle

______

8. c2 = a2 + b2

______

9. a quadrilateral with two pairs of
parallel sides

C. diameter (d)
D. distributive
property
E. hypotenuse
F. leg
G. octagon
H. parallelogram

______ 10. to replace a variable with a
numeral
______ 11. a line segment extending from
the center of a circle or sphere to
a point on the circle or sphere

I. pi (π)
J. Pythagorean
theorem
K. radius (r)
L. substitute

______ 12. a polygon with eight sides
______ 13. figures or objects that are the
same shape and size

M. transitive
property
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Unit 4: Coordinate Grids and Geometry
This unit extends the knowledge of coordinate grids through plotting,
transformations of images on a grid, and graphing and solving linear
equations.

Unit Focus
Number Sense, Concepts, and Operations
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
Measurement
• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
Geometry and Spatial Sense
• Understand geometric concepts such as perpendicularity,
parallelism, congruency, similarity, and symmetry.
(MA.C.2.4.1)

• Using a rectangular coordinate system (graph), apply and
algebraically verify properties of two-dimensional
figures, including distance, midpoint, slope, parallelism,
and perpendicularity. (MA.C.3.4.2)
Algebraic Thinking
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)

Vocabulary

ra

angle ( ) .......................................... two rays extending from a
common endpoint called the
vertex; measures of angles
are described in
vertex
degrees (°)

y

Use the vocabulary words and definitions below as a reference for this unit.

ray

axes (of a graph) ............................ the horizontal and vertical number lines
used in a coordinate plane system;
(singular: axis)
bisect................................................ to cut or divide into two equal parts
coefficient ....................................... the number part in front of an algebraic
term signifying multiplication
Example: In the expression 8x2 + 3xy – x,
• the coefficient of x2 is 8
(because 8x2 means 8 • x2)
• the coefficient of xy is 3
(because 3xy means 3 • xy)
• the coefficient of -x is 1
(because -1 • x = -x).
In general algebraic expressions,
coefficients are represented by letters
that may stand for numbers. In the
expression ax2 + bx + c = 0, a, b, and c are
coefficients, which can take any number.
coordinate grid or plane .............. a two-dimensional network of
horizontal and vertical lines that are
parallel and evenly-spaced; especially
designed for locating points, displaying
data, or drawing maps
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coordinate plane ............................ the plane containing the x- and y-axes
coordinates ..................................... numbers that correspond to points on a
coordinate plane in the form (x, y), or a
number that corresponds to a point on a
number line
degree (°) ......................................... common unit used in measuring angles
endpoint ......................................... either of two points
marking the end of a
line segment

S

P
S and P are
endpoints

equation .......................................... a mathematical sentence in which two
expressions are connected by an equality
symbol
Example: 2x = 10
equidistant ..................................... equally distant
flip ................................................... see reflection
formula ........................................... a way of expressing a relationship using
variables or symbols that represent
numbers
graph ............................................... a drawing used to represent data
Example: bar graphs, double bar graphs,
circle graphs, and line graphs
graph of an equation .................... all points whose coordinates are
solutions of an equation
graph of a point ............................. the point assigned to an ordered pair on
a coordinate plane
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height (h)......................................... a line segment extending from the
vertex or apex (highest point) of a figure
to its base and forming a right angle
with the base or plane that contains the
base
height (h)
base (b)

height (h)

height (h)
base (b)

base (b)

infinite ............................................ having no boundaries or limits
intersect ........................................... to meet or cross at one point
intersection ..................................... the point at which lines or curves meet;
the line where planes meet
length (l) ......................................... a one-dimensional measure that is the
measurable property of line segments
line (

) ........................................ a collection of an infinite number of
points in a straight pathway with
unlimited length
A
and having no width

B

linear equation .............................. an algebraic equation in which the
variable quantity or quantities are raised
to the zero power or first power and the
graph is a straight line
Example: 20 = 2(w + 4) + 2w; y = 3x + 4
line of reflection ............................ the line over which a figure is flipped in
a reflection; also called a flipline
line of symmetry ........................... a line that divides a
figure into two
congruent halves that are
mirror images of each other
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line of
symmetry
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line segment (—) ........................... a portion of a line that consists of two
defined endpoints and all the points in
between
B
Example: The line segment A
AB is between point A and point B and
includes point A and point B.
measure (m) of an angle ( ) ........ the number of degrees (°) of an angle
negative numbers ......................... numbers less than zero
ordered pair .................................... the location of a single point on a
rectangular coordinate system where the
first and second values represent the
position relative to the x-axis and y-axis,
respectively
Example: (x, y) or (3, -4)
origin ............................................... the point of intersection of the x- and
y-axes in a rectangular coordinate
system, where the x-coordinate and
y-coordinate are both zero (0)
parallel ( ) ...................................... being an equal distance at every point so
as to never intersect
pattern (relationship) ................... a predictable or prescribed sequence of
numbers, objects, etc.; may be described
or presented using manipulatives,
tables, graphics (pictures or drawings),
or algebraic rules (functions)
Example: 2, 5, 8, 11 … is a pattern. Each
number in this sequence is three more
than the preceding number. Any
number in this sequence can be
described by the algebraic rule, 3n – 1,
using the set of counting numbers for n.
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perimeter (P) .................................. the distance around a polygon
A

perpendicular ( ) ......................... two lines, two line
segments, or two
planes that
intersect to form a
right angle
perpendicular bisector

C

D

B
AB is a perpendicular
bisector of CD

(of a segment) ................................ a line that divides a line
segment in half and meets
the segment at right angles
perpendicular lines....................... two lines that intersect to form right
angles
plane ................................................ an infinite, two-dimensional geometric
surface defined by three non-linear
points or two distinct parallel or
intersecting lines
point ................................................ a specific location in space that has no
discernable length or width
positive numbers .......................... numbers greater than zero
product ............................................ the result of multiplying numbers
together
Example: In 6 x 8 = 48,
48 is the product.
protractor ........................................ an instrument used
for measuring and
drawing angles
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quadrant ......................................... any of four
regions formed
by the axes in a
rectangular
coordinate
system

Quadrant Quadrant
II
I
Quadrant Quadrant
III
IV

quotient ........................................... the result of dividing two numbers
Example: In 42 ÷ 7 = 6,
6 is the quotient.
rate of change ................................. how a quantity is changing over time
ratio .................................................. the comparison of two quantities
Example: The ratio of a and b is a:b or
where b ≠ 0.
ray (

a
b

,

) ........................................... a portion of a line that
begins at an endpoint
and goes on indefinitely in one direction

reflection ......................................... a transformation that
produces the mirror
image of a geometric
figure over a line of
reflection; also called a flip
reflectional symmetry .................. when a figure has at least one line which
splits the image in half, such that each
half is the mirror image or reflection of
the other; also called line symmetry or
mirror symmetry
relationship (relation) .................. see pattern
right angle ...................................... an angle whose measure
is exactly 90°
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rotation ............................................ a transformation of a
figure by turning it
about a center point or
axis; also called a turn
Example: The amount
fixed point
of rotation is usually
expressed in the number of degrees,
such as a 90° rotation.
rotational symmetry ..................... when a figure can be turned less than
360 degrees about its center point to a
position that appears the same as the
original position; also called turn
symmetry

side

si

e

si

de

sid

side

de

side ................................................... the edge of a polygon, the face of a
polyhedron, or one of the rays that make
up an angle
Example: A triangle has three sides.

side

edge of a polygon

ray of an angle
face of a polyhedron

slide ................................................. see translation
slope ................................................ the ratio of change in the vertical axis
(y-axis) to each unit change in the
horizontal axis (x-axis) in the form rise
run
∆y

or ∆x ; the constant, m, in the linear
equation for the slope-intercept form
y = mx + b
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solution ........................................... any value for a variable that makes an
equation or inequality a true statement
Example: In y = 8 + 9
y = 17
17 is the solution.
solve ................................................. to find all numbers that make an
equation or inequality true
square .............................................. a rectangle with four sides
the same length
substitute ........................................ to replace a variable with a numeral
Example: 8(a) + 3
8(5) + 3
symmetry ........................................ a term describing the result
of a line drawn through the
center of a figure such that
the two halves of the figure
are reflections of each other
across the line
table (or chart) ............................... a data display that organizes
information about a topic into categories
transformation ............................... an operation on a geometric figure by
which another image is created
Example: Common transformations
include reflections (flips), translations
(slides), rotations (turns), and dilations.
translation ...................................... a transformation in which every point in
a figure is moved in the same direction
and by the same
distance; also
called a slide
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translational symmetry ................ when a figure can slide on a plane (or
flat surface) without turning or flipping
and with opposite sides staying
congruent
triangle ............................................ a polygon with three sides; the sum of
the measures of the angles is 180°

turn .................................................. see rotation
value (of a variable) ...................... any of the numbers represented by the
variable
variable ........................................... any symbol, usually a letter, which
could represent a number

ra

y

vertex ............................................... the point common to the two rays that
form an angle; the point common to any
two sides of a polygon; the point
common to three or more edges
of a polyhedron; (plural:
vertices); vertices are
named clockwise or
counterclockwise
vertex
ray

x-axis ................................................ the horizontal number line on a
rectangular coordinate system
x-coordinate ................................... the first number of an ordered pair
x-intercept ....................................... the value of x at the point where a line
or graph intersects the x-axis; the value
of y is zero (0) at this point

Unit 4: Coordinate Grids and Geometry

201

y-axis................................................ the vertical number line on a rectangular
coordinate system
y-coordinate ................................... the second number of an ordered pair
y-intercept ...................................... the value of y at the point where a line
or graph intersects the y-axis; the value
of x is zero (0) at this point
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Unit 4: Coordinate Grids and Geometry
Introduction
Geometry provides opportunities to draw and build models, to sort and
classify, to conjecture and test, and to improve spatial visualization and
reasoning skills. It can increase our appreciation of the physical world and
our ability to function in it. As you work through this unit, think about
ways you can apply these skills to solve real-world problems graphically
and algebraically.

Lesson One Purpose
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Understand geometric concepts such as perpendicularity,
parallelism, congruency, similarity, and symmetry.
(MA.C.2.4.1)
• Using a rectangular coordinate system (graph), apply
and algebraically verify properties of two-dimensional
figures, including distance, midpoint, slope, parallelism,
and perpendicularity. (MA.C.3.4.2)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)

Unit 4: Coordinate Grids and Geometry

203

Graphing on the Coordinate Plane
Think about This!
A coordinate plane is a plane containing both the x-axis and y-axis. A
plane is a flat surface with no boundaries. When drawing a coordinate plane,
the coordinate grid or plane will have a horizontal ( ) axis that is
usually referred to as the x-axis and a vertical ( ) axis that is usually
referred to as the y-axis (see below).
The point at which the axes intersect is known as the origin. The
coordinates of the origin are (0, 0). The two axes at that intersection form
four regions or quadrants. However, the origin and the axes are not in any
quadrant.
vertical number line
(y-axis)
Quadrant II
(-, +)

5

Quadrant I

4

(+, +)

3
2
1
-5 -4 -3 -2 -1 0
-1

origin
1

2

horizontal number line
(x-axis)
3 4 5

-2
-3
Quadrant III

-4

Quadrant IV

(-, -)

-5

(+, -)

coordinate grid or system
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The Four Quadrants
Each point on the coordinate grid has a coordinate pair (x, y), also known as
the ordered pair.

I

• If both coordinates are positive numbers, such as (2, 1),
the point is in Quadrant I.
• If the first coordinate, the x-coordinate, is a negative
number (-2) and the second coordinate, the y-coordinate,
is a positive number (3), the point is in Quadrant II.
• If both coordinates are negative numbers (-3, -1), the point
is in Quadrant III.
• If the first coordinate, the x-coordinate, is a positive number
(2) and the second coordinate, the y-coordinate is a
negative number (-4), the point is in Quadrant IV.

II

III

IV

The x-Intercept and y-Intercept
• If the second coordinate, the y-coordinate, is zero, the
point is on the x-axis and is called the x-intercept (-1.5, 0).
• If the first coordinate, the x-coordinate, is zero, the point
is on the y-axis and is called the y-intercept (0, 3.5).
y-intercept
y
Quadrant II

Quadrant I
coordinates

(0, 3.5)
3

(-2, 3)
(-1.5, 0)
-3

x-intercept

-2

-1

(-3, -1)

Quadrant III

2

(2, 1)

1
0
-1
-2

1

2

3

x

y-coordinate
x-coordinate

Quadrant IV

-3

(2, -4)

coordinate grid or system

Unit 4: Coordinate Grids and Geometry

205

Locating Points
To locate ordered pairs or coordinates such as (5, 4) on a coordinate grid or
plane, do the following.
• Start at the origin (0, 0) of the grid.
• Locate the first number of the ordered pair or the
x-coordinate on the x-axis ( ). The first number tells us
whether to move left or right from the origin. If the
number is positive we move right. If the number is negative
we move left.
• Then move parallel ( ) to the y-axis and locate the second
number of the ordered pair or the y-coordinate on the
y-axis ( ) and draw a point. The second number tells us
whether to move up or down. If the number is positive we
move up. If the number is negative we move down.
y

ordered pair or
coordinates

5

x-coordinate

4

(5, 4)

3

y-coordinate

2
1
-5 -4 -3 -2

-1 0
-1

x
1

2

3

4

5

-2
-3
-4
-5

locating ordered pairs
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Study how to plot or draw a graph of a point named by ordered pairs on
a coordinate plane.
Graph (3, 2). Then graph (2, -1) and (-2, 0).

Start at the origin.

y

x-coordinate

4
3

-3 -2

right 3

(3, 2)

2
1

(-2, 0)

-1 0
-1

y-coordinate
(3, 2)

1

3

x

4

(2, -1)

-2

right 2

(2, -1)
(-2, 0)

left 2

up 2
down 1
do not move
up or down

Graph (-3, 1). Then graph (-4, -2) and (0, -2).
Start at the origin.
x-coordinate
y-coordinate
(-3, 1)

y
(-3, 1)

2
1

-5 -4 -3 -2 -1

0
-1
-2

(-4, -2)

1

2

3

x

(0, -2)

left 3
left 4

-3
-4

Unit 4: Coordinate Grids and Geometry

do not move
left or right

(-4, -2)
(0, -2)

up 1
down 2
down 2
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Notice how the signs of the coordinates tell us which directions we should
move from the origin.
(3, 2)
(+, +)
(right, up)

(-3, 2)
( - , +)
(left, up)

(-3, -2)
(-,-)
(left, down)

(3, -2)
(+, - )
(right, down)

y
(-3, 2)

3

(3, 2)

2
1
-4 -3 -2 -1

0
-1

1

2

3

4

x

-2

(-3, -2)

-3

(3, -2)

Note that the point (0, 0) is the origin.
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Practice
Use the list below to write the correct term for each definition on the line provided.
axes (of a graph)
coordinate grid or plane
coordinates
intersect

ordered pair
origin
x-axis
y-axis

________________________ 1. the location of a single point on a
rectangular coordinate system where the
first and second values represent the
position relative to the x-axis and y-axis,
respectively
________________________ 2. numbers that correspond to points on a
coordinate plane in the form (x, y)
________________________ 3. the vertical number line on a rectangular
coordinate system
________________________ 4. the horizontal and vertical number lines
used in a coordinate grid plane
________________________ 5. the point of intersection of x- and y-axes
in a rectangular coordinate system,
where the x-coordinate and y-coordinate
are both zero (0)
________________________ 6. to meet or cross at one point
________________________ 7. a two-dimensional network of
horizontal and vertical lines that are
parallel and evenly-spaced
________________________ 8. the horizontal number line on a
rectangular coordinate system
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______

1. the point assigned to an ordered
pair on a coordinate plane

______

2. numbers less than zero

______

3. any of four regions formed by the
axes in a rectangular coordinate
system

______

4. the first number of an ordered pair

______

5. the second number of an ordered
pair

______

6. the value of y at the point where a
line or graph intersect the x-axis; the
value of x is zero (0) at this point

______

7. the plane containing the x- and
y-axes

______

8. being an equal distance at every
point so as to never intersect

______

9. the value of x at the point where a
line or graph intersect the y-axis; the
value of y is zero (0) at this point

______ 10. the point at which lines or curves
meet
______ 11. numbers greater than zero
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A. coordinate
plane
B. graph of a
point
C. intersection
D. negative
numbers
E. parallel ( )
F. positive
numbers
G. quadrant
H. x-coordinate
I. x-intercept
J. y-coordinate
K. y-intercept
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Transformations
People sometimes create new geometric figures by moving a figure
according to a set of rules. When each point on the original figure can be
paired with exactly one point on the new figure, and vice versa, a
transformation results. The new figure is called the image.
Transformations include translations or slides, rotations or turns, and
reflections or flips.
Translations or Slides
If you draw a figure on a piece of paper and slide it a
certain distance in a certain direction, you have modeled a translation, or
slide. If you move it again the same distance and in the same direction, you
continue the translation. The distance and direction define the slide. When
you use a coordinate grid, an ordered pair provides this information.
Example: You can slide a figure by moving it along a surface. The slide
may be in a vertical ( ), horizontal ( ), or diagonal ( )
direction.
In a translation or slide, every point in the figure slides the same distance
and in the same direction. Use a slide arrow to show the direction of the
movement. The slide arrow has its endpoint on one point of the first
figure and its arrow on the corresponding point in the second figure.
The figure to be moved is labeled with letters EFGH. It has moved 4 units
to the right and 1 unit down. The transformed image (the second figure) is
labeled with the same letters and a prime sign (‘). You read the second
figure E prime, F prime, G prime, H prime.
1

y

2

3

4

E

6

4

H

G

3

H’

2

G’

F

1

F’
0

1

E’

5

The slide arrow shows
that the slide moves
figure EFGH 4 units
right and 1 unit down.

1

2

3
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4

5

6

7

8

x
9
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Rotations or Turns
Draw a triangle on a sheet of paper, then place a dot or point on the paper.
Using your pen or pencil, rotate the page about the point. You are
modeling a rotation or turn. Points in the original figure turn a specific
number of degrees (°) about a fixed center point. The center of rotation, the
direction of rotation (clockwise or counterclockwise), and the number of
degrees define a rotation.
Examples: You can rotate a figure by turning the figure around a point. The
point can be on the figure, or it can be some other point. This
point is called the turn center or point of rotation.

G

F

F’
E

The point of rotation is E.
E is a point of rotation on
the figure.

G’

L

M

K

N

The point of rotation
is J. J is a point of
rotation not on the
figure.

K’

L’

N’

M’

J

212

Unit 4: Coordinate Grids and Geometry

Measuring Degree of Rotation around a Point
Figures can be rotated around a point. The rotation leaves the figure
looking exactly the same. Use a protractor to measure the angle ( ) of
rotation.

erclockwis
o u nt
e

c

0

40

1
40

30

150

60
20 1

16

0

10 170

13

50

ck

0

0

0

cl o

80 10

11

0

0

70

14

15

90

0

13

20

12

50

40

30

ise

60

w

80 10
0
70
110
60
12
0

Look at the figure below to remind yourself how protractors measure
angles. You can see that protractors are marked from 0 to 180 degrees in a
clockwise manner, as well as a counterclockwise manner. Notice that 10
and 170 are in the same position. The 55 and 125 are also in the same
position.

vertex

0 180

ray

10 170

0 180

Whether you are using a protractor to find the measure (m) of an
angle ( ) or to measure the degree of rotation around a point, you use
similar strategies. To measure the degree of rotation around a point, do the
following.
• Place the center of the protractor on the point of the rotation.
• Line up the 0 degree mark with the start of the rotation.
• Use a straightedge to extend the line for easier reading of the
measure.
• Rotate the figure and mark the place the rotated figure (the new
image) matches the original figure.
• Extend the line with a straightedge and note the degree on the
protractor.
The point of rotation represents the vertex of the angle. The vertex is the
common endpoint from which the two rays ( ) begin. The ray through
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0 degrees lines up with a point on the original figure. The ray through its
corresponding point on the image passes through the measure of the angle
of rotation.
Note that the measure of the angle of rotation for the first figure below is
90 degrees, and the second figure below is 180 degrees.
When you rotate a figure, you can describe the rotation. Tell the direction
(clockwise or counterclockwise) and the angle that the figure is rotated
around the point of rotation. The amount of rotation is expressed in the
number of degrees it was rotated from its starting point.

0°

start of rotation
The figure was rotated 90°
counterclockwise about
point S.

90°

90°
S

0°

180°

end of
rotation

90°

180°

214

The figure was rotated
180° clockwise about
point W.

180°

W

end of
rotation

start of rotation
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Reflections or Flips
When you draw a triangle on a sheet of paper, place the edge of a mirror
on your paper and look at the image of the triangle in your mirror. You are
modeling a reflection or flip. A line of reflection defines a reflection. The
line of reflection, called a flip line, is a perpendicular bisector of any line
segment (—) connecting a point on the original figure to its corresponding
point on the reflected figure. A perpendicular bisector is a line ( ) that
bisects or divides a line segment in half and meets the segment at a right
angle.
Remember: Perpendicular ( ) means forming a right angle.
Perpendicular lines are two lines that intersect to form right
angles.
Example: The reflection you see in a mirror is the reverse image of what
you are looking at. In geometry, a reflection is a transformation in
which a figure is flipped over a line. That is why a reflection is
also called a flip. You flip the figure over a line.
Each point in a reflection image is equidistant (the same
distance) from the line of reflection as the corresponding point in
the original figure.
right angle symbol
G
F

F’

equidistant
H

G’

line of
reflection or
flip line is a
perpendicular
bisector

equidistant
s

H’

F and F’ are both 2 units from the line s.
G and G’ are both 4 units from the line s.
H and H’ are both 4 units from the line s.
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Symmetry
If a figure can be folded along a line so that it has two parts
that are congruent and match exactly, that figure has line
symmetry. Line symmetry is often just called symmetry.
The fold line is called the line of symmetry. Sometimes
more than one line of symmetry can be drawn.

line of
symmetry

A figure can have no lines of symmetry,

one line of symmetry,

or more than one line of symmetry.

Consider the following polygons and their line(s) of symmetry.

isosceles triangle

equilateral triangle

216

Notice 3 lines of symmetry.
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Types of Symmetry: Reflectional, Rotational, and
Translational
• A figure can have reflectional symmetry. If a figure has at
least one line of symmetry, a figure has reflectional
symmetry. Once split, one side is the mirror image or
reflection of the other. It is even possible to have more
than one line of reflectional symmetry.
• A figure can have rotational symmetry or turn symmetry.
If a figure can rotate about its center point to a position
that appears the same as the original position, it has
rotational symmetry or turn symmetry. The amount of
rotation is usually expressed in degrees.
• A figure can have translational symmetry. If a figure can
slide on a plane (or flat surface) without turning or flipping
and have its opposite sides stay congruent, it has
translational symmetry. The distance and direction of the
slide are important.
Which figures on the previous page do you think have reflectional
symmetry? Which have turn or rotational symmetry? Which one could
have translational symmetry?
Remember: Lines of symmetry lines do not have to be horizontal
( ) or vertical ( ). Lines of symmetry can also be diagonal ( ).
A

B

D

C

A

B

H

C

G

D
F

E

Let’s continue to explore symmetry with the practice that follows.
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Practice
Match each illustration with the most correct term. Write the letter on the line
provided.

______

1.

A. reflection or flip
fixed point

______

2.

B. rotation or turn

______

3.

C. translation or slide

Use the list below to label the two axes, the origin, and the four quadrants on
the coordinate grid provided.
I
II
III
IV

4.
5. Quadrant

origin
x
y

-axis

7. Quadrant

8.
10.

6. Quadrant

218

-axis

9. Quadrant
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Practice
The sets of points you are asked to plot will result in examples of
transformations.
1. Complete the following.
a. On the grid provided, plot the following sets of points. Connect
the points in each set.
Set One: (0, 3), (0, 5), (2, 4)
Set Two: (-3, 0), (-5, 0), (-4, 2)
Set Three: (0, -3), (0, -5), (-2, -4)
Set Four: (3, 0), (5, 0), (4, -2)
Graph of Set One, Two, Three, and Four
y
Quadrant II

Quadrant I

7
6
5
4
3
2
1

-7 -6 -5 -4 -3 -2 -1 0
-1

x
1

2

3

4

5

6

7

-2
-3
-4
-5
-6
Quadrant III
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Quadrant IV

219

b. Give the coordinates of the x-intercepts on your grid.
Remember: The x-intercept is the value of x on a
graph when y is zero (0).
_____________________________________________________
c. Give the coordinates of the y-intercepts on your grid.
Remember: The y-intercept is the value of x on a
graph when x is zero (0).
_____________________________________________________
d. If the triangle in Quadrant I is rotated counterclockwise
degrees using the origin (0, 0) as the point of
rotation, it will exactly cover the triangle in Quadrant II.
Note: The origin (0, 0) is a point of rotation not on the figure.
(Additional rotations of the same number of degrees and the
same point of rotation would result in coverage of triangles in
Quadrants III and IV, if your points were plotted correctly.)

220

Unit 4: Coordinate Grids and Geometry

2. Complete the following.
a. On the grid provided, plot the following sets of points. Connect
the points in each set.
Set One: (5, 5), (5, 3), (3, 3)
Set Two: (-5, 5), (-5, 3), (-3, 3)
Graph of Set One and Two
y
Quadrant II

Quadrant I

7
6
5
4
3
2
1

-7 -6 -5 -4 -3 -2 -1 0
-1

x
1

2

3

4

5

6

7

-2
-3
-4
-5
-6
Quadrant III

-7

Quadrant IV

b. Each x-coordinate in Set Two is the opposite of the x-coordinate in
Set One and the y-coordinates are the same in both sets. We could
say that the triangle in Quadrant II is a reflection of the triangle
in Quadrant I and that the line of reflection or flip line is the
-axis.
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3. Complete the following.
a. On the grid provided, plot the following sets of points. Connect
the points in each set.
Set One: (5, 5), (5, 3), (3, 3)
Set Two: (5, -5), (5, -3), (3, -3)
Graph of Set One and Two
y
Quadrant II

Quadrant I

7
6
5
4
3
2
1

-7 -6 -5 -4 -3 -2 -1 0
-1

x
1

2

3

4

5

6

7

-2
-3
-4
-5
-6
Quadrant III

-7

Quadrant IV

b. Each y-coordinate in Set Two is the opposite of its corresponding
y-coordinate in Set One and the corresponding x-coordinates are
the same in both sets. We could say that the triangle in Quadrant
IV is a reflection of the triangle in Quadrant I and that the line of
reflection or flip line is the
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-axis.
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4. Complete the following.
a. On the grid provided, plot the following sets of points. Connect
the points in each set.
Set One: (-4, 0), (-3, -1), (-4, -2)
Set Two: (0, 2), (1, 1), (0, 0)
Set Three: (4, 4), (5, 3), (4, 2)
Graph of Set One, Two, and Three
y
Quadrant I

7

Quadrant II

6
5
4
3
2
1
-7 -6 -5 -4 -3 -2 -1 0
-1

x
1

2

3

4

5

6

7

-2
-3
-4
-5
-6
Quadrant III

-7

Quadrant IV

b. The x-coordinate in the first ordered pair of Set Three is
more than the x-coordinate in the first ordered
pair of Set Two. The x-coordinate in the first ordered pair of Set
Two is

more than the x-coordinate in the first

ordered pair of Set One. The same

(is, is not) true

for the second and third ordered pairs in each set.
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c. The y-coordinate in the first ordered pair of Set Three is
more than the y-coordinate in the first ordered
pair of Set Two. The y-coordinate in the first ordered pair of Set
Two is

more than the y-coordinate in the first

ordered pair of Set One. The same

(is, is not) true

for the second and third ordered pairs in each set.

d. If you were to slide the triangle in Quadrant III 4 units to the
right and 2 units up, it would exactly cover the triangle with a
vertex on the origin. Another slide of 4 units to the right and 2
units up would exactly cover the triangle resulting from
plotting and connecting the points in Set Three. Another name
for a slide is a

(reflection, rotation,

translation).
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5. The letter L can be seen in Quadrant IV of the grid provided.
Graph of a Slide of Letter L
y
10
9
8
7
6
5
4
3
2
1
-10 -9 -8 -7 -6 -5 -4 -3 -2

-1 0
-1

x
1

2

3

4

5

6

7

8

9

10

-2
-3
-4
-5
-6
-7
-8
-9
-10

a. Perform a slide of the letter 3 units to the right and 5 units up.
b. What are the resulting coordinates?
_____________________________________________________
c. Reflect the image of the “L” created with a flip over the y-axis.
What are the resulting coordinates?
_____________________________________________________
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______

1. equally distant

A. angle ( )

______

2. two rays extending from a
common endpoint called the
vertex

B. bisect

______

3. a portion of a line that consists of
two defined endpoints and all the
points in between

C. endpoint

______

4. the line over which a figure is
flipped in a reflection; also called a
flipline

______

5. a portion of an endpoint that
begins at a point and goes on
indefinitely in one direction

______

E. line of reflection

F. line segment (—)

6. to cut or divide into two equal
parts

______

7. the point common to the two rays
that form an angle

______

8. a line that divides a line segment in
half and meets the segment at right
angles

______

9. either of two points marking the
end of a line segment

______ 10. a term describing the result of a
line drawn through the center of a
figure such that the two halves of
the figure are reflections of each
other across the line
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D. equidistant

G. perpendicular
bisector

H. ray (

)

I. symmetry

J. vertex
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Lesson Two Purpose
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Using a rectangular coordinate system (graph), apply
and algebraically verify properties of two-dimensional
figures, including distance, midpoint, slope, parallelism,
and perpendicularity. (MA.C.3.4.2)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)
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Equations with Two Variables
In this unit, we will study equations with two variables. We will limit our
study to equations such as these:
2x + y = 10; y = 3x + 5; and y = 4x
To begin, let’s see how we can solve the following equation.
x + y = 5.
You will find that, unlike the earlier equations in Unit Three, this type of
equation has an infinite number (no limit to the number) of solutions. A
solution of an equation with two variables is an ordered pair of numbers that
make the equation true.
Suppose that we replace the variable x with the value of 0. Obviously, the
variable y would have to be replaced with the number 5, because
0 + 5 = 5.
So if x = 0, then y = 5 and we use the ordered pair (0, 5) to denote this
solution.
Here are two other solutions for x + y = 5.
• If we let x = 1, then y would be 4 because
1 + 4 = 5.
Hence, (1, 4) is a solution.
• If we let x = 2, then y would be 3, because
2 + 3 = 5.
Therefore, (2, 3) is also a solution.
There are an infinite number of ordered pairs that work for the equation
x + y = 5.
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Below is a table of values with several examples of ordered pairs that are
solutions to the equation. A table is an orderly display of numerical
information in rows and columns.
Table of Values

x+y=5
0
1
2
3
1
5

5
4
3
2
4
0

1
2

4

1
2

0.25 4.75
..
..
.
.

Example: Find five solutions for the equation y = x – 2. Values for x were
chosen and substituted in the equation. Next, y was solved for
in each equation.
Choosing and Substituting Values for x to Solve for y
Equation

x

Substitute for x

Solve for y

Solution

y=x–2

0

y= 0–2

-2

(0, -2)

1

y= 1–2

-1

(1, -1)

2

y= 2–2

0

(2, 0)

-1

y = -1 – 2

-3

(-1, -3)

-5

y = -5 – 2

-7

(-5, -7)

Remember: In an ordered pair, the value of x is listed first, and
the value for y is listed second—even if the variable y is written
first in the equation.
Example: In the equation y = x – 2, the solution is (0, -2).
-2 = 0 – 2
-2 = -2
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Graphing Linear Equations
Referring to the previous section, we found five solutions for the equation
y = x – 2. Below is a table of values with the summary of the results.
Table of Values

y=x–2
x
y
0
-2
1
-1
2
0
-1
-3
-5
-7

(0, -2)
(1, -1)
(2, 0)
(-1, -3)
(-5, -7)

The graph of an equation with two variables is all the points whose
coordinates are solutions of the equation. The coordinates correspond to
points on a graph. Let’s plot these points on the graph and see what we get.
Graph of y = x – 2
y
2
1
-5 -4

-3 -2 -1 0
-1
-2
(-1, -3)

(2, 0)
1

2 3
(1, -1)

x
4

5

(0, -2)

-3
-4
-5
-6

(-5, -7)
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-8
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Carefully draw the line that connects these points.
Graph of y = x – 2
y
2
1
-5 -4

-3 -2 -1 0
-1
-2
(-1, -3)

(3, 1)
(2, 0)
1

2 3
(1, -1)

x
4

5

(0, -2)

-3
-4
-5
-6

(-5, -7)

-7
-8

The graph of the equation y = x – 2 is the line drawn on the coordinate
plane. The coordinate grid itself contains the x-axis—the horizontal ( )
axis and y-axis—the vertical ( ) axis. The line drawn is endless in
length (l) and the plane is a flat surface with no boundaries.
Notice that the point (3, 1) lies on our line, but it was not one of our
original points. Let’s see if it is a solution. Substitute or replace the
variables x and y with (3, 1).

y =x–2
1 =3–2
1 =1

substitute 3 for x and 1 for y
This is true, so (3, 1) is a solution of the
equation.

It turns out that the coordinates of any point on the line is a solution of the
equation. We cannot write all the solutions to an equation because x can be
anything, but we can draw a picture of the solutions using the coordinate
plane and a line. The equations we have been working with in the last
section are called linear equations because their graphs are always straight
lines.
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______

1. all points whose coordinates are
solutions of an equation

A. equation

______

2. a mathematical sentence in which two
expressions are connected by an
equality symbol

B. graph of an
equation

______

3. any symbol, usually a letter, which
could represent a number

C. infinite

______

4. having no boundaries or limits

D. linear
equation

______

5. an algebraic equation in which the
variable quantity or quantities are
raised to the zero or first power and
the graph is a straight line

E. solution

______
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6. any value for a variable that makes an
equation or inequality a true
statement

______

7. to replace a variable with a numeral

______

8. to find all numbers that make an
equation or inequality true

______

9. any of the numbers represented by
the variable

F. solve
G. substitute
H. value (of a
variable)
I. variable
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Linear Graphs
For each of the following you will consider an equation, a table, and a graph.
Example: The formula for perimeter of a square is P = 4s where P
represents perimeter and s represents the length (l) of a side.
• Equation:
P = 4s where P represents perimeter and s represents the
length of a side.
This establishes a pattern or relationship between the length of a side and
the perimeter of a square. The perimeter is 4 times the length of a side.
• Table:
Relationship of Side Length
to Perimeter of a Square
Length of Side

Perimeter of Square

s

P = 4s

1 inch

4 inches

2 inches

8 inches

3 inches

12 inches

4 inches

16 inches

5 inches

20 inches

s inches

4s inches

Notice that as the length of a side increases by 1, the perimeter increases
by 4. This represents a constant rate of change.
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• Graph:
Relationship of Side Length
to Perimeter of Square
30
28
26
24
22

Perimeter in Inches

20
18
16
14
12
10
8
6
4
2

0

4
2
6
8
Side Length in Inches

10

When each pair of coordinates from the table is plotted on the coordinate
grid, we observe they are linear, which means they form a straight line.
Since the side lengths of a square could be any positive number, the points
can be connected.
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Summary for this problem:
The equation was P = 4s, where P represented the perimeter of a square
and s represented the length of a side.
• The equation indicates a relationship between the perimeter
of a square and its side length.
• As the values for side length in the table increased by 1,
the values for perimeter increased by 4. This represents a
constant rate of change.
• When each pair of coordinates was plotted on a
coordinate grid, the result was linear. They formed a
straight line.
The rate of change seen in the table can also be seen on the graph.
• From the point for the pair of coordinates (3, 12), a move
1 unit to the right and 4 units up will result in the
location of (4, 16).
• A subsequent move 1 unit to the right and 4 units up will
result in the location of (5, 20).
Slope—Vertical Change Compared to Horizontal Change
The vertical ( ) change compared to horizontal (
) change is called the
slope of the line. The slope of a line is steepness or incline of a line. The
slope of a line is usually seen as a ratio comparing the vertical change to the
horizontal change or as a ratio comparing the rise (vertical change) to the run
(horizontal change).

slope =

change in y
change in x

=

rise or vertical ( ) change
run or horizontal ( ) change

A ratio is the quotient of two numbers used to compare
quantities.
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In this instance the ratio is 4 to 1 or 4:1. See the graph again below.
Relationship of Side Length
to Perimeter of Square
30
28
26
24
22

Perimeter in Inches

20

Quadrant I
all positive
numbers

18
16
14
12

4 units up equals
the change in y—
the rise or vertical ( )
change

10
8

}

6

1 unit to the right equals
the change in x—the run
or horizontal ( ) change

4
2

0

4
2
6
8
Side Length in Inches

10

The points are located in Quadrant I because the side lengths and
perimeters are positive numbers.
To determine the perimeter of a square with a side length of 6 units, you
could use the equation, the table, or the graph. Consider the advantages
and disadvantages of each.
To determine the length of a side of a square with a perimeter of 28 units,
you could use the equation, the table, or the graph. Consider the
advantages and disadvantages of each.
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Practice
Complete the following.
When running the 5000-meter race, a runner averaged 6 meters per
second.
Equation: d = 6s
1. If d represents distance,
s represents the number of

.

2. Complete the following table.
Average Time and Distance in
a 5000-Meter Race
Time in Seconds
s

Distance in Meters
d = 6s

0

0

100

600

200

1200

300

1800

400
500
600
700
800
s

6s

Note: Metric numbers with four digits are presented without a comma
(e.g., 9960 meters).
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3. On the grid provided, plot the coordinates from the previous table.
The title has been provided.
• Choose an appropriate scale for each axis.
• Label each of your axes. (Since we are considering
how distance traveled changes over time, time should
be represented on the x-axis and distance on the
y-axis.)
y

Average Time and Distance in
a 5000-Meter Race

x
0

Note: Since the runner is averaging 6 meters per second you may
choose to connect the points with a line. You should realize,
however, that during a 100-second period in the actual race, the rate
may have varied from 0 for a brief rest to more than 6 meters per
second. The line is simply showing the overall picture of the race.
238
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4. Summary of this problem is as follows:
a. The equation, d = 6s, establishes a relationship between the
and the

.

b. The table indicates that as the number of seconds increases by
100, the distance increases by
meters.
c. Therefore, as the number of seconds increases by 1, the distance
will increase by

meters.

d. The connected points are linear, which means they form a
straight line. The ratio describing the slope would be for each
vertical change of

, there is a

corresponding horizontal change of
.

5.

a. What distance would this runner cover in 650 seconds?
_______________________________________________________
b. Did you use the equation, the table, or the graph to answer the
question above? _________________________________________
c. What was the basis for your choice? ________________________
_______________________________________________________
_______________________________________________________
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6.

a. How long would it take this runner to cover 2700 meters?
_______________________________________________________
b. Did you use the equation, the table, or the graph to answer the
question above? _________________________________________
c. What was the basis for your choice? ________________________
_______________________________________________________
_______________________________________________________
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Practice
Complete the following.
A formula for changing temperature in degrees Celsius to temperature in
degrees Fahrenheit is F = 1.8C + 32.
1. If F represents temperature in degrees Fahrenheit,
C represents temperature in degrees

.

2. Complete the following table.
Relationship of Temperature in
Degrees Celsius and Fahrenheit
Temperature in
Degrees
Celsius (C)

Temperature in
Degrees
Fahrenheit (F)

-20

-4

-10
0

32

10
20
30
C
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3. On the grid provided, plot the coordinates from the previous table.
Your graph should have the following:
• appropriate title
• labels for the axes
• appropriate scale.
Note: Since some temperatures are negative, you will need to show
more than Quadrant I.

y

0

242

x
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4.

The summary for this problem is as follows:
a. The equation, F = 1.8C + 32, establishes a relationship between
the

and

.

It tells us to find the product of 1.8 and C (the number of
degrees Celsius) and then add 32.
b. The table indicates that as the number of degrees Celsius
increases by 10, the number of degrees Fahrenheit increases by
. Therefore, as the number of
degrees Celsius increases by 1, the number of degrees
Fahrenheit increases by

. The

constant rate of change is

.

c. When plotted, the points are linear, which means they form a
straight line. The ratio describing the slope would be for each
vertical change of

, there is a

corresponding horizontal change of
.
d. The line

(does, does not) pass

through the origin).
e. The line passes through all four quadrants except Quadrant
.
f. When the Celsius temperature is positive, the Fahrenheit
temperature is

(always, sometimes,

never) positive.
Unit 4: Coordinate Grids and Geometry

243

5.

a. What temperature in Fahrenheit would correspond to 15
degrees Celsius? _________________________________________
b. Did you use the equation, the table, or the graph to answer the
question above? _________________________________________
c. What was the basis for your choice? ________________________
_______________________________________________________
_______________________________________________________

6.

a. What temperature in Celsius would correspond to 77 degrees
Fahrenheit? _____________________________________________
b. Did you use the equation, the table, or the graph to answer the
question above? _________________________________________
c. What was the basis for your choice? ________________________
_______________________________________________________
_______________________________________________________
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Practice
Complete the following.
Forensic scientists use a formula to approximate the height (h) of a female if
the length of the humerus (bone from shoulder to elbow) is known.
The formula is
h = 64.977 + 3.144H
where h represents the height in centimeters (cm) of the female and
H represents the length of the female’s humerus in centimeters.
The formula used to approximate the height of a male if the length of his
humerus is known is
h = 73.570 + 2.970H.
1. Complete the following table for females and males.
Relationship of Length of Humerus and Height
Length of
Female’s
Humerus in
Centimeters

Approximate
Height of
Female in
Centimeters

Length of
Male’s
Humerus in
Centimeters

Approximate
Height of
Male in
Centimeters

14

108.993

14

115.15

16

115.281

16

121.09

18

121.569

18

127.03

20

20

22

22

24

24

H

64.977 + 3.144H
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2. On the grid provided, plot the coordinates from the previous table.
Your graph should have the following:
• appropriate title
• labels for the axes
• appropriate scale.
Use different colors or symbols to plot the points for females and
males.

Key
Females
Males

0
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3. Summary for this problem is as follows:
a. The equations, h = 64.977 + 3.144H and h = 73.570 + 2.970H,
establish a relationship between the
and the

in females and males.

b. The table indicates that as the length of the humerus in the
female increases by 2 centimeters, height increases by
centimeters. The table also indicates
that as the length of the humerus in the male increases by 2
centimeters, height increases by
centimeters.
c. The points for females are linear, as are the points for males. The
line for females is

(more, less)

steep than the line for males. The constant rate of change for
females is

(greater than, less than)

the constant rate of change for males as reflected in the table
and on the graphs.
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4. a.

What height for a female would correspond to a humerus of
length 23 centimeters? ____________________________________

b.

Did you use the equation, the table, or the graph to answer the
question above? _________________________________________

c.

What was the basis for your choice? ________________________
________________________________________________________
________________________________________________________

5. a.

What length of humerus would correspond to a height of 189.4
centimeters for a male? ___________________________________

b.

Did you use the equation, the table, or the graph to answer the
question above? _________________________________________

c.

What was the basis for your choice? ________________________
________________________________________________________
________________________________________________________
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Characteristics of Some Linear Graphs
Each situation considered in this section had the following special
characteristics.
• As the value for the first variable in the table increased at
a constant rate, the values for the second variable in the
table increased at a constant rate.
• In the equation, y = mx or y = mx + b, this constant rate of
change shows up as the coefficient of the variable x.
Remember: The coefficient is the number part
in front of the algebraic term signifying
multiplication.
Example:
In 2x + 1,
2 is the coefficient.
• The points on the graph are linear.
• The constant rate of change shows up in the graph as the
slope, a ratio of vertical change (change in y values) to
horizontal change (change in x values). The greater the
constant rate of change, the steeper the line.
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Practice
Complete the following.
1. a.

On the grid provided, plot the following set of points. Use
different colors or symbols to plot the points for Set One and Set
Two. Connect the points in each set.
Set One: (4, 6), (5, 7), (6, 8)
Set Two: (2, 3), (4, 5), (6, 7)
Graph of Set One and Two
y

10
9
8
7
6
5
4
3
2
1
-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0
-1

x
1

2

3

4

5

6

7

8

9

10

-2
-3
-4
-5
-6
-7
-8
-9
-10

Key
Set One
Set Two
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b.

In Set One, as the y-coordinate increases 1 unit, the x-coordinate
increases 1 unit. The slope would be represented by the ratio of
1:1. For each vertical increase of 1, there is a horizontal increase
of 1.
In Set Two, as the y-coordinate increases 2 units, the
x-coordinate increases
units. The slope would be
represented by the ratio of 2:2. For each vertical increase of 2,
there is a horizontal increase of 2.
Note: The ratios 1:1 and 2:2 are equivalent and the slopes are the
same. The lines are therefore parallel.
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2. a.

On the grid provided, plot the following set of points. Use
different colors or symbols to plot the points for Set One and Set
Two. Connect the points in each set.
Set One: (-2, -5), (0, 0), (2, 5)
Set Two: (-1, -3), (3, 2), (7, 7)
Graph of Set One and Two
y

10
9
8
7
6
5
4
3
2
1
-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0
-1

x
1

2

3

4

5

6

7

8

9

10

-2
-3
-4
-5
-6
-7
-8
-9
-10

Key
Set One
Set Two
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b.

In Set One, as the y-values increase by 5, the x-values increase by
.

c.

The slope for this line can be represented as the ratio of
(vertical change) to
(horizontal change).

d.

In Set Two, as the y-values increase by 5, the x-values increase by
.

e.

The slope for this line can be represented as the ratio of
(vertical change) to
(horizontal change).
Note: The ratios 5:2 and 5:4 are not equivalent, so the slopes are
not the same. The lines are therefore not parallel.
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3. a.

On the grid provided, plot the following set of points. Use
different colors or symbols to plot the points for Set One and Set
Two. Connect the points in each set.
Set One: (-2, 0), (0, 1), (2, 2)
Set Two: (-5, 1), (-1, 3), (3, 5)
Graph of Set One and Two
y

10
9
8
7
6
5
4
3
2
1
-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0
-1

x
1

2

3

4

5

6

7

8

9

10

-2
-3
-4
-5
-6
-7
-8
-9
-10

Key
Set One
Set Two
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b.

The slope for the line containing points from Set One can be
represented by the ratio of

c.

.

The slope for the line containing points from Set Two can be
represented by the ratio of

d.

to

These ratios
The lines
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to

.

(are, are not) equivalent.
(are, are not) parallel.
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Practice
Use the list below to write the correct term for each definition on the line provided.
coefficient
height (h)
length (l)

pattern or relationship
perimeter (P)
product

quotient
rate of change

ratio
slope

________________________ 1. the distance around a polygon
________________________ 2. the ratio of change in the vertical axis
(y-axis) to each unit change in the
horizontal axis (x-axis) in the form rise
run
or

∆y
∆x

________________________ 3. how a quantity is changing over time
________________________ 4. a one-dimensional measure that is the
measurable property of line segments
________________________ 5. the comparison of two quantities
________________________ 6. a line segment extending from the vertex
or apex (highest point) of a figure to its
base and forming a right angle with the
base or plane that contains the base
________________________ 7. a predictable or prescribed sequence of
numbers, objects, etc.
________________________ 8. the result of multiplying numbers
together
________________________ 9. the result of dividing two numbers
________________________ 10. the number part in front of an algebraic
term signifying multiplication
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______

1. any of four regions formed by the
axes in a rectangular coordinate
system

A. coordinate grid
or plane

______

2. a transformation in which every
point in a figure is moved in the
same direction and by the same
distance; also called a slide

B. graph

______

3. numbers greater than zero

______

4. a transformation that produces
the mirror image of a geometric
figure over a line of reflection;
also called a flip

______

5. the vertical number line on a
rectangular coordinate system

C. negative
numbers
D. positive
numbers
E. quadrant
F. reflection

______

6. numbers less than zero

______

7. the horizontal number line on a
rectangular coordinate system

G. translation

______

8. the point common to the two rays
that form an angle

H. value (of a
variable)

______

9. a two-dimensional network of
horizontal and vertical lines that
are parallel and evenly-spaced

I. vertex

______ 10. any of the numbers represented
by the variable

J. x-axis

______ 11. a drawing used to represent data

K. y-axis
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Unit 5: Algebraic Thinking
This unit emphasizes strategies used to write algebraic expressions or
equations and how to apply properties of algebra to solve equations.

Unit Focus
Number Sense, Concepts, and Operations
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Select and justify alternative strategies, such as using
properties of numbers, including inverse, identity,
distributive, associative, and transitive, that allow
operational shortcuts for computational procedures in
real-world or mathematical problems. (MA.A.3.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
Measurement
• Use concrete and graphic models to derive formulas for
finding rate, distance, time, and angle measurements.
(MA.B.1.4.2)
• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)

• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
Algebraic Thinking
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)

Vocabulary
Use the vocabulary words and definitions below as a reference for this unit.
acute angle ...................................... an angle that measures less
than 90° and greater than 0°
acute triangle ................................. a triangle with three acute angles
addend ............................................ any number being added
Example: In 14 + 6 = 20,
14 and 6 are addends.
addition property of equality ..... adding the same number to each side of
an equation results in an equivalent
equation; for any real numbers a, b, and
c, if a = b, then a + c = b + c
additive inverses ........................... a number and its opposite whose sum is
zero (0); also called opposites
Example: In the equation 3 + -3 = 0,
3 and -3 are additive inverses, or
opposites, of each other.
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alternate angles ............................. a pair of angles that lie on opposite sides
and at opposite ends of a transversal
transversal

transversal

1
4
5 6
8 7

2
3

1 2
4 3

p

q

Alternate angles are
equal when the lines
intersected by a
transversal are parallel.

5

6

p
q

8 7

Even when lines cut by
a transversal are not
parallel, we still use the
same vocabulary.

alternate exterior angles are angles
whose points lie on the opposite sides of
a transversal line and on the outside of
the lines it intersects
1 and 7
2 and 8
alternate interior angles are angles
whose points lie on the opposite sides of
a transversal line and on the inside of the
lines it intersects
3 and 5
4 and 6

ra
y

angle ( ) .......................................... two rays extending from a common
endpoint called the vertex;
measures of angles are
described in degrees (°) vertex
ray

base
base (b) (geometric) ...................... the line or
base
height
plane of a
geometric
base
base
base
figure, from
which an altitude can be constructed,
upon which a figure is thought to rest

commutative property .................. the order in which two numbers are
added or multiplied does not change
their sum or product, respectively
Example: 2 + 3 = 3 + 2 or 4 x 7 = 7 x 4
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complementary angles ................. two angles,
with measures
the sum of
which is
exactly
90°

30°

A

C
60°

2

4
D
B
m ABC + m CBD = 90°
complementary angles

congruent ( ) ................................. figures or objects that are the same
shape and size
consecutive ..................................... in order
Example: 6, 7, 8 are consecutive whole
numbers and 4, 6, 8 are consecutive
even numbers.
corresponding angles ................... a pair of angles that are in matching
positions and lie on the same side of a
transversal
1

2

4

3
6

5
8

7

Above are four pairs of corresponding
angles; 1 and 5; 2 and 6; 3 and 7;
and 4 and 8.
corresponding
angles and sides ............................ the matching angles and sides in similar
figures
degree (º) ........................................ common unit used in measuring angles
division property of equality ..... dividing the same number on each side
of an equation results in an equivalent
equation; for any real numbers a, b, and
a

b
c, if a = b, and c ≠ 0, then c = c
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equation .......................................... a mathematical sentence in which two
expressions are connected by an equality
symbol
Example: 2x = 10
60°

equiangular triangle ..................... a triangle with three
equal angles

60°

60°

equilateral triangle ....................... a triangle with three
congruent sides
even number .................................. any whole number divisible by 2
Example: 2, 4, 6, 8, 10, 12 …
expression ....................................... a collection of numbers, symbols,
and/or operation signs that stands for a
number
Example: 4r2; 3x + 2y; 25
Expressions do not contain equality (=)
or inequality (<, >, ≤, ≥, or ≠) symbols.
hexagon ........................................... a polygon with six sides
integers ........................................... the numbers in the set
{… , -4, -3, -2, -1, 0, 1, 2, 3, 4, …}
isosceles trapezoid ........................ a trapezoid with
congruent
legs and two leg
pairs of
congruent
base angles

base

altitude

leg

base

isosceles triangle ........................... a triangle with two
congruent sides and two
congruent angles
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length (l) ......................................... a one-dimensional measure that is the
measurable property of line segments
like terms ........................................ terms that have the same variables and
the same corresponding exponents
Example: In 5x2 + 3x2 + 6, 5x2 and 3x2 are
like terms
line (

) ........................................ a collection of an
A
B
infinite number of
points in a straight pathway with
unlimited length and having no width

line segment (—) ........................... a portion of a line that consists of two
defined endpoints and all the points in
between
A
B
Example: The line segment
AB is between point A and point B and
includes point A and point B.
measure (m) of an angle ( ) ....... the number of degrees (°) of an angle
multiples ......................................... the numbers that result from
multiplying a given whole number by
the set of whole numbers
Examples: The multiples of 15 are 0, 15,
30, 45, 60, 75, etc.
multiplication
property of equality ..................... multiplying the same number on each
side of an equation results in an
equivalent equation; for any real
numbers a, b, and c, if a = b, then ac = bc
multiplicative inverse
(reciprocal) ..................................... any two numbers with a product of 1
Example: 4 and 41 ; zero (0) has no
multiplicative inverse
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obtuse angle ................................... an angle with a measure
of more than 90° but less
than 180°
obtuse triangle ............................... a triangle with one obtuse
angle
odd number .................................... any whole number not divisible by 2
Example: 1, 3, 5, 7, 9, 11 …
opposites ......................................... two numbers whose sum is zero
Example:
-5 + 5 = 0 or 23 + - 23 = 0
opposites

opposites

parallel ( ) ...................................... being an equal distance at every point so
as to never intersect
parallel lines .................................. two lines in the same
plane that are a
constant distance
apart; lines with equal slopes
parallelogram ................................. a quadrilateral with
two pairs of parallel
sides
perimeter (P) .................................. the distance around a polygon
plane ................................................ an infinite, two-dimensional geometric
surface defined by three non-linear
points or two distinct parallel or
intersecting lines
point ................................................ a specific location in space that has no
discernable length or width
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polygon ........................................... a closed-plane figure, having at least
three sides that are line segments and
are connected at their endpoints
Example: triangle (3 sides),
quadrilateral (4 sides),
pentagon (5 sides), hexagon (6 sides),
heptagon (7 sides), octagon (8 sides);
concave, convex

product ............................................ the result of multiplying numbers
together
Example: In 6 x 8 = 48,
48 is the product.
proportion ...................................... a mathematical sentence stating that two
ratios are equal
Example: The ratio of 1 to 4 equals
1
25
25 to 100, that is 4 = 100
protractor ........................................ an instrument used for
measuring and
drawing angles
quadrilateral .................................. polygon with four sides
Example: square, parallelogram,
trapezoid, rectangle, rhombus, concave
quadrilateral, convex quadrilateral

ray (

) ........................................... a portion of a line that begins at an
endpoint and goes on indefinitely in one
direction

real numbers .................................. the set of all rational and irrational
numbers
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reciprocals ...................................... two numbers whose product is 1
Example: Since 43 x 34 = 1, the reciprocal
of

3
4

is

4
3

.

rectangle ......................................... a parallelogram with
four right angles
regular polygon ............................. a polygon that is both equilateral (all
sides congruent) and equiangular (all
angles congruent)
rhombus .......................................... a parallelogram with four
congruent sides
right angle ...................................... an angle whose measure is
exactly 90°
right triangle .................................. a triangle with one
right angle
scalene triangle .............................. a triangle having no congruent sides

e

side
edge of a polygon

si
d

side

e

si

sid

de

side ................................................... the edge of a polygon, the face of a
polyhedron, or one of the rays that
make up an angle
Example: A triangle has three sides.

side

ray of an angle

face of a polyhedron

similar figures (~) ......................... figures that are the same shape, have
corresponding, congruent angles, and
have corresponding sides that are
proportional in length
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simplify an expression ................. to perform as many of the indicated
operations as possible
solution ........................................... any value for a variable that makes an
equation or inequality a true statement
Example: In y = 8 + 9
y = 17 17 is the solution.
solve ................................................. to find all numbers that make an
equation or inequality true
square .............................................. a rectangle with four sides
the same length
180°

straight angle ................................. an angle that
measures exactly
180°

A
R
B
m ARB = 180°
straight angle

subtraction property
of equality ...................................... subtracting the same number from each
side of an equation results in an
equivalent equation; for any real
numbers a, b, and c, if a = b, then
a –␣ c = b –␣ c
sum .................................................. the result of adding numbers together
Example: In 6 + 8 = 14,
14 is the sum.
135°

supplementary angles .................. two angles, with
measures the sum of
which is exactly 180°

1

2 45°

A
R
B
m 1 + m 2 = 180°
supplementary angles

tessellation ..................................... a covering of a plane with congruent
copies of the same pattern with no holes
and no overlaps
Example: floor tiles
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transversal ...................................... a line that intersects
two or more lines at
different points
trapezoid ......................................... a quadrilateral with
just one pair of
opposite sides
parallel

transversal

base
leg

leg

altitude
base

triangle ............................................ a polygon with three sides; the sum of
the measures of the angles is 180°

value (of a variable) ...................... any of the numbers represented by the
variable
variable ........................................... any symbol, usually a letter, which
could represent a number

ra

y

vertex ............................................... the point common to the two
rays that form an
vertex
angle; the point
ray
common to any two
sides of a polygon; the point common to
three or more edges of a polyhedron;
(plural: vertices); vertices are named
clockwise or counterclockwise
vertex angle .................................... the point about
B
which an angle is
vertex
measured; the
angle associated with a given vertex
vertical angles ................................ the opposite or
non-adjacent angles
formed when two
lines intersect
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1
4

2
3

1 and 3 are vertical
angles
2 and 4 are also
vertical angles

Unit 5: Algebraic Thinking

Unit 5: Algebraic Thinking
Introduction
It is often helpful to be able to write algebraic expressions or equations
from descriptions in words. It is also helpful to apply some properties of
algebra as we solve equations. We will work in these areas in this chapter.

Lesson One Purpose
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Select and justify alternative strategies, such as using
properties of numbers, including inverse, identity,
distributive, associative, and transitive, that allow
operational shortcuts for computational procedures in
real-world or mathematical problems. (MA.A.3.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)
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Solving Algebraic Equations
Linda, the writer of this problem, is one of three children in her family. Her
sister is 28 months older and her brother is 27 months younger. Let’s
consider ways to represent the ages algebraically.
First Way
Sybil’s age in months =
S
Linda’s age in months = S – 28
Jimmy’s age in months = (S – 28) – 27 or S – 55
Second Way
Jimmy’s age in months = J
Linda’s age in months = J + 27
Sybil’s age in months =
(J + 27) + 28 or J + 55
Third Way
Linda’s age in months = L
Sybil’s age in months =
L + 28
Jimmy’s age in months = L – 27
Using the equations above, let’s see how we can solve the
following problem involving the ages of the children.
What were the ages of Linda and Jimmy when Sybil
celebrated her 15th birthday?

Sybil

Let’s begin by using the first way described above because in this problem
we know Sybil’s age.
• Sybil’s age in months = S, which for this problem is known to be 15
years x 12 (number of months in a year) = 180 months
• Linda’s age in months = S – 28 = 180 – 28 = 152 ÷ 12 = 12 years 8
months
Here’s one way to figure it out.

12 years
12 152
12
32
24
8 months

• Jimmy’s age in months = S – 55 = 180 – 55 = 125 ÷ 12 = 10 years 5
months
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Now let’s consider the following equation representing the statement
below and use the third way described on the previous page to solve a new
problem.
The sum of the ages of Sybil, Linda, and Jimmy is 577 months.
L + (L + 28) + (L – 27) = 577
where L represents Linda’s age, (L + 28) represents Sybil’s age and
(L – 27) represents Jimmy’s age.
What is Linda’s age?

L + (L + 28) + (L – 27)
L + L + 28 + L – 27
L + L + L + 28 – 27
3L +
1
3L + 1 + (-1)
3L
(3L)( 13 )
L

=
=
=
=
=
=
=
=

577
577
577
577
577 + (-1)
576
(576)( 13 )
192

commutative property
combine like terms
addition property of
equality; add -1 to each side
multiplication property of
equality; multiply each side
by 13

Therefore, Linda’s age is 192 months. When divided by 12,
which equals one year, Linda’s age equals exactly 16 years.

Linda
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Think about This!
Some important properties were used in solving the equation on the
previous page.
• The commutative property of addition allows the order of two
addends to be changed. Note the 28 + L on the second line and the
L + 28 on the third line.
• To simplify an expression you perform as many of the indicated
operations as possible. One way to simplify an expression is to
combine like terms. Like terms will have the same variables. Note
how the L + L + L on the third line combine to become 3L on the
fourth line.
• An equation is like a teeter-totter.

We can add the same
amount to each side and it
remains balanced.

add same amount
10 + 2
10 + 2

We can take the same
amount from each side and
it remains balanced.

subtract same amount
10 – 2
10 – 2

We can multiply each side
by the same number or

multiply same amount
10 • 2
10 • 2

divide each side by the
same number and it
remains balanced.

divide same amount
10 ÷ 2
10 ÷ 2

Note how -1 is being added to each side on line five. Notice that -1 is the
additive inverse, or the opposite, of 1. The addition property of equality
allows this. Notice, also, how each side is being multiplied by 13 , the
multiplicative inverse, or reciprocal, of 3 on line seven. The multiplication
property of equality allows us to do this.
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See the properties below.
Properties
Order (Commutative Property)
The order in which any two numbers are added
or multiplied does not change the sum or product.
Commutative Property of
Addition

Commutative Property of
Multiplication

Numbers can be added in any
order without changing the sum.

Numbers can be multiplied in any
order without changing the product.

For any real numbers a and b,
a + b = b + a.

For any real numbers a and b,
a • b = b • a.
10 • 2 = 2 • 10
x•2=2•x

10 + 2 = 2 + 10
x+2=2+x
Equality Properties

Equality properties keep an equation in balance.
Addition Property of
Equality

Subtraction Property of
Equality

The same number can be added
to each side of an equation and
the equation remains balanced.

The same number can be subtracted
from each side of an equation and
the equation remains balanced.

For any real numbers a, b, and c,
if a = b, then
a + c = b + c.

For any real numbers a, b, and c, if
a = b, then
a – c = b – c.

Multiplication Property of
Equality

Division Property of
Equality

The same number can be multiplied
on each side of an equation and
the equation remains balanced.

The same number can be divided
on each side of an equation and the
equation remains balanced.

For any real numbers a, b, and c,
if a = b, then

For any real numbers a, b, and c, if
a = b, and c ≠ 0, then
a
b
c = c.

ac = bc.
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Practice
Solve the following.
1. The sum of Linda’s age and Sybil’s age, in months, when Linda
began taking Algebra I was 374. What was Linda’s age in months?
What was Linda’s age in years and months?
Linda’s age =
Sybil’s age =

L
L + 28

Words to symbols:
The sum of Linda’s age and Sybil’s age was 374.

L

+

L + 28

= 374

Solving the equation:
combine like terms

L + L + 28 = 374
+ 28 = 374
=

add -28 to each side

=

complete arithmetic
on each side
multiply each side by

=
=

Therefore, Linda’s age in months when she began taking Algebra I
was

months or
years,

months. (Refer to pages 272 and

273 as needed.)
Remember: 12 months = 1 year
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2. At the time of Linda’s wedding, the sum of Linda’s
age and Jimmy’s age, in months, was 471. How old
was Jimmy in months? How old was Jimmy in
years and months?
Jimmy’s age =
Linda’s age =

J
J + 27

Jimmy

The sum of Linda’s age and Jimmy’s age was 471.
J + 27 + J = 471
Solving the equation:

J + 27 + J = 471
= 471

commutative
property
combine like terms

= 471
= 471 + (-27)

add -27 to each side

=

complete arithmetic
on each side
multiply each side by

=
=
Therefore, Jimmy’s age was
years,

months or
months at the time of Linda’s

wedding.
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3. At the time Elvis Presley appeared on the stage in their hometown,
the sum of the ages of Sybil and Linda was 370, in months. What
was Sybil’s age in months? What was Sybil’s age in years and
months?
Sybil’s age =
Linda’s age =

S
S – 28

Write an equation and solve the problem. Show all your work.

Sybil’s age was

months or

years,

months at the time Elvis Presley appeared on stage in
her hometown.
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4. You will notice that when Linda’s age was being sought in problem
1, we used L for her age and stated Sybil’s age in terms of Linda’s,
L + 28. (L + L + 28 = 374)
We could have done the problem in the following way:
Sybil’s age =
Linda’s age =

S
S – 28

S + S – 28
2S – 28
2S – 28 + 28
2S

=
=
=
=

374
374
374 + 28
402
1

(2S)( 12 ) = (402)( 2 )
S = 201

combine like terms
add + 28 to each side
complete arithmetic
on each side
multiply each side by

1
2

Sybil’s age was 201 months.
Linda’ age was S – 28, so Linda’s age was 201 – 28 or 173 months.
Which way do you prefer? Why?
___________________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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5. When Jimmy’s age was being sought in problem 2, we used J for his
age and stated Linda’s age in terms of Jimmy’s, J + 27.
We could have solved it in the following way:
L + L – 27
2L – 27
2L – 27 + 27
2L

=
=
=
=

471
471
471 + 27
498

(2L)( 12 ) = (498)( 12 )
L = 249

combine like terms
add + 27 to each side
complete arithmetic
on each side
multiply each side by

1
2

Linda’s age was 249 months.
Jimmy’s age was L – 27 or 249 – 27 or 222 months.
Which way do you prefer? Why?
___________________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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6. When Sybil’s age was being sought in problem 3, we used S for her
age and stated Linda’s age in terms of Sybil’s, S – 28.
We could have solved it in the following way:
L + L + 28
2L + 28
2L + 28 + (-28)
2L

=
=
=
=

370
370
370 + (-28)
342

(2L)( 12 ) = (342)( 12 )
L = 171

combine like terms
add -28 to each side
complete arithmetic
on each side
multiply each side by

1
2

Linda’s age was 171 months.
Sybil’s age was L + 28 or 171 + 28 or 199 months.
Which do you prefer? Why?
___________________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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7. At the time of Sybil’s high school graduation, the sum of her age and
Jimmy’s age was 387 months. What was Sybil’s age in months?
What was Sybil’s age in years and months?
Sybil’s age =
Jimmy’s age =

S
(S – 28) – 27 or S – 55

Write an equation and solve the problem. Show all your work.

8. At the time Linda’s first grandchild was born, the sum of the ages of
Sybil, Linda, and Jimmy was 1,873 months. Each of the following
equations in 8a, 8b, and 8c would allow us to determine Linda’s age
at this time. Solve each of the equations to determine Linda’s age.
Show all your work.
Remember: For problems 8a and 8c, after solving the
equation, use that solution to then find Linda’s age.
a. Sybil’s age in months = S
Linda’s age in months = S – 28
Jimmy’s age in months = S – 55
S + (S – 28) + (S – 55) = 1,873
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b. Linda’s age in months = L
Sybil’s age in months = L + 28
Jimmy’s age in months = L – 27
(L + 28) + L + (L – 27) = 1,873

c. Jimmy’s age in months = J
Linda’s age in months = J + 27
Sybil’s age in months = J + 55
J + (J + 27) + (J + 55) = 1,873

d. State which type of equation you preferred to determine
Linda’s age and why.
_____________________________________________________
_____________________________________________________
_____________________________________________________
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9. George Herbert Walker Bush was 22 years and 1 month old at the
time his son, George Walker Bush, was born. Each man has served
as President of the United States. At the time George Herbert
Walker Bush was inaugurated as president, the sum of their ages
was 1,285 months. What was the age of the son at the time of his
father’s inauguration?
Write an equation and solve the problem. Show all your work.
Age in months of George Herbert Walker Bush = ________________
Age in months of George Walker Bush = _______________________
The sum of their ages at the time of George Herbert Walker Bush’s
inauguration =

+

= 1,285 months

Now solve the equation.

George Walker Bush was
years and

months old, or
months old at the time of his

father’s inauguration as president.
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10. George Walker Bush was 6 years 7 months old when his younger
brother, Jeb, was born. At the time Jeb Bush was first inaugurated as
the Governor of Florida, the sum of their ages was 1,205 months.
What was the age of Jeb Bush at the time of his first inauguration as
Governor of Florida?
Write an equation and solve the problem. Show all your work.
Age of Jeb Bush in months = __________________________________
Age of George Walker Bush in months = _______________________
The sum of their ages at the time of Jeb Bush’s first inauguration as
Governor of Florida =

+

= 1,205 months

Now solve the equation.

The age of Jeb Bush at the time of his first inauguration as Governor
of Florida was

months or

years

months.
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11. Consider your age and that of other family members or friends.
Write an interesting problem that would allow someone to use
algebra to solve.
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______

1. terms that have the same
variables and the same
corresponding exponents

______

2. to find all numbers that make an
equation or inequality true

______

3. a number and its opposite whose
sum is zero (0)

______

______

4. the order in which two numbers
are added or multiplied does not
change their sum or product

A. addend
B. addition property
of equality
C. additive inverses
D. commutative
property
E. equation

5. adding the same number to each
side of an equation results in an
equivalent equation

F. like terms

______

6. to perform as many of the
indicated operations as possible

G. multiplication
property of
equality

______

7. a mathematical sentence in which
two expressions are connected by
an equality symbol

______

8. any number being added

______

9. the result of adding numbers
together

______ 10. any symbol, usually a letter,
which could represent a number

H. multiplicative
inverse
(reciprocal)
I. simplify an
expression
J. solve

______ 11. any two numbers with a product
of 1

K. sum

______ 12. multiplying the same number on
each side of an equation results in
an equivalent equation

L. variable
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Lesson Two Purpose
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Select and justify alternative strategies, such as using
properties of numbers, including inverse, identity,
distributive, associative, and transitive, that allow
operational shortcuts for computational procedures in
real-world or mathematical problems. (MA.A.3.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Use concrete and graphic models to derive formulas for
finding rate, distance, time, and angle measurements.
(MA.B.1.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)
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Using What We Know about Triangles to Solve Algebraic
Equations
What do we know about all triangles? We know
• triangles are polygons with three sides.
• triangles are closed plane figures formed by three line
segments (—).
• triangles have straight sides that do not cross.
• triangles are classified as either by the measure (m) of
their angles ( ) or by the lengths (l) of their sides.
• the sum of the measures (m) of the three angles ( ) in any
triangle is 180 degrees (°).
To more fully understand triangles, let’s review what we know about
angles.
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Measuring and Classifying Angles
The sides of an angle are formed by two rays (
common endpoint called the vertex.

) extending from a

Naming an Angle
Consider the following figure.

A
O

3
B

Remember: The symbol

indicates an angle.

You can name an angle in three ways:
• using a three-letter name in this order: point on one ray;
vertex; point on other ray, such as AOB or BOA
• using a one-letter name: vertex, if there is only one angle
with this vertex in the diagram, such as O
• using a numerical name if the number is within the rays
of the angle, such as 3.
The angle is formed by rays OA and OB . The rays are portions of
lines (
) that begin at a point and go on forever in one direction.
The point O, which is the same endpoint for OA and OB , is the vertex of
angle AOB. When using three letters to name an angle, the vertex letter is
listed in the middle.
The measure of O is written as m O. Sometimes two (or more) angles
have the same measure. When two angles have the same measure, they are
congruent ( ).
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Measuring an Angle
What do we know about the measure of an angle? The measure (m) of an
angle ( ) is described in degrees. When you turn around and face
backward, you could say you “did a 180.” If you turn all the way around,
it is a 360. An angle is a turn around a point. The size of an angle is the
measure of how far one side has turned from the other side.
0°
90°
180°
360°

=
=
=
=

no turn
right-angle turn
straight backward
back facing forward again

90° = right-angle
turn

0° = no turn

90°

360°

180°

180° = straight
backward

360° = back facing
forward again

Using Protractors to Measure Angles
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13
50

0

0 180

0

se

0

14

10 170

12

60

0

clo
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0

11

12

13

20

0
80 10

70
60

30

50

40

90

80 10
0
70
110

Protractors are marked from 0 to 180 degrees in both a clockwise manner
and a counterclockwise manner. We see 10 and 170 in the same position.
We see 55 and 125 in the same position. If we estimate the size of the angle
before using the protractor, there is no doubt which measure is correct.

14

30

150

60
20 1

10 170

0 180
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When using a protractor, make sure the vertex is lined up correctly and
that one ray (
) passes through the zero measure. A straightedge is often
helpful to extend a ray for easier reading of the measure.
A protractor is used to measure angles. Follow these steps to use a
protractor.
1. Place the centerpoint of the protractor on the vertex of the angle.
2. Line up the protractor’s 0 degree line with one side of the angle.
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60

0

14

10 170
U

0

110
70

se

80 10

0

clo
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12

0

11

90

13

20

0
80 10

70

60

30

50

40

0

3. Read the measure of the angle where the other side crosses the
protractor.

14

30

150

60
20 1

10 170

0 180

S

•

The measurement of TSR is
40° is read 40 degrees.

40°

.

•

The measurement of USR is

140°

.

T
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clockwise

10 170

0 180

Y

X

•

The measurement of XYZ is

135°

.

•

The measurement of WYZ is

45°

.

Naming Different Size Angles
Angles are named for the way they relate to 90 degrees and 180 degrees.
acute angle

= < 90° and > 0°

right angle

= 90°

obtuse angle

= > 90° and < 180°

straight angle = 180°
An acute angle measures greater than 0° but less than 90°.
Examples:

40°
10°
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70°
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A right angle measures exactly 90°.
Example:

90°

The little box is used to indicate a right angle.

An obtuse angle measures greater than 90° but less than 180°.
Examples:

100°

120°

A straight angle measures exactly 180°.
Example:

180°

A

O

B

AOB has vertex O and the measure of AOB is 180°. In this case, we need
to use three letters to name the angle.

294

Unit 5: Algebraic Thinking

Classifying Triangles by Their Angles or by Their Sides
Triangles Classified by Their Angles—Acute, Right, Obtuse, and
Equiangular
An acute triangle contains
all acute angles with measures
less than 90°.

A right triangle contains
one right angle with a measure
of 90°.

75°
40°

65°

Note: right triangles
are marked

An obtuse triangle contains
one obtuse angle with a measure
of more than 90° but less than 180°.

An equiangular triangle
contains all equal angles, each
with a measure of 60°.
60°

120°
60°

60°

Note: The same number of tick or slash marks are used to denote angles or
sides with the same measure. Arcs with the same number of tick marks are
also used to show angles with the same measure.
B
m A=m C
AB = BC
A
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Triangles Classified by the Lengths of Their Sides—Scalene, Isosceles,
and Equilateral
A scalene triangle has
no congruent sides—no sides
are the same length.

An isosceles triangle has at least
two congruent sides—two or more
sides are the same length.

An equilateral triangle
has three congruent sides—
all sides are the same length.

So, all triangles may be classified by their angles (acute, right, obtuse, or
equiangular), by their sides (equilateral, isosceles, scalene), or both. See the
chart below.

Classification

Acute

Triangles
Right

Obtuse

< 90° and > 0°

= 90°

> 90° and <180°

Equiangular
all = 60°

Equilateral
Isosceles
Scalene
< means less than

> means greater than

As you see in the above chart, a right triangle may be either isosceles or
scalene, but is never acute, equilateral, or obtuse.
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Practice
Solve the following.
1. In scalene triangle ABC, the measure (m) of B is
• 16 degrees more than the measure of A and
• 2 degrees more than the measure of C.
What is the measure of B?
You may use the setup provided below or you may create your own
way to represent the angle measures. Show your work.
Remember: The sum of the measure of the angles in any
triangle is 180°
B°
measure of B =
measure of A =
measure of C =

B
B – 16
B–2

(B – 2)°

B + B –␣ 16 +B – 2 = 180

(B – 16)°

scalene triangle—has no
congruent angles

measure of B =

Check your work.
The measure of the angles are as follows:
B=

B

A=

B – 16 =

C=

B–2 =
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=
180°
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2. In scalene triangle BCD, the measures of the angles are consecutive
multiples of 4 where B is the smallest angle and D is the largest.
Find the measure of each angle. Show your work.
Hint: Consecutive multiples of 4 include 4, 8, 12, 16 and so on. Each is
4 more than the previous one, going in order.
Try the following representation first.
measure of B =
measure of C =
measure of D =

B
B+4
B+8
B + B + 4 + B + 8 = 180

The measure of the angles are as follows:

B=
A=

180°

C=
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Now try the following representation:
measure of B =
measure of C =
measure of D =

C–4
C
C+4
C – 4 + C + C + 4 = 180

The measure of the angles are as follows:

B=
C=

180°

D=
Which representation do you prefer? Why? _____________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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3. The vertex angle in an isosceles triangle measures 30 degrees more
than each of the congruent ( ) base (b) angles. What is the measure
of the vertex angle?
Remember: The vertex is opposite to and farthest from
the base of a triangle. The vertex angle is the angle
associated with a given vertex. The base angles of an
isosceles triangle are congruent.
measure of vertex angle =
measure of first base angle =
measure of second base angle =

V
V – 30
V – 30

Write an equation and solve the problem.
Show your work.

vertex
angle

V°
(V – 30)°

base angles
isosceles triangle—has
2 congruent angles

measure of vertex angle =
Check your work. The measure of the angles are as follows:
vertex angle

= V

=

first base angle

= V – 30 =

180°

second base angle = V – 30 =
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4. The measures of three angles in a triangle are consecutive multiples
of 5. Find the measure of the largest angle. Show how you would
represent the angle measures. Write an equation and solve. Show
your work.

measure of largest angle =
The measures of the angles are as follows:

first angle

=

second angle

=

third angle

=
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180°
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5. After solving problem 4, a student said she could have divided 180
by 3 to get the measure of one of the angles and simply added 5 to get
the measure larger angle and subtracted 5 to get the measure of the
smaller angle. Test her conjecture on problem 2. Show your work.
Report your findings.

Findings: ___________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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6. In a right triangle, one of the acute angles is 14.5 degrees more than
the other. What are the measures of two acute angles?
Remember: In a right triangle, one
angle is a right angle and two are
acute angles.
measure of right angle =
90
measure of one acute angle =
a
measure of second acute angle = a + 14.5

(a + 14.5)°

a°
90°

right triangle—has
1 right angle (90°)

90 + a + a + 14.5 = 180

The measures of the angles are as follows:

right angle

=

one acute angle

=

90°
180°

second acute angle =
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7. In a scalene triangle, the measures of the angles are consecutive
multiples of 12. What is the measure of the largest angle? Show work
or explain how you got your answer.

measure of largest angle =
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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8. In an isosceles triangle, the measure of the vertex angle exceeds the
measures of each of the base angles by 12 degrees. What is the
measure of the vertex angle? Show work or explain how you got
your answer.

measure of the vertex angle =
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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9. In an equilateral triangle, the measures of all angles are congruent.
What is the measure of each angle? Show work or explain how you
got your answer.

equilateral triangle—has
3 congruent angles

measure of each angle =
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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10. In a right triangle, the measure of one acute angle is 20 degrees less
than the measure of the other acute angle. What is the measure of
the smaller acute angle? Show your work.

measure of smaller acute angle =

Unit 5: Algebraic Thinking

307

Practice
Match each definition with the correct term. Write the letter on the line provided.
______

1. a polygon with three sides

______

2. the edge of a polygon

______

3. a portion of a line that consists
of two defined endpoints and
all the points in between

______
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4. a closed-plane figure having at
least three sides that are line
segments and are connected at
their endpoints

A. length (l)

B. line segment (—)

C. polygon

D. ray (

)

______

5. the point common to the two
rays that form an angle

E. side

______

6. a one-dimensional measure
that is the measurable property
of line segments

F. triangle

______

7. a portion of a line that begins at
an endpoint and goes on
indefinitely in one direction

G. vertex
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Practice
Use the list below to write the correct term for each definition on the line provided.
angle ( )
base (b)
congruent ( )

consecutive
degree (°)
measure (m) of an angle ( )

multiples
vertex angle

___________________________ 1. the line or plane of a geometric figure,
from which an altitude can be
constructed, upon which a figure is
thought to rest
___________________________ 2. common unit used in measuring
angles
___________________________ 3. the point about which an angle is
measured; the angle associated with a
given vertex
___________________________ 4. the numbers that result from
multiplying a given whole number by
the set of whole numbers
___________________________ 5. two rays extending from a common
endpoint called the vertex
___________________________ 6. the number of degrees (°) of an angle
___________________________ 7. in order
___________________________ 8. figures or objects that are the same
shape and size
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Practice
Match each figure with the correct term.
______

1.

has one 90° angle

A. acute triangle

______

2.

all angles are less than 90°
greater than 0°

B. equiangular
triangle

______

3.

has one angle more than 90°
but less than 180°

C. obtuse triangle

all angles are equal

D. right triangle

60°

______

4.

______

5.

has no congruent sides

A. equilateral triangle

______

6.

has 3 congruent sides

B. isosceles triangle

______

7.

has 2 congruent sides

C. scalene triangle

______

8.

< 90° and > 0°

A. acute angle

______

9.

= 90°

B. obtuse angle

> 90° and < 180°

C. right angle

______ 10.
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60°

60°
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Lesson Three Purpose
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Select and justify alternative strategies, such as using
properties of numbers, including inverse, identity,
distributive, associative, and transitive, that allow
operational shortcuts for computational procedures in
real-world or mathematical problems. (MA.A.3.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Use concrete and graphic models to derive formulas for
finding rate, distance, time, and angle measurements.
(MA.B.1.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)
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Tessellations
Look at the honey bees in their beehive.
Each hexagon shape in the beehive is a cell
in which the bees store honey. This pattern
of hexagons is an example of a tessellation.
A tessellation is a covering or tiling of a plane
by congruent copies of the same pattern. The
shape must be repeated and fit together so that
there are no holes and no overlaps between shapes.
In the beehive above, each cell is a regular hexagon. A regular polygon is a
polygon with all sides congruent and all angles congruent. It is both equilateral
and equiangular. A regular polygon with six sides is a regular hexagon.
A regular tessellation uses congruent regular polygons of only one kind.
There are three regular polygons that tessellate: equilateral triangles,
squares, and hexagons.
All the vertices of the figures fit right next to each other around a point.
The sums of the angles around any one point equal 360 degrees.
Think about This!
Since the measure of each angle in a regular triangle
(equilateral) is 60 degrees and since 60 is a factor of 360, six
regular triangles can share a common vertex.
Since the measure of each angle in a regular
quadrilateral, a square, is 90 degrees, and since 90 is
a factor of 360, four regular quadrilaterals can share a
common vertex.
Since the measure of each angle in a regular hexagon
is 120 degrees, and since 120 is a factor of 360, three
regular hexagons can share a common vertex.

regular
equilateral
triangles

regular
quadrilaterals—
squares

regular
hexagons
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Practice
Solve the following.
Is it possible to use a combination of regular polygons to cover a plane
surface and have no holes and no overlaps between the shapes? Consider
the following.
1. Four regular polygons have the same side lengths. They meet at a
common vertex with no holes and no overlaps. Only two of the
polygons are squares. Each angle in one of the other two polygons is
60 degrees more than each angle in the other.
Show how the measures can be represented symbolically and write
an equation to determine the measures of the polygons that are not
squares.
measure of each angle in first square =

90

measure of each angle in second square =

90

measure of each angle in third polygon =
measure of each angle in fourth polygon =
90 + 90 +

+

= 360

Symbolic representation

Equation: ___________________________________________________

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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2. Three regular polygons having the same side lengths are placed
around a point so that they share a common vertex with no holes
and no overlaps. One of the three polygons is a square. The
remaining two polygons are congruent. Find the measures of each
angle sharing this common vertex. Show your work or explain how
you got your answer.
measure of angle in square =
90
measure of angle in first of two congruent polygons =
x
measure of angle in second of two congruent polygons = x

The measures of the angles are as follows:

angle in the square

=

first of two congruent polygons

=

360°

second of two congruent polygons =

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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3. Four congruent obtuse triangles are placed together as shown in the
illustration below to form a larger, similar triangle.
2

1
2

2

3

3
1
2

1

1
3

3

obtuse triangle

2

4 obtuse triangles

1
3

This illustration helps us to see the following:
• corresponding angles are equal
• corresponding sides are in proportion.
The measure of the obtuse angle is twice the sum of the measures of
the two acute angles. The measure of one of the acute angles is 10
degrees more than the other. Find the measure of each angle in the
triangle. Show your work or explain how you got your answer.
measure of smaller acute angle = a
measure of larger acute angle = a + 10
measure of obtuse angle =
2(a + a + 10)
The measures of the angles are as follows:

smaller acute angle

=

larger acute angle

=

obtuse angle

=

180°

Explanation: _____________________________________________________
___________________________________________________________
___________________________________________________________

Unit 5: Algebraic Thinking

315

4. Four congruent isosceles trapezoids are placed together as shown
in the illustration below to form a larger, similar isosceles trapezoid.

1”
1”

1”

2”
isosceles trapezoid

4 congruent isosceles trapezoids

Each side of the larger trapezoid is twice the length of its
corresponding side in the smaller trapezoid. Corresponding angles are
congruent. Since this is an isosceles trapezoid, the two acute angles are
congruent and the two obtuse angles are congruent.
If the measure of an obtuse angle is twice that of an acute angle in
the trapezoid, what are the measures of the angles? Show your work
or explain how you got your answer.

The measures of the angles are as follows:

one obtuse angle

=

other obtuse angle

=

one acute angle

=

other acute angle

=

360°

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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5. Four congruent rhombi (the plural of rhombus) are placed together
as shown in the illustration below to form a larger similar rhombus.

rhombus

4 congruent rhombi

Each side length of the larger rhombus is twice its corresponding
side length in the smaller rhombus and corresponding angles are
congruent. As is true in all parallelograms, opposite angles are
congruent.
If the measure of each of the two acute angles is one-half the
measure of each of the two obtuse angles, what is the measure of one
of the acute angles? Show your work or explain how you got your
answer.

measure of one of the acute angles =
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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6. Four congruent right triangles have been placed together as shown
in the illustration below to form a larger, similar right triangle.

right triangle

4 congruent right triangles

Each side of the larger triangle is twice as long as its corresponding
side in the small triangle and the corresponding angles are
congruent.
If the measure of one of the acute angles is 20 degrees greater than
the other acute angle, what is the measure of the smaller acute angle?
Show your work or explain how you got your answer.

measure of smaller acute angle =
Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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Practice
Use the list below to complete the following statements.
corresponding angles
hexagon
quadrilateral

1.

regular polygon
similar figures
tessellation

are congruent in two similar triangles—
thus they have the same measure.

2. A covering or tiling of a plane by congruent copies of the same
.

pattern is a
3. The measure of each angle in a regular

,

or square, is 90 degrees.
4. A polygon with six sides is a

.

5. Figures that have the same shape; have corresponding, congruent
angles; and have corresponding sides that are proportional in length
are
6. A

.
is a polygon with both equilateral (all

sides congruent) and equiangular (all angles congruent).
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______

1. a quadrilateral with just one pair
of opposite sides parallel

______

2. a rectangle with four sides the
same length

______
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3. a trapezoid with congruent legs
and two pairs of congruent base
angles

A. corresponding
angles and sides
B. isosceles
trapezoid
C. parallelogram

______

4. a parallelogram with four
congruent sides

D. proportion

______

5. the matching angles and sides in
similar figures

E. rhombus

______

6. a quadrilateral with two pairs of
parallel sides

F. square

______

7. a mathematical sentence stating
that two ratios are equal

G. trapezoid
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Lesson Four Purpose
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Select and justify alternative strategies, such as using
properties of numbers, including inverse, identity,
distributive, associative, and transitive, that allow
operational shortcuts for computational procedures in
real-world or mathematical problems. (MA.A.3.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Use concrete and graphic models to derive formulas for
finding rate, distance, time, and angle measurements.
(MA.B.1.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)
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Equations for Special Angles
You will use your prior knowledge of special pairs of angles in this lesson.
These special pairs include the following:
• complementary angles
• supplementary angles
• vertical angles
• alternate interior angles
• corresponding angles.
Complementary Angles
Two angles are complementary angles if the sum of their measures is
90 degrees.
Example: Study the following picture.

40°

2
1

Angle 1 and angle 2 are complementary angles because the sum of their
measures is 90 degrees. If angle 1 measures 40 degrees, then angle 2 would
have to be 50 degrees, because 40 + 50 = 90.
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Example: Let’s consider the following situation.
In a pair of complementary angles, the measure of one is 25 degrees
greater than the measure of the other. Find their measures.
measure of first angle =
x
measure of second angle = x + 25
x + x + 25
2x + 25
2x + 25 + (-25)
2x
x

= 90
= 90
= 90 + (-25)
= 65
= 32.5

The measure of one of the angles is 32.5 degrees and the measure of the
other angle is 25 more than that (32.5 + 25), 57.5 degrees.
=

32.5

measure of second angle = x + 25 =

57.5

measure of first angle
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= x

90°
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Supplementary Angles
Two angles are said to be supplementary angles if the sum of their measures
is 180 degrees.
Example: Study the following picture.

1
4

B
3

2

supplementary angles

Angle 1 and angle 4 together make a straight angle. Therefore angle 1 and
angle 4 are supplementary angles.
Vertical Angles
When two lines intersect, angles that are opposite or directly across from
each other are called vertical angles. Vertical angles are always congruent.
Example: Study the following picture.

1
4

B
2
3
vertical angles

Therefore, angle 1 and angle 3 are vertical angles and congruent, and
angle 2 and angle 4 are vertical angles and congruent.
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Practice
Solve the following. For each problem, show your work or explain how you got
your answer.
1. In a pair of supplementary angles, the measure of one is 65
degrees greater than the measure of the other. Find their measures.

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

2. In a pair of supplementary angles, the measure of one is 10
degrees less than three times the other. Find their measures.

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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3. In a pair of complementary angles, the measure of one is 14
degrees more than twice the other. Find their measures.

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

4. The measures of two complementary angles are consecutive multiples
of 6. Find their measures.

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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5. The measures of two supplementary angles are consecutive odd
numbers. Find their measures.

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________

6. The measures of two complementary angles are consecutive even
numbers. Find their measures.

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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Angles Formed by a Transversal
When a transversal intersects two or more lines at different points, it
forms eight angles. These angles are alternate angles. Alternate angles lie
on opposite sides and at opposite ends of a transversal. The four angles
lying between or inside the two lines are alternate interior angles. The four
angles lying outside the two lines are alternate exterior angles.

transversal
1 2
4 3

outside (exterior)
p

Note: Even when lines cut by a
transversal are not parallel, we
still use the same vocabulary.
1 2
4 3

inside (interior)
5 6
8 7

outside (exterior)

transversal

p
inside (interior)

5

q

8

6

q

7

outside (exterior)

outside (exterior)

However, there are special
properties when the lines
intersected by a transversal
are parallel.

•

1 and 3 are examples of vertical angles.

•

5 and 6 are examples of supplementary angles.

•

4 and 6 as well as 3 and 5 are examples of pairs of alternate
interior angles. They are between or inside the two parallel lines on
opposite sides of the transversal.

•

1 and 7 as well as 2 and 8 are examples of pairs of alternate
exterior angles. They are above and below or outside the two parallel
lines on opposite sides of the transversal.

Remember that we have shown that when a transversal intersects two
parallel lines, the following occurs.
m 1 = m 3 vertical angles are congruent
m 3 = m 5 alternative angles are congruent
m 5 = m 7 vertical angles are congruent
m 2 = m 4 vertical angles are congruent
m 4 = m 6 alternative angles are congruent
m 6 = m 8 vertical angles are congruent
328

Unit 5: Algebraic Thinking

Corresponding Angles
When parallel lines are cut by a transversal, angles in the same relative or
matching position are called corresponding angles.
Corresponding angles also lie on the same
transversal
side of a transversal.
1 2
Therefore,
1 corresponds to
6 corresponds to
7 corresponds to
8 corresponds to

4

corresponding
angles

5
2
3
4.

5
8

6
7

3

p

q

The measures of the corresponding angles are equal.
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Practice
Circle the letter of the correct answer.
1. Angles that are opposite or non-adjacent angles that form when two
lines intersect are called
.
a.
b.
c.

vertical angles
alternate angles
transversals

2. Two angles are
a.
b.
c.

if the sum of their measures is 90 degrees.

supplementary angles
complementary angles
parallel lines
.

3. Any whole number not divisible by two is a(n)
a.
b.
c.

degree
odd number
even number

4. Any whole number divisible by two is a(n)
a.
b.
c.

even number
sum
odd number

5. Two angles are said to be
180 degrees.
a.
b.
c.

.

if the sum of their measures is

complementary angles
vertical angles
supplementary angles

intersects two or more lines at different
6. When a(n)
points, it forms eight angles.
a.
b.
c.

lie on opposite sides and opposite ends of a transversal.

7.
a.
b.
c.
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transversal
complementary angle
alternate angle

odd numbers
alternate angles
supplementary angles
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Practice
Solve the following. Use the illustration below for numbers 1-7.

n
a b
c d

e f
g h

l

m

1. Lines l and m are parallel and are cut by a transversal, line n. If the
measure of angle a is 30 degrees more than the measure of angle b,
find the measures of angles a and b. Show your work or explain how
you got your answer.

Explanation: ________________________________________________
___________________________________________________________
___________________________________________________________
___________________________________________________________
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Using the measures found in number 1 for angles a and b, complete the
following.

2. The measure of angle c is

because

___________________________________________________________
___________________________________________________________
___________________________________________________________
__________________________________________________________ .
3. The measure of angle d is

because

___________________________________________________________
___________________________________________________________
___________________________________________________________
__________________________________________________________ .
4. The measure of angle e is

because

___________________________________________________________
___________________________________________________________
___________________________________________________________
__________________________________________________________ .
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5. The measure of angle f is

because

___________________________________________________________
___________________________________________________________
___________________________________________________________
__________________________________________________________ .
6. The measure of angle g is

because

___________________________________________________________
___________________________________________________________
___________________________________________________________
__________________________________________________________ .
7. The measure of angle h is

because

___________________________________________________________
___________________________________________________________
___________________________________________________________
__________________________________________________________ .
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Practice
Solve the following. Show your work.

Part A
As you find a value for x that makes the equation true, think about more
than one way to do it. Two ways are shown in the example. You may find
other ways.
Example: 3x – 18 = 42

Method One
3x – 18 = 42
3x – 18 + 18 = 42 + 18
3x
60
3 = 3
x = 20

Method Two
From what do I subtract 18 to get 42?
60
Three times what is 60?
20

1. 5x + 24 = 49

2. 3x – 13 = 35

3. 7x = 91

4. 0.5x = 2
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5. 2x + 17 = 24

6. -4x + 17 = 57

7. 2x – (-4) = 20
Remember: You may rewrite subtraction as addition.
2x – (-4) = 20
2x + 4 = 20

8. 15x – 26 = -56

9. 2.5x – (-2) = 12

10. 13x + 27.5 = 79.5
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Part B
Solve the following. Show all your work.
1. x + x + 2 + x + 4 = 108

2. x – 1 + x + x + 1 = -147

3. 2x + x + x + 20 = 180

4. x + x + 6 + x + 12 + x + 18 = 404
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5. 3x + 2x + x = 180

6.

6x = 135

7. 2(x + x – 2) = 36

8. 2(x + x + 9) = 154
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Match each expression with the correct statement from which the expression
could have been written. Write the letter on the line provided.
A. 6x
B. x – 1 + x + x + 1
C. 2x + x + x + 20
D. x + x + 6 + x + 12 + x + 18
E. 3x + 2x + x
F. x + x + 2 + x + 4
G. 2(x + x – 2)
H. x + x + 8
______

9. The perimeter or distance around a regular hexagon.

______ 10. The perimeter of a scalene triangle with side lengths
represented by consecutive even integers.
______ 11. The perimeter of a rectangle with length and width
represented by consecutive even integers.
______ 12. The measures of the angles in a triangle if one angle is twice
the smallest and the third angle is 20 more than the smallest.
______ 13. The scores of four students of golf if the low scorer of the day
beat the other players by 6, 12, and 18 strokes.
______ 14. The ages of two brothers if one is 8 years older than the other.
______ 15. The measure of the angle of a triangle measures half as much
as the second angle and one-third as much as the third angle.
______ 16. The sum of three consecutive numbers.
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______

1. the line or plane of a geometric
figure, from which an altitude can
be constructed, upon which a
figure is thought to rest

______

2. the order in which any two
numbers are added or multiplied
does not change their sum or
product, respectively

______

3. a triangle with at least two
congruent sides and two
congruent angles

______

4. the point about which an angle is
measured; the angle associated
with a given vertex

______

5. multiplying the same number on
each side of an equation results in
an equivalent equation; for any
real numbers a, b, and c, if a = b,
then ac = bc

______

6. two rays extending from a
common endpoint called the
vertex

______

7. a mathematical sentence in which
two expressions are connected by
an equality symbol

______

8. adding the same number to each
side of an equation results in an
equivalent equation; for any real
numbers a, b, and c, if a = b, then
a+c=b+c
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A. addition
property of
equality

B. angle ( )

C. base (b)

D. commutative
property

E. equation

F. isosceles
triangle

G. multiplication
property of
equality

H. vertex angle
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Practice
Use the list below to write the correct term for each definition on the line provided.

alternate angles
corresponding angles
parallel lines

supplementary angles
transversal
vertical angles

___________________________ 1. a pair of angles that are in matching
positions and lie on the same side of a
transversal
___________________________ 2. the opposite or non-adjacent angles
formed when two lines intersect
___________________________ 3. a pair of angles that lie on opposite
sides and at opposite ends of a
transversal
___________________________ 4. a line that intersects two or more lines
at different points
___________________________ 5. two lines in the same plane that never
meet; also, lines with equal slopes
___________________________ 6. two angles, with measures the sum of
which is exactly 180°
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Unit 6: Algebra Applications
This unit emphasizes the use of algebra to solve real-world problems.

Unit Focus
Number Sense, Concepts, and Operations
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents radicals,
and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Understand and explain the effects of addition,
subtraction, multiplication, and division on real numbers,
including square roots, exponents, and appropriate
inverse relationships. (MA.A.3.4.1)
• Select and justify alternative strategies, such as using
properties of numbers, including inverse, identity,
distributive, associative, and transitive, that allow
operational shortcuts for computational procedures in
real-world or mathematical problems. (MA.A.3.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)

Measurement
• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
Algebraic Thinking
• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)

Vocabulary
Use the vocabulary words and definitions below as a reference for this unit.
addend ............................................ any number being added
Example: In 14 + 6 = 20,
14 and 6 are addends.

ra

y

additive identity ............................ the number zero (0); when zero (0) is
added to another number the sum is the
number itself
Example: 5 + 0 = 5
angle ( ) .......................................... two rays extending
vertex
from a common
ray
endpoint called the
vertex; measures of angles are described
in degrees (°)
area (A) ............................................ the measure, in square units, of the
inside region of a two-dimensional
figure
Example: A rectangle with sides of 4
units by 6 units contains 24 square units
or has an area of 24 square units.
base (b) (geometric) ...................... the line or plane of a geometric figure,
from which
base
an altitude
base
height
can be
constructed,
base
base
base
upon which a
figure is
thought to rest
circumference
circumference (C) .......................... the distance around a
circle
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commutative property .................. the order in which two numbers are
added or multiplied does not change
their sum or product, respectively
Example: 2 + 3 = 3 + 2 or 4 x 7 = 7 x 4
cylinder ........................................... a three-dimensional figure with
two parallel bases that are
congruent circles
Example: a can
degree (°) ......................................... common unit used in measuring angles
diameter (d) .................................... a line segment from any
point on the circle passing
through the center to
another point on the circle

diameter

divisor ............................................. the number by which another number is
divided
Example: In 7) 42 , 42 ÷ 7, 42
7 ,
7 is the divisor.
equivalent
(forms of a number) ...................... the same number expressed in different
forms
Example:

3
4

, 0.75, and 75%

estimation ....................................... the use of rounding and/or other
strategies to determine a reasonably
accurate approximation, without
calculating an exact answer
Examples: clustering, front-end
estimating, and grouping
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exponent (exponential form) ...... the number of times the base occurs as a
factor
Example: 23 is the exponential form of
2 x 2 x 2. The numeral two (2) is called
the base, and the numeral three (3) is
called the exponent.
expression ....................................... a collection of numbers, symbols,
and/or operation signs that stands for a
number
Example: 4r2; 3x + 2y; 25
Expressions do not contain equality (=)
or inequality (<, >, ≤, ≥, or ≠) symbols.
factor ................................................ a number or expression that divides
evenly into another number
Example: 1, 2, 4, 5, 10, and 20 are factors
of 20 and (x + 1) is one of the factors of
(x2 – 1).
formula ........................................... a way of expressing a relationship using
variables or symbols that represent
numbers
height (h)......................................... a line segment extending from the
vertex or apex (highest point) of a figure
to its base and forming a right angle
with the base or plane that contains the
base
height (h)
base (b)

height (h)
base (b)

height (h)
base (b)

length (l) ......................................... a one-dimensional measure that is the
measurable property of line segments
like terms ........................................ terms that have the same variables and
the same corresponding exponents
Example: In 5x2 + 3x2 + 6, 5x2 and 3x2 are
like terms.
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multiplicative identity ................. the number one (1); the product of a
number and the multiplicative identity
is the number itself
Example: 5 x 1 = 5
multiplicative
property of zero ............................. for any number a, a • 0 = 0 and 0 • a = 0
nonagon .......................................... a polygon with nine sides
order of operations ....................... the order of performing computations in
parentheses first, then exponents or
powers, followed by multiplication
and/or division (as read from left to
right), then addition and/or subtraction
(as read from left to right); also called
algebraic order of operations
Examples: 5 + (12 – 2) ÷ 2 – 3 x 2 =
5 + 10 ÷ 2 – 3 x 2 =
5+5–6=
10 – 6 =
4
perfect square ................................ a number whose square root is a whole
number
Example: 25 is a perfect square because
5 x 5 = 25
perimeter (P) .................................. the distance around a polygon
positive numbers .......................... numbers greater than zero
power (of a number) ..................... an exponent; the number that tells how
many times a number is used as a factor
Example: In 23, 3 is the power.
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product ............................................ the result of multiplying numbers
together
Example: In 6 x 8 = 48,
48 is the product.
quotient ........................................... the result of dividing two numbers
Example: In 42 ÷ 7 = 6,
6 is the quotient.
radical .............................................. an expression that has a root (square
root, cube root, etc.)
Example: 25 is a radical
Any root can be specified by an index
number, b, in the form b a (e.g., 3 8 ).
A radical without an index number is
understood to be a square root.
root to be taken (index)
radical
sign

radical sign (

3

8=2

root
radicand
radical

) ............................. the symbol ( ) used before a number to
show that the number is a radicand

radicand .......................................... the number that appears within a
radical sign
Example: In 25 ,
25 is the radicand.

us

di
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diameter

ra

radius (r) ......................................... a line segment extending
from the center of a circle
or sphere to a point on the
circle or sphere; (plural: radii)
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rate/distance ................................... calculations involving rates, distances,
and time intervals, based on the
distance, rate, time formula (d = rt); a
ratio that compares two quantities of
different units
Example: feet per second
rectangle ......................................... a parallelogram with
four right angles
reflexive property of equality .... a number or expression is equal to itself
Example: 7 = 7 or ab = ab
root ................................................... an equal factor of a number
Example:
In 144 = 12, 12 is the square root.
3
In 125 = 5, 5 is the cube root.
rounded number ........................... a number approximated to a specified
place
Example: A commonly used rule to
round a number is as follows.
• If the digit in the first place after
the specified place is 5 or more,
round up by adding 1 to the digit in
the specified place ( 461 rounded to
the nearest hundred is 500).
• If the digit in the first place after
the specified place is less than 5,
round down by not changing the
digit in the specified place ( 441
rounded to the nearest hundred is
400).
scale factor ...................................... the constant that is multiplied by the
lengths of each side of a figure that
produces an image that is the same
shape as the original figure
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de

side

side
edge of a polygon

si

si

e
sid

de

side ................................................... the edge of a polygon, the face of a
polyhedron, or one of the rays that
make up an angle
Example: A triangle has three sides.

side

ray of an angle
face of a polyhedron

simplify an expression ................. to perform as many of the indicated
operations as possible
square .............................................. a rectangle with four sides
the same length
square (of a number) .................... the result when a number is multiplied
by itself or used as a factor twice
Example: 25 is the square of 5.
square root (of a number) ............ one of two equal factors of a number
Example: 7 is the square root of 49.
square units .................................... units for measuring area; the measure of
the amount of an area that covers a
surface
substitution property
of equality ...................................... for any numbers a and b, if a = b,
then a may be replaced by b
sum .................................................. the result of adding numbers together
Example: In 6 + 8 = 14,
14 is the sum.
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surface area (S.A.)
(of a geometric solid) .................... the sum of the areas of the faces and any
curved surfaces of the figure that create
the geometric solid
symmetric property
of equality ...................................... for any numbers a and b, if a = b, then
b=a
transitive
property of equality ..................... for any numbers a, b, and c, if a = b and
b = c, then a = c
triangle ............................................ a polygon with three sides; the sum of
the measures of the angles is 180°

unit ................................................... a precisely fixed quantity used to
measure
value (of a variable) ...................... any of the numbers represented by the
variable
variable ........................................... any symbol, usually a letter, which
could represent a number
whole number ............................... the numbers in the set {0, 1, 2, 3, 4, …}
width (w) ........................................ a one-dimensional measure of
something side to side
w
l
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Unit 6: Algebra Applications
Introduction
Some of the algebra applications in this chapter will likely be familiar to
you and some may be new. Each one will be useful as you study algebra
and apply it to the real world.

Lesson One Purpose
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents radicals,
and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Understand and explain the effects of addition,
subtraction, multiplication, and division on real numbers,
including square roots, exponents, and appropriate
inverse relationships. (MA.A.3.4.1)
• Select and justify alternative strategies, such as using
properties of numbers, including inverse, identity,
distributive, associative, and transitive, that allow
operational shortcuts for computational procedures in
real-world or mathematical problems. (MA.A.3.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
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• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)

Order of Operations
The four problems in the previous practice help us make sense of the
appropriate order of operations and the need for parentheses at times in
moving from words to equations. Although you have previously studied
the rules for order of operations, here is a quick review.
Rules for Order of Operations
Always start on the left and move to the right.
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1.

Do operations inside parentheses first.

( ), [ ], or

2.

Then do all powers (exponents) or roots.

x2 or x

3.

Next do multiplication or division—
as they occur from left to right.

x or ÷

4.

Finally, do addition or subtraction—
as they occur from left to right.

+ or –

x
y
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Please note the or in multiplication or division and in addition or subtraction
in steps 3 and 4.
• This tells you that if multiplication occurs before division,
do it first—as it occurs from left to right.
• If division occurs before multiplication, do it first—as it
occurs from left to right.
• The same is true for addition and subtraction.
The words as it occurs and from left to right are very important words.
Sometimes a silly sentence helps to remember the order of operations. Try
this one—or make up one of your own.
Please Pardon My Dear Aunt Sally*
Please ............. Parentheses
Pardon ............ Powers
My Dear .......... Multiplication or Division
Aunt Sally ....... Addition or Subtraction
* Also known as Please Excuse My Dear Aunt Sally—Parentheses,
Exponents, Multiplication or Division, Addition or Subtraction.
If we are working to simplify expressions provided, we apply these rules.
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Practice
Use the following information about algebraic order of operations to answer
the following statements.
Study the following.
3 + 5 x 2 = 13
3 + 5 x 2 = 16

True
False

5+2x2=9
5 + 2 x 2 = 14

True
False

1. For the examples marked true, the operation of
(addition or multiplication) preceded the
operation of

(addition or multiplication).

Study the following.

2.

9–4x2=1
9 – 4 x 2 = 10

True
False

8–2x3=2
8 – 2 x 3 = 18

True
False

For the examples marked true, the operation of
(subtraction or multiplication) preceded
the operation of

(subtraction or

multiplication).
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Study the following.
12 ÷ 2 x 3 = 18 True
12 ÷ 2 x 3 = 2 False
20 ÷ 4 x 5 = 25 True
20 ÷ 4 x 5 = 1 False
3. For the examples marked true, the operation of
(division or multiplication) preceded the
(division or multiplication).

operation of

Study the following.
8–3+2=7
8–3+2=3

True
False

4. For the example marked true, the operation of
(subtraction or addition) preceded the
operation of
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(subtraction or addition).
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Rules and More Rules
Study the following.
20 – 4 x 3 =
There are no parentheses. There are no powers. We look for multiplication
or division and find multiplication. We multiply. We look for addition or
subtraction and find subtraction. We subtract.
20 – 4 x 3 =
20 – 12
=
8
Study the following.
8÷4+8÷2 =
There are no parentheses. There are no powers. We look for multiplication
or division and find division. We divide. We look for addition or
subtraction and find addition. We add.
8÷4 +8÷2 =
2 +4
=
6
If the rules were ignored, one might divide 8 by 4 and get 2, then add 2
and 8 to get 10, then divide 10 by 2 to get 5. Agreement is needed.
Study the following.
12 – 23 =
There are no parentheses. We look for powers and find 23. We calculate
this. We look for multiplication or division and find none. We look for
addition or subtraction and find subtraction. We subtract.
12 – 23 =
12 – 8 =
4
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Study the following.
22 – (5 + 24) + 7 x 6 ÷ 2 =
We look for parentheses and find them. We must do what is inside the
parentheses first. We find addition and a power. We do the power first and
then the addition. We look for multiplication or division and find both. We
do them in the order they occur, left to right, and the multiplication occurs
first. We look for addition or subtraction and find both. We do them in the
order they occur, left to right, so the subtraction occurs first.
22 – (5 + 24) + 7 x 6 ÷ 2
22 – (5 + 16) + 7 x 6 ÷ 2
22 – 21 + 7 x 6 ÷ 2
22 – 21 + 42 ÷ 2
22 – 21 +
21
1
+
21
22
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Practice
Apply the rules for order of operations as you solve the following.
1. My secret number is 4 more than the product of 6 and 9. What is my
number?

4 more than

the product of 6 and 9

is

my secret number

4+

6x9

=

?

4+

6x9

=

Think about This!
If you performed the operations as they occurred left to right,
• you would first find the sum of 4 and 6.
• You would then find the product of 10 and 9.
Your answer would be 90.
If we think about this, 90 is 4 more than 86. We know that 86 is not
the product of 6 and 9 so our answer is not reasonable.
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2. My secret number is 13 more than the square of the sum of 6 and 4.
What is my number?

13 more than

the square of
the sum of 6 and 4

is

13 +

(6 + 4)2

=

13 +

(6 + 4)2

=

my secret number
?

Think about This!
If you performed the operations as they occurred left to right,
• you would first find the sum of 13 and 6,
• then the sum of 19 and 4.
• You would then square 23, getting 529.
If we think about this, 542 is 13 more than 529. We know that 542 is
not the square of 10.
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3. It is 24 degrees Celsius and I’d like to know the equivalent
temperature in Fahrenheit. I know it will be 32 more than the
product of 1.8 and the Celsius temperature of 24. What is the
temperature in Fahrenheit?

32 more than

the product of
1.8 and 24

is the Fahrenheit equivalent

32 +

1.8 x 24

=

32 +

1.8 x 24

=

?

°F

Think about This!
If you performed the operations as they occurred left to right,
• you would first find the sum of 32 and 1.8
• you would then multiply 33.8 by 32
• and your answer would be 1,081.6, which is slightly
more than 5 times the temperature in Fahrenheit for
boiling.
You know this is not reasonable.
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4. After traveling at an average rate of 65 mph for 3 hours, Nick drove
14 more miles. How far did he travel?
14 more than

the distance traveled
at 65 mph for 3 hours

is

total distance

14 +

65 x 3

=

?

14 +

65 x 3

=

miles

5. The total number of degrees in the angles of a nonagon will be the
product of 180 and 2 less than the number of sides in the nonagon (9).
What is the total number of degrees in a nonagon?
The product of
180

and 2 less than 9

is

total
number of degrees

180 x

(9 – 2)

=

?

180 x

(9 – 2)

=
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6. A triangle having a base (b) of 9 cm and a height (h) of 8 cm is
enlarged by a scale factor of 3. Since area (A) increases by the square
of the scale factor, the area of the enlargement can be determined by
finding the product of the area of the original triangle and the square
of 3. What is the area of the enlargement?
The product of
the original area

and

the square of 3

is

the area of
enlargement

( 12 x 9 x 8)

+

32

=

?

( 12 x 9 x 8)

+

32

=

7. To find the surface area (S.A.) of a cylinder we must find the sum of
the areas of the two circular bases and of the rectangle having a
length (l) equal to the circumference (C) of one of the bases and the
height of the cylinder.
The formula can be expressed as the following:
3.14 (r2) + 3.14(r2) + (3.14d)h
where r represents radius,
d represents diameter and
h represents height of the cylinder.
If the radius is 5 and the height is 10, what is the surface area?
3.14 x 52 + 3.14 x 52 + 3.14 x 10 x 10 =
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Practice
Write a number sentence to represent each of the following and simplify.
1. 2 more than the number of quarts in 4 gallons
Remember: 4 quarts = 1 gallon
___________________________________________________________
2. 7 less than the number of inches in 2 yards
Remember: 36 inches = 1 yard
___________________________________________________________
3. The product of the number of inches in 5 feet and the square of 3
Remember: 12 inches = 1 foot
___________________________________________________________
4. The quotient of the number of feet in 2 miles and the 4th power of 2
Remember: 5,280 feet = 1 mile
___________________________________________________________
5. The sum of the areas of squares with side measures of 9 inches and
15 inches
Remember: Area (A) = side x side
___________________________________________________________
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Simplify the following.
6. 9 – 4 + 52 =

7. 25 – 15 + 4 – 6 =

8. 23 – 25 + 22 =

9. -16 + 2 x (-5) =

10. ( -24
3 )+6x7=

11. (19 – 9)2 + 10 x 32 =
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Practice
Use the list below to write the correct term for each definition on the line provided.

equivalent (forms of a number)
exponent (exponential form)
expression

order of operations
power (of a number)
simplify an expression

________________________ 1. to perform as many of the indicated
operations as possible
________________________ 2. the order of performing computations in
parentheses first, then exponents or
powers, followed by multiplication
and/or division (as read from left to
right), then addition and/or subtraction
(as read from left to right)
________________________ 3. the number of times the base occurs as a
factor
________________________ 4. a collection of numbers, symbols,
and/or operation signs that stands for a
number
________________________ 5. an exponent; the number that tells how
many times a number is used as a factor
________________________ 6. the same number expressed in different
forms
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______

______

______

1. the line or plane of a geometric
figure, from which an altitude can
be constructed, upon which a figure
is thought to rest
2. the measure, in square units, of the
inside region of a two-dimensional
figure
3. a line segment from any point on
the circle passing through the
center to another point on the circle

______

4. the distance around a circle

______

5. the result of a multiplying numbers
together

______

6. a line segment extending from the
center of a circle or sphere to a
point on the circle or sphere

______

7. the result of adding numbers
together

______

8. the constant that is multiplied by
the lengths of each side of a figure
that produces an image that is the
same shape as the original figure

A. area (A)

B. base (b)

C. circumference (C)

D. diameter (d)

E. product

F. quotient

G. radius (r)

______

9. the result when a number is
multiplied by itself or used as a
factor twice

H. scale factor

I. square (of a
number)

J. sum

______ 10. the result of dividing two numbers
______ 11. the sum of the areas of the faces
and any curved surfaces of the
figure that create the geometric
solid
366

K. surface area
(S.A.) (of a
geometric solid)
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Lesson Two Purpose
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents radicals,
and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Understand and explain the effects of addition,
subtraction, multiplication, and division on real numbers,
including square roots, exponents, and appropriate
inverse relationships. (MA.A.3.4.1)
• Select and justify alternative strategies, such as using
properties of numbers, including inverse, identity,
distributive, associative, and transitive, that allow
operational shortcuts for computational procedures in
real-world or mathematical problems. (MA.A.3.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)

Unit 6: Algebra Applications

367

Properties
Recall your days in elementary school when you were learning the addition
facts.
0+0 1+0 2+0 3+0 4+0 5+0 6+0 7+0 8+0 9+0
0+1 1+1 2+1 3+1 4+1 5+1 6+1 7+1 8+1 9+1
0+2 1+2 2+2 3+2 4+2 5+2 6+2 7+2 8+2 9+2
0+3 1+3 2+3 3+3 4+3 5+3 6+3 7+3 8+3 9+3
0+4 1+4 2+4 3+4 4+4 5+4 6+4 7+4 8+4 9+4
0+5 1+5 2+5 3+5 4+5 5+5 6+5 7+5 8+5 9+5
0+6 1+6 2+6 3+6 4+6 5+6 6+6 7+6 8+6 9+6
0+7 1+7 2+7 3+7 4+7 5+7 6+7 7+7 8+7 9+7
0+8 1+8 2+8 3+8 4+8 5+8 6+8 7+8 8+8 9+8
0+9 1+9 2+9 3+9 4+9 5+9 6+9 7+9 8+9 9+9

We see 100 addition facts for which 100 flash cards were often made for
practice.
Consider, now, the identity property for addition:
• The sum of any number and 0 is that same number.
• For any number a, a + 0 = a.
This property tells us that the sum of any number and zero is that same
number. If we know this property, we don’t need flash cards for these
facts:
0+0 1+0 2+0 3+0 4+0 5+0 6+0 7+0 8+0 9+0
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Consider, now, the commutative property for addition:
• The order of the addends does not affect the sum.
• For any numbers a and b, a + b = b + a.
1+1
1+2 2+2
1+3 2+3 3+3
1+4 2+4 3+4 4+4
1+5 2+5 3+5 4+5 5+5
1+6 2+6 3+6 4+6 5+6 6+6
1+7 2+7 3+7 4+7 5+7 6+7 7+7
1+8 2+8 3+8 4+8 5+8 6+8 7+8 8+8
1+9 2+9 3+9 4+9 5+9 6+9 7+9 8+9 9+9

If we know the sum of 1 + 2, we also know the sum of 2 + 1. One flash
card is sufficient.
These two properties allow us to reduce the number of flash cards from
100 to 45 for our addition facts.
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Recall your days in elementary school when you were learning the
multiplication facts.
0x0 1x0 2x0 3x0 4x0 5x0 6x0 7x0 8x0 9x0
0x1 1x1 2x1 3x1 4x1 5x1 6x1 7x1 8x1 9x1
0x2 1x2 2x2 3x2 4x2 5x2 6x2 7x2 8x2 9x2
0x3 1x3 2x3 3x3 4x3 5x3 6x3 7x3 8x3 9x3
0x4 1x4 2x4 3x4 4x4 5x4 6x4 7x4 8x4 9x4
0x5 1x5 2x5 3x5 4x5 5x5 6x5 7x5 8x5 9x5
0x6 1x6 2x6 3x6 4x6 5x6 6x6 7x6 8x6 9x6
0x7 1x7 2x7 3x7 4x7 5x7 6x7 7x7 8x7 9x7
0x8 1x8 2x8 3x8 4x8 5x8 6x8 7x8 8x8 9x8
0x9 1x9 2x9 3x9 4x9 5x9 6x9 7x9 8x9 9x9

We see 100 multiplication facts for which 100 flash cards were often made
for practice.
Consider, now, the multiplicative property of zero:
• The product of any number and zero is zero.
• For any number a, a(0) = 0.
If we know this property, we know that any number times zero is zero. We
eliminate the first column and the first row of multiplication facts.
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Consider, now, the identity property for multiplication:
• The product of any number and 1 is that same number.
• For any number a, a(1) = a.
If we know this property, we know that any number times one is that
same number. We eliminate the second column of multiplication facts as
well as the second row.
Consider, now, the commutative property for multiplication:
• The numbers can be multiplied in any order.
• For any numbers a and b, a • b = b • a
If we know this property, we know that 6 x 9 has the same product as
9 x 6. Only one card will be needed to represent these two facts.
These properties help us reduce the number of facts to be learned as
shown in the following table:
2x2
2x3 3x3
2x4 3x4 4x4
2x5 3x5 4x5 5x5
2x6 3x6 4x6 5x6 6x6
2x7 3x7 4x7 5x7 6x7 7x7
2x8 3x8 4x8 5x8 6x8 7x8 8x8
2x9 3x9 4x9 5x9 6x9 7x9 8x9 9x9

We now have 36 multiplication facts to learn if we know the multiplicative
property of zero, the identity property for multiplication, and the
commutative property for multiplication.
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You have probably been using these properties for a long time whether or
not you knew the name of the properties. You may find it helpful to make
some flash cards for properties. One side of the card should have the name
of the property and the other side should have an explanation and
example of the property. For example:

commutative
property for
multiplication
The o
rd
not aer of the
fa
ffect
the p ctors do
e
rodu
ct. s
6x8
=8x
6
o
r
ab =
repre ba, whe
re
sent
any n a and b
umb
ers

372

Unit 6: Algebra Applications

Study the chart below.
Order (Commutative Property)
Commutative Property of Addition:

Commutative Property of Multiplication:

a+b=b+a

ab = ba

Numbers can be added in any order.

Numbers can be multiplied in any order.
2 • 10 = 10 • 2
2 • x = x •2

10 + 2 = 2 + 10
x+2=2+x
Identity Properties
Additive Identity: 0 is the
additive identity.

Multiplicative Identity: 1 is the
multiplicative identity.
a • 1 = a and 1 • a = a

a + 0 = a and 0 + a = a
The sum of any number and zero is
the number.

The product of any number and one is the
number.

5+0=5
x+0=x

5•1=5
x•1=x

These properties deal with the following:
order—commutative property of addition and commutative property of
multiplication
identity—additive identity property and multiplicative identity property
zero—multiplicative property of zero
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Properties of Equality
Four additional examples of properties you have likely used, whether or
not you knew the names for them, are as follows:
reflexive property of equality
• For any number a, a = a.
• This is another way of saying that any quantity is equal to itself.
symmetric property of equality
• For any numbers a and b, if a = b, then b = a.
• This is another way of saying if one quantity equals a second, then
the second equals the first.
transitive property of equality
• For any numbers a, b, and c, if a = b and b = c, then a = c.
• This is another way of saying if one quantity equals a second, and
the second quantity equals a third, then the first quantity equals
the third.
substitution property of equality
• For any numbers a and b, if a = b, then a may be replaced by b in
any expression.
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Study the chart and examples below describing properties of equality.
Properties of Equality
Reflexive:
Symmetric:
Transitive:
Substitution:

a=a
If a = b, then b = a.
If a = b and b = c, then a = c.
If a = b, then a may be replaced by b.

Examples of Properties of Equality
Reflexive:
Symmetric:
Transitive:
Substitution:

8–e=8–e
If 5 + 2 = 7, then 7 = 5 + 2.
If 9 – 2 = 4 + 3 and 4 + 3 = 7, then 9 – 2 = 7.
If x = 8, then x ÷ 4 = 8 ÷ 4. x is replaced by 8.
or
If 9 + 3 = 12, then 9 + 3 may be replaced by 12.
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Practice
Match each property with the correct example of the property. Assume all
variables represent numbers. Write the letter on the line provided. Some
terms will be used more than once.
______

1. 3 + 4 = 4 + 3

______

2. 4 = 4

______

3. If 3 + 4 = 7, then 7 = 4 + 3.

______

4. 6(0) = 0

______

5. 32(56) = 56(32)

______

6. If 5 + 2 = 7 and 7 = 4 + 3,
then 5 + 2 = 4 + 3.

______

7. 6 + 0 = 6

______

8. 72(1) = 72

______

9. 0(a) = a(0)

______ 10. b(1) = b
______ 11. c + d = d + c

A. identity property
for addition

B. identity property
for multiplication

C. commutative
property for
addition

D. commutative
property for
multiplication

E. multiplicative
property of zero

______ 12. e(0) = 0
______ 13. If g = h and h = k, then g = k.
______ 14. m + 0 = m

F. reflexive property

G. symmetric property

______ 15. rs = sr
______ 16. If u = v, then v = u.
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H. transitive property
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Lesson Three Purpose
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents radicals,
and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Understand and explain the effects of addition,
subtraction, multiplication, and division on real numbers,
including square roots, exponents, and appropriate
inverse relationships. (MA.A.3.4.1)
• Select and justify alternative strategies, such as using
properties of numbers, including inverse, identity,
distributive, associative, and transitive, that allow
operational shortcuts for computational procedures in
real-world or mathematical problems. (MA.A.3.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)
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Finding the Perimeter of Rectangles
You will use the following examples to test the properties.
• A formula for finding the perimeter (P) of a rectangle is
2l + 2w = P
where l represents length, w represents width, and P
represents perimeter.
• The commutative property for addition tells us that
another formula could be
2w + 2l = P.
• We know another formula for finding the perimeter of a
rectangle is
2(l + w) = P.
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l = 5, w = 9

2l + 2w = P
2(5) + 2(9) =
10 + 18 = 28

1.

l = 7, w = 4

2.

l = 8.5, w = 9.2

3.

l = 2.5, w = 1.25

4.

l = 17.6, w = 2.4

5.

l = 10, w = 0.75

6.

l = 1 81 , w = 4

1
4

2w + 2l = P
2(9) + 2(5) =
18 + 10 = 28

2(l + w) = P
2(5 + 9) =
2(14) = 28

Practice

Values for length
and width in
centimeters

Complete the following table by testing each formula to find the perimeter of
rectangles with the dimensions shown.
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379

Finding Distance
We know the formula,
rt = d,
where r represents rate, t represent time, and d represents distance, which
allows us to determine distance if we know the rate of speed and the time
traveled.
The commutative property for multiplication would also allow the
formula to be expressed as
tr = d.
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1.

r = 100, t = 5.75

2.

r = 50, t = 2.5

3.

r = 100, t = 10.25

4.

r = 40, t = 0.5

5.

r = 100, t = 5.75

rt = d

tr = d

Practice

Values for rate in
kilometers per hour
and time in hours

Complete the following table by testing each formula for the following values
of rate and time.
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Factor Pairs
Another example of the commutative property for multiplication is
observed when we are finding all the factor pairs for a number. Consider
the following:
number

factor pairs

30

1 x 30, 2 x 15, 3 x 10, 5 x 6, 6 x 5, 10 x 3, 15 x 2, 30 x 1

54

1 x 54, 2 x 27, 3 x 18, 6 x 9, 9 x 6, 18 x 3, 27 x 2, 54 x 1

18

1 x 18, 2 x 9, 3 x 6, 6 x 3, 9 x 2, 18 x 1

300

1 x 300, 2 x 150, 3 x 100, 4 x 75, 5 x 60, 6 x 50, 10 x 30,
12 x 50, 15 x 20, 20 x 15, 50 x 12, 30 x 10, 50 x 6, 60 x 5,
75 x 4, 100 x 3, 150 x 2, 300 x 1

The commutative property for multiplication tells us that 5 x 6 = 6 x 5.
When we are finding factor pairs, we generally don’t need
to list both of these. In some special cases, it is important
to consider both. One such case might be
organizing 300 band members into rows with an
equal number of people. We know that 10 rows of
30 band members is different from 30 rows of 10
band members. We also know that each arrangement
results in a total of 300 band members.
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Factoring and Square Roots
Another interesting thing to note is the relationship of the square root of a
number and factor pairs appearing in reverse order.
• The square root of 30, the first number in the table on the
previous page, is more than 5 but less than 6. If we test
numbers 1-5 to see if they provide factor pairs for 30, we
don’t need to test further.
• The square root of 54 is more than 7 but less than 8. If we
test numbers 1-7 to see if they provide factor pairs for 54,
we don’t need to test further.
• The square root of 18 is more than 4 but less than 5. If we
test numbers 1-4 to see if they provide factor pairs for 18,
we don’t need to test further.
• The square root of 300 is more than 17 but less than 18. If
we test numbers 1-17 to see if they provide factor pairs
for 300, we don’t need to test further.
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Practice
Complete the following table.
Finding Factor Pairs
number
40

1.

90

2.

121

3.

48

4.

125

5.

60

6.

12

7.

400

8.

91

square root
of number
≈ 6.3

check trial
divisors
____ to ____
1 to 6

factor pairs
1 x 40, 2 x 20, 4 x 10, 5 x 8

Remember: The ≈ symbol means is approximately equal to. The
≈ symbol is used with a number that describes another number
without specifying it exactly.
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Measuring with Factor Pairs
It is interesting to note that each factor pair for a number can represent the
length and width of a rectangle having that number of square units in its
area. For example:
number
54

factor pairs
1 x 54, 2 x 27, 3 x 18, 6 x 9

Using Factor Pairs to Find Measurements of Rectangles
Length
of rectangle
in units

Width
of rectangle
in units

Area
of rectangle
in square units

Perimeter
of rectangle
in units
P = 2(l + w)

1

54

54

2(54 + 1) = 110

2

27

54

2(2 + 27) = 58

3

18

54

2(3 + 18) = 42

6

9

54

2(6 + 9) = 30

The long, skinny rectangle (1 by 54), with an area of 54 square units has the
greatest perimeter. The rectangle closest to a square (6 by 9), with an area of
54 square units, has the smallest perimeter.
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Practice
Complete the following table.

Using Factor Pairs to Find Measurements of Rectangles
Length
of rectangle
in inches

386

Width
of rectangle
in inches

Area
of rectangle
in square inches

1.

36

2.

36

3.

36

4.

36

5.

36

Perimeter
of rectangle
in inches
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Complete the following table.
Using Factor Pairs to Find Measurements of Rectangles
Length
of rectangle
in inches

Width
of rectangle
in inches

Area
of rectangle
in square inches

6.

1

900

7.

2

900

8.

3

900

9.

4

900

10.

5

900

11.

6

900

12.

9

900

13.

10

900

14.

12

900

15.

15

900

16.

18

900

17.

20

900

18.

25

900

19.

30

900
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Perimeter
of rectangle
in inches
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8

Working with Radicals
Using Square Roots

8

8

A checkerboard is a perfect square containing 64
little squares. Each side of a square has the same
8
length and width. We know that 82 = 64, and each
side of the checkerboard is 8 units. The opposite of squaring a number is
called finding the square root of a number. The square root of 64 or 64 is 8.
The square root of a number is shown by the symbol , which is called a
radical sign or square root sign. The number underneath is called a
radicand. The radical is an expression that has a root. A root is an equal
factor of a number.
100 = 10 because 102 = 100
radical
sign

100 radicand
radical

9 = 3 because 32 =

9

121 = 11 because 112 = 121

The numbers 100, 9, and 121 are perfect squares because their square roots
are whole numbers. What do we do if the radicand is not a perfect square?
We have three options for finding the square root of a number:
Option 1: We can refer to a square root chart. Below is a partial table of
squares and square roots. See Appendix A for a more
complete table.
6 ≈ 2.449
This answer is rounded to the
nearest thousandth.

Table of Squares and
Approximate Square Roots
n
1
2
3
4
5
6
7
8
9
10
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n2
1
4
9
16
25
36
49
64
81
100

n
1.000
1.414
1.732
2.000
2.236
2.449
2.646
2.828
3.000
3.162
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Option 2: We can use a calculator. Look for a key
with the
symbol. Enter 6, hit this key,
and you will get 2.44948974278. This
result is a decimal approximation of the
6 . You will have to round the number
to the nearest thousandth.

ON/C

MRC

M+

M–

+/-

7

8

9

÷

%

4

5

6

x

CE

OFF

1

2

3

—

0

.

=

+

6 = 2.44948974278
6 ≈ 2.449

Option 3: We can estimate. We know

4 = 2
6 ≈ ?
9 = 3
6 is about half way between 4 and 9 , so a good guess
would be 2.5.
Note: Appendix B contains a list of mathematical symbols and their
meanings and Appendix C contains formulas and conversions.
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Multiplying Radical Expressions
A calculator produced the following products. You might verify these with
your own calculator.
( 5 )( 5 ) = 5
( 21 )( 21 ) = 21
( 99 )( 99 ) = 99
( 4 )( 9 ) = 6
( 3 )( 12 ) = 6
( 2 )( 18 ) = 6
( 6 )( 6 ) = 6
( 2 )( 50 ) = 10
( 4 )( 25 ) = 10
( 5 )( 20 ) = 10
( 10 )( 10 ) = 10
If you are ready to conjecture that ( a )( b ) = ab , your conjecture is
true, when a and b are positive numbers.
The rule also applies to radical expressions such as the following:
( 15 )( 3 ) = 45 = 9 • 5 = 3 5 or 6.71
( 6 )( 90 ) = 540 = 36 • 15 = 6 15 or 23.24
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Practice
Express the product in simplified radical form.
1. ( 18 )( 5 ) =

2. ( 15 )( 8 ) =

3. ( 10 )( 50 ) =

4. ( 56 )( 10 ) =

5. ( 7 )( 18 ) =

6. ( 15 )( 20 ) =

7. ( 50 )( 75 ) =

8. ( 12 )( 7 ) =

9. ( 13 )( 26 ) =

10. ( 11 )( 15 ) =
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More about Radical Expressions
a. ( 18 )( 5 ) = 90 = 9 • 10 = 3 10
or
( 18 )( 5 ) = 9 • 2 • 5 = 3 2 • 5 = 3 10

b.

50 • 75 = 3750 = 25 • 150 = 5 150 = 5 25 • 6 = 25 6
or
50 • 75 = 25 • 2 • 25 • 3 = 5 2 • 5 3 = 25 6

Radical expressions can be simplified before being multiplied or
afterwards. The final product will be the same. The choice is yours!
Consider the following sums:
6 + 24

=

6 + 4•6

=

6 +2 6

=

Note the understood coefficient of 6 is 1
6 =1 6

3 6
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20

+ 80

=

4 • 5 + 16 • 5 =
2 5

+

4 5

=

6 5

98

+

49 • 2

+ 4•2 + 4•3 =

7 2

+

9 2

+

2 40
2 4 • 10
4 10

8

+ 12

2 2 + 2 3

=

=

Note the difference in like terms
and unlike terms.

+ 3 40

=

2 40 + 3 40 =

+ 3 4 • 10

=

6 10

=

2 3

+

10 10
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or

5 40

=

5 4 • 10

=

10 10
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Think about This!
When adding like radical expressions, simplification can be completed
before or after finding the sum.
When adding unlike radical expressions, simplification must be
completed before addition so that like terms can be combined.
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Practice
Express the sums in simplified radical form.
1. 2 5 + 20 =

2. 3 60 + 2 15 =

3.

40 + 90 =

4. 3 7 + 2 28 + 5 14 =

5. 3 27 + 7 12 =

6.

5 + 125 =

7.

1 + 4 + 9 =

8.

50 + 70 =

9. 8 32 + 5 48 =

10.

54 + 24 =
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Practice
Match each property with the correct example of the property. Assume all
variables represent numbers. Write the letter on the line provided.
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______

1. a • 0 = 0 and 0 • a = 0

A. additive identity

______

2. a + b = b + a or ab = ba

B. commutative property

______

3. a • 1 = a and 1 • a = a

C. multiplicative identity

______

4. if a = b and b = c, then
a=c

D. multiplicative property
of zero

______

5. a + 0 = a and 0 + a = a

E. transitive property
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Practice
Use the list below to write the correct term for each definition on the line provided.
divisor
factor
order of operations
perfect square

radical
radicand
rounded number

simplify an expression
square root (of a number)
value (of a number)

___________________________ 1. the order of performing computations
in parentheses first, then exponents or
powers, followed by multiplication
and/or division (as read from left to
right), then addition and/or
subtraction (as read from left to right)
___________________________ 2. the number that appears within a
radical sign
___________________________ 3. a number or expression that divides
evenly into another number
___________________________ 4. to perform as many of the indicated
operations as possible
___________________________ 5. any of the numbers represented by the
variable
___________________________ 6. a number whose square root is a whole
number
___________________________ 7. an expression that has a root (square
root, cube root, etc.)
___________________________ 8. a number approximated to a specified
place
___________________________ 9. the number by which another number
is divided
__________________________ 10. one of two equal factors of a number
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Unit 7: Discoveries about Linear Relationships
This unit emphasizes linear relationships and the impact of changing
parameters of given functions.

Unit Focus
Number Sense, Concepts, and Operations
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
Measurement
• Use concrete and graphic models to derive formulas for
finding rate, distance, time, and angle measurements.
(MA.B.1.4.2)
• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)

Geometry and Spatial Sense
• Using a rectangular coordinate system (graph), apply and
algebraically verify properties of two-dimensional
figures, including distance, midpoint, slope, parallelism,
and perpendicularity. (MA.C.3.4.2)
Algebraic Thinking
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)

Vocabulary
Use the vocabulary words and definitions below as a reference for this unit.
adjacent sides................................. sides that are next
to each other and
share a common
vertex

A

D

B

C

Sides AB and AD are
adjacent. They share the
common vertex A.

ra

angle ( ) .......................................... two rays extending from a
common endpoint called
the vertex; measures of
angles are described vertex
in degrees (°)

y

altitude ............................................ the perpendicular distance from a vertex
in a polygon to its opposite side

ray

axes (of a graph) ............................ the horizontal and vertical number lines
used in a coordinate plane system;
(singular: axis)
coefficient ....................................... a numerical factor in a term of an
algebraic expression
Example: In 8b, the coefficient of b is 8.
congruent ( ~
= ) ................................. figures or objects that are the same shape
and the same size
consecutive ..................................... in order
Example: 6, 7, 8 are consecutive whole
numbers and 4, 6, 8 are consecutive even
numbers.
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coordinate grid or plane .............. a two-dimensional network of
horizontal and vertical lines that are
parallel and evenly-spaced; especially
designed for locating points, displaying
data, or drawing maps
coordinates ..................................... numbers that correspond to points on a
coordinate plane in the form (x, y), or a
number that corresponds to a point on a
number line
data .................................................. information in the form of numbers
gathered for statistical purposes
difference........................................ a number that is the result of
subtraction
Example: In 16 – 9 = 7,
7 is the difference.
endpoint ......................................... either of two points
marking the end of a
line segment

S

P
S and P are
endpoints

equation .......................................... a mathematical sentence in which two
expressions are connected by an
equality symbol
Example: 2x = 10
equivalent
(forms of a number) ...................... the same number expressed in different
forms
Example: 34 , 0.75, and 75%
formula ........................................... a way of expressing a relationship using
variables or symbols that represent
numbers
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graph ............................................... a drawing used to represent data
Example: bar graphs, double bar graphs,
circle graphs, and line graphs
height (h)......................................... a line segment extending from the
vertex or apex (highest point) of a figure
to its base and forming a right angle
with the base or plane that contains the
base
height (h)
base (b)

height (h)

height (h)
base (b)

base (b)

horizontal ....................................... parallel to or in the same
plane of the horizon
hy

po

hypotenuse ..................................... the longest side of a
right triangle; the side
opposite the right angle

te

leg

nu

se

leg

increase ........................................... to make greater
intersect ........................................... to meet or cross at one point
intersection ..................................... the point at which lines or curves meet;
the line where planes meet
isosceles triangle ........................... a triangle with two congruent
sides and two congruent angles
labels (for a graph) ........................ the titles given to a graph, the axes of a
graph, or the scales on the axes of a
graph
leg ..................................................... in a right triangle, one
of the two sides that
form the right angle
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length (l) ......................................... a one-dimensional measure that is the
measurable property of line segments
line (

) ........................................ a collection of an infinite number of
points in a straight pathway with
unlimited length and
A
having no width

B

linear equation .............................. an algebraic equation in which the
variable quantity or quantities are raised
to the zero or first power and the graph is
a straight line
Example: 20 = 2(w + 4) + 2w; y = 3x + 4

Number of Customers (in millions)

line graph ....................................... a graph that displays data using
connected line segments
Video Customers

30
25
20
15
10

10.00
8.00

5
0

5.00
1997

2.00
1998

1999
2000
Year

2001

2002

line segment (—) ........................... a portion of a line that consists of two
defined endpoints and all the points in
between
Example: The line segment
A
B
AB is between point A and
point B and includes point A and point B.
mean (or average) .......................... the arithmetic average of a set of
numbers; a measure of central tendency
midpoint (of a line segment) ...... the point on a line segment equidistant
from the endpoints
minimum ........................................ the smallest amount or number allowed
or possible
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negative numbers ......................... numbers less than zero
opposite sides ................................ sides that are directly across from each
other
ordered pair .................................... the location of a single point on a
rectangular coordinate system where the
first and second values represent the
position relative to the x-axis and y-axis,
respectively
Example: (x, y) or (3, -4)
origin ............................................... the point of intersection of the x- and
y-axes in a rectangular coordinate
system, where the x-coordinate and
y-coordinate are both zero (0)
parallel ( ) ...................................... being an equal distance at every point so
as to never intersect
parallel lines .................................. two lines in the same
plane that are a constant
distance apart; lines with equal slopes
parallelogram ................................. a quadrilateral with two
pairs of parallel sides
pattern (relationship) ................... a predictable or prescribed sequence of
numbers, objects, etc; may be described
or presented using manipulatives, tables,
graphics (pictures or drawings), or
algebraic rules (functions)
Example: 2, 5, 8, 11 … is a pattern. Each
number in this sequence is three more
than the preceding number. Any number
in this sequence can be described by the
algebraic rule, 3n – 1, by using the set of
counting numbers for n.
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perpendicular ( ) ......................... two lines, two line segments, or two
planes that intersect to form a right
angle
perpendicular lines....................... two lines that intersect to
form right angles
point ................................................ a specific location in space that has no
discernable length or width
positive numbers .......................... numbers greater than zero
product ............................................ the result of multiplying numbers
together
Example: In 6 x 8 = 48,
48 is the product.
hypotenuse
c

leg

Pythagorean theorem ................... the square of
a
the hypotenuse (c)
of a right triangle is
b
right angle
leg
equal to the sum of
the square of the legs (a and b), as shown
in the equation c2 = a2 + b2
quadrant ......................................... any of four regions
formed by the axes
in a rectangular
coordinate system

Quadrant Quadrant
II
I
Quadrant Quadrant
III
IV

quadrilateral .................................. polygon with four sides
Example: square, parallelogram,
trapezoid, rectangle, rhombus, concave
quadrilateral, convex quadrilateral

rate of change ................................. how a quantity is changing over time
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ratio .................................................. the comparison of two quantities
Example: The ratio of a and b is a:b or
where b ≠ 0.

a
b

,

relationship .................................... see pattern
right triangle .................................. a triangle with one right angle
scale ................................................. the numeric values, set at fixed intervals,
assigned to the axes of a graph

side
edge of a polygon

de

side

si

si

e

sid

de

side ................................................... the edge of a polygon, the face of a
polyhedron, or one of the rays that make
up an angle
Example: A triangle has three sides.

side

ray of an angle
face of a polyhedron

slope ................................................ the ratio of change in the vertical axis
(y-axis) to each unit change in the
horizontal axis (x-axis) in the form rise
run
∆y

or ∆x ; the constant, m, in the linear
equation for the slope-intercept form
y = mx + b
solution ........................................... any value for a variable that makes an
equation or inequality a true statement
Example: In y = 8 + 9
y = 17 17 is the solution.
square .............................................. a rectangle with four sides
the same length
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square root (of a number) ............ one of two equal factors of a number
Example: 7 is the square root of 49.
substitute ........................................ to replace a variable with a numeral
Example: 8(a) + 3
8(5) + 3
table (or chart) ............................... a data display that organizes information
about a topic into categories
triangle ............................................ a polygon with three sides; the sum of the
measures of the angles is 180°

value (of a variable) ...................... any of the numbers represented by the
variable
variable ........................................... any symbol, usually a letter, which could
represent a number
vertical ............................................. at right angles to the horizon;
straight up and down
x-axis ................................................ the horizontal number line on a
rectangular coordinate system
x-coordinate ................................... the first number of an ordered pair
y-axis................................................ the vertical number line on a rectangular
coordinate system
y-coordinate ................................... the second number of an ordered pair
y-intercept ...................................... the value of y at the point where a line or
graph intersects the y-axis; the value of x
is zero (0) at this point
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Introduction
The word linear means relating or pertaining to a line. When equations are
linear equations, their graphs are lines. What are some things a linear
equation could show? A linear equation could show the relationship
between the number of minutes on a cell-phone plan and the total cost. A
linear equation could also show the relationship between the number of
math homework assignments turned in and your final grade. If the data
about two variables are related in a linear way, then a linear equation can
be written that describes the relationship.

Lesson One Purpose
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
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• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)

Linear Relationships
A pattern or relationship in which there is a constant rate of change
between two variables is called a linear relationship. The relationship is
referred to as linear because the graph representing the equation is a
).
straight line (
There are different ways to find solutions to linear equations.
• You can make a table of values by substituting values
for x-coordinate (first number of an ordered pair) to find
values for y-coordinate (second number of an ordered
pair).
• You can draw a graph of the linear equation and find
points along that line.
In the next few pages we will examine tables that represent linear
relationships.
Remember: The relationships are linear because there is a
constant rate of change.
You will write equations to generate values for the tables by determining a
value for y for a given value of x.
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Practice
Each of the tables on the following pages represents a linear relationship
because there is a constant rate of change between two variables. For each
table, you will do the following:
• determine the constant rate of change
• match the table to a descriptor
• write an equation to generate values for the table
• determine a value for y for a given value for x.
Use the list below to match each table with the correct descriptor.
A. For each dollar spent, the amount of sales tax is 7 cents.
B. For each pound, the equivalent weight in ounces is 16.
C. For each yard, the equivalent length in inches is 36.
D. For each dollar spent, the total cost including sales tax is $1.06.
E. For each dollar Hetta earns, 17 cents is withheld for federal income
tax.
F. For each dollar Jonathan earns, 15.3 cents is withheld for social
security taxes.
G. For each hour driven, the distances traveled is 65 miles.
H. For each hour worked, $8.50 is earned in wages before taxes.
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1.

Table One
x

y

0

0

1

36

2

72

3

108

4

144

5

180

a. As x increases by 1, y increases by

.

b. Descriptor:
c. Equation: ____________________________________________
d. When x is 12, y is

2.

.

Table Two
x

y

0

0

1
2
3
4
5

65
130
195
260
325

a. As x increases by 1, y increases by

.

b. Descriptor:
c. Equation: ____________________________________________
d. When x is 8, y is
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3.

Table Three
x

y

0

0

1
2
3
4
5

16
32
48
64
80

a. As x increases by 1, y increases by

.

b. Descriptor:
c. Equation: ____________________________________________
d. When x is 11, y is

4.

.

Table Four
x

y

0

$0.00

1
2
3
4
5

$8.50
$17.00
$25.50
$34.00
$42.50

a. As x increases by 1, y increases by

.

b. Descriptor:
c. Equation: ____________________________________________
d. When x is 40, y is
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5.

Table Five
x

y

$0

$0.00

$1
$2
$3
$4
$5

$0.07
$0.14
$0.21
$0.28
$0.35

a. As x increases by $1, y increases by

.

b. Descriptor:
c. Equation: ____________________________________________
d. When x is $100, y is

6.

.

Table Six
x

y

$0

$0.00

$100 $15.30
$200 $30.60
$300 $45.90
$400 $61.20
$500 $76.50

a. As x increases by $100, y increases by
As x increases by 1, y increases by

.
.

b. Descriptor:
c. Equation: ____________________________________________
d. When x is $21,000, y is
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7.

Table Seven
x

y

$0

$0.00

$10
$20
$30
$40
$50

$10.60
$21.20
$31.80
$42.40
$53.00

a. As x increases by $10, y increases by

.
.

As x increases by $1, y increases by
b. Descriptor:

c. Equation: ____________________________________________
d. When x is $12, y is

8.

.

Table Eight
x

y

$0

$0

$100

$17

$200

$34

$300

$51

$400

$68

$500

$85

.

a. As x increases by $100, y increases by
As x increases by $1, y increases by

.

b. Descriptor:
c. Equation: ____________________________________________
d. When x is $12,000, y is
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Finding Consecutive and Nonconsecutive Values in Tables
Think about This!
In each of the eight tables,
• the value for y was 0 when the value for x was 0.
In each of the eight tables,
• the value for y can be found by multiplying the value for
x by a constant amount.
For example, in Table One, the values for y can be found by multiplying the
values for x by 36. When x is 6, y is 6(36) or 216.
In each of the eight tables,
• consecutive values for y can be found by adding the
constant rate of change reflected in the table.
As x increases by 1 in Table One, y increases by 36. If the y value is wanted
when x is 6, 36 can be added to the y value when x is 5, 180 + 36 = 216.
What Was Discovered?
• When finding consecutive values in a table, the additive
method may be convenient.
• When finding nonconsecutive values in a table, the
multiplicative method is likely to be more efficient.
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Practice
Use the list below to write the correct term for each definition on the line provided.
consecutive
equation
equivalent
(forms of a number)
linear equation

pattern
(relationship)
rate of change
solution
substitute

value (of a variable)
variable
x-coordinate
y-coordinate

____________________

1.

the same number expressed in different
forms

____________________

2.

to replace a variable with a numeral

____________________

3.

how a quantity is changing over time

____________________

4.

in order

____________________

5.

any of the numbers represented by the
variable

____________________

6.

the second number of an ordered pair

____________________

7.

an algebraic equation in which the variable
quantity or quantities are raised to the zero
or first power and the graph is a straight line

____________________

8.

any value for a variable that makes an
equation or inequality a true statement

____________________

9.

the first number of an ordered pair

____________________ 10.

a mathematical sentence in which two
expressions are connected by an equality
symbol

____________________ 11.

any symbol, usually a letter, which could
represent a number

____________________ 12.

a predictable or prescribed sequence of
numbers, objects, etc.
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Lesson Two Purpose
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Use concrete and graphic models to derive formulas for
finding rate, distance, time, and angle measurements.
(MA.B.1.4.2)
• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Using a rectangular coordinate system (graph), apply
and algebraically verify properties of two-dimensional
figures, including distance, midpoint, slope, parallelism,
and perpendicularity. (MA.C.3.4.2)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
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• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)

Graphing Linear Relationships
A linear relationship is a relationship in which there is a constant rate of
change between two variables. A linear relationship between two
variables can be represented by a straight-line graph.
Each of the tables in Lesson One represented linear relationships, since
there was a constant rate of change between two variables. When a graph
is made for each, the result will also be a straight-line graph.
You will make a line graph on a coordinate grid or plane to represent each
of the relationships. First let’s review how to make a graph.
Plans for Making Graphs for Tables One – Eight
• The line graphs you will make for each of the eight tables
from Lesson One contain only positive numbers. Thus,
only the first quadrant or region of the graph will be
needed.
first quadrant
(Quadrant I)

coordinate graph
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• Every graph will need a title. Place the title above the graph.
• On each of these eight graphs, zero (0) is used as the minimum
value and a different scale, or assigned numeric value, has been
used on each axis.
• Each axis on every graph will need to be appropriately
labeled.
• The ordered pairs, or points for the data on each of the eight
graphs, start at the coordinates of the origin (0, 0). The origin is
the intersection where the x-axis and the y-axis meet. First,
locate the number on the x-axis. From that point on the x-axis,
move straight up and parallel ( ) to the y-axis. Move to the
point aligned with the correct number on the y-axis and draw
a point.
For example, lets suppose you were graphing the time between seeing
lightning and hearing the thunder. See the graph below. The first set of
ordered pairs (5, 5500) has been located for you. The 5 is the first number of
the ordered pair, or the x-coordinate on the x-axis ( ). The 5,500 is the
second number of the ordered pair, or the y-coordinate.
Sound of Thunder and Lightning Strike Distance
title of graph
y-axis

6,600
(5 seconds, 5500 feet)

Distance in Feet
label for y-axis

5,500
4,400
3,300
2,200
1,100
x-axis
origin

0

1

2

3

4

5

6

Time in Seconds
label for x-axis
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Think about This!
Since we know each table in Lesson One represents a linear relationship, it
is not necessary to plot each of the six points reflected in each table.
• Two points determine a line.
• A third point provides a check for accuracy in the other
points.
We know errors can be made when we determine values in a table or
when we plot points. Plot at least 3 points on each graph that represent
data in the tables. By visual inspection, verify that the points you did not
plot lie on your straight-line graph.
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Practice
Make a graph for each of the eight tables from Lesson One. Be sure to do the
following:
• Title each graph.
• Label the axes.
• Use an appropriate scale.
• Connect the points in each graph to illustrate the linear relationship.
1.

Table One
x

y

0

0

1

36

2

72

3

108

4

144

5

180

y

0

422
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2.

Table Two
x

y

0

0

1
2
3
4
5

65
130
195
260
325

y

0
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3. Table Three
x

y

0

0

1
2
3
4
5

16
32
48
64
80

y

0

424

x
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4.

Table Four
x

y

0

$0.00

1
2
3
4
5

$8.50
$17.00
$25.50
$34.00
$42.50

y

0
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5.

Table Five
x

y

$0

$0.00

$1
$2
$3
$4
$5

$0.07
$0.14
$0.21
$0.28
$0.35

y

0

426

x
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Table Six

6.

x
$0

y
$0.00

$100 $15.30
$200 $30.60
$300 $45.90
$400 $61.20
$500 $76.50

y

0

Unit 7: Discoveries about Linear Relationships

x

427

7. Table Seven
x

y

$0

$0.00

$10
$20
$30
$40
$50

$10.60
$21.20
$31.80
$42.40
$53.00

y

0

428

x
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8.

Table Eight
x

y

$0

$0

$100

$17

$200

$34

$300

$51

$400

$68

$500

$85

y

0
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______ 1. a drawing used to represent data
______ 2. the horizontal and vertical number
lines used in a coordinate plane
system

A. axes (of a
graph)

B. coordinates

______ 3. the horizontal number line on a
rectangular system
C. data
______ 4. the vertical number line on a
rectangular system
______ 5. a graph that displays data using
connected line segments
______ 6. information in the form of numbers
gathered for statistical purposes

E. intersection

______ 7. numbers that correspond to points on
a coordinate plane in the form (x, y)

F. line graph

______ 8. the location of a single point on a
rectangular coordinate system where
the first and second values represent
the position relative to the x-axis and
y-axis, respectively
______ 9. the point of intersection of the x- and
y-axes in a rectangular coordinate
system, where the x-coordinate and
y-coordinate are both zero (0)
______ 10. the point at which two lines or curves
meet
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D. graph

G. origin

H. ordered pair

I. x-axis

J. y-axis
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Lesson Three Purpose
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Use concrete and graphic models to derive formulas for
finding rate, distance, time, and angle measurements.
(MA.B.1.4.2)
• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Using a rectangular coordinate system (graph), apply
and algebraically verify properties of two-dimensional
figures, including distance, midpoint, slope, parallelism,
and perpendicularity. (MA.C.3.4.2)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
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• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)

y-Intercept Form
As discussed earlier, a linear relationship is a relationship in which there is
a constant rate of change between two variables. This relationship can be
represented by a straight-line graph. A linear relationship can also be
represented by an equation of the form: y = mx + b.
The rate of change is the coefficient, m, of x. The b in the equation is a
constant. It indicates where the graph crosses the y-axis (0, b). This point is
called the y-intercept.
Think about This!
The equations for the eight tables in lesson one were of the form
y = mx + b.

Table One
x

We also understand that in Table One
y = 36x
is equivalent to
y = 36x + 0.

y

0

0

1

36

2

72

3

108

4

144

5

180

We can verify the rate of change reflected in the table is 36 and that for an
increase of 1 in the value for x, there is an increase of 36 in the value for y
on the graph. We can also verify that the line crosses the y-axis at (0, 0).
y = 36x
1 lot y-intercept at (0, 0).

Number of Inches

200
150
1

100
1

50

1
1

0

36

1
36

36

2 From y-intercept, move horizontally 1 unit
to increase x by 1 and vertically to increase
y by 36.

36

change in y
change in x

36

2

4

For each increase of 1 in number of yards,
there is a corresponding increase of 36 in
the number of inches.

6

Number of Yards
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If we were to use the same coordinate grid to make a line graph showing
equivalent measures for feet and inches, the equation would be
represented as y = 12x or y = 12x + 0 when x represents the number of feet
and y represents the number of inches. For each increase of 1 in the value
for x, there would be an increase of 12 in the value for y. The slope of this
line would be more gentle than the slope of the line y = 36x. The
y-intercept would be (0, 0). These statements are illustrated on the graph
below.
Equivalent Measures
y
200

The slope of y = 12x
is more gentle than
y = 36x.

y = 36x

Number of Inches

(5, 180)

150

(4, 144)

(3, 108)

100

Yards
Feet

y = 12x
(2, 72)
(5, 60)

50
(4, 48)

(1, 36)

(3, 36)
(2, 24)

0 (0, 0)

(1, 12)

x
2

4

6

Number of Yards/Feet
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Practice
Complete the following.
Brianna obtained prices from two companies for the printing of wedding
invitations.
Remember: We are using this equation of the form
y = mx + b
1.

Company A charges $3.00 per invitation.
a. Write an equation that could be used to determine cost of any
number of invitations where y represents the total cost and x
represents the number of invitations.
_____________________________________________________
_____________________________________________________

b. Make a table for cost for 0-500 invitations counting by 100.
Company A—Cost of
Wedding Invitations
y

x

(Number of (Cost at
invitations) Company A)

434

0

$

100

$

200

$

300

$

400

$

500

$
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2.

Company B charges a set-up fee of $50 and $2.50 per invitation.
a. Write an equation that could be used to determine cost of any
number of invitations when y represents the costs and x
represents the number of invitations.
_____________________________________________________
_____________________________________________________

b. Make a table for cost for 0-500 invitations counting by 100.

Company B—Cost of
Wedding Invitations
y
x
(Number of (Cost at
invitations) Company B)
0

$

100

$

200

$

300

$

400

$

500

$
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3. Graph the data from each company on the same coordinate grid.
Cost of Wedding Invitations—Company A and B
y

0

x

4. Refer to your equations in numbers 1 and 2 for Company A and
Company B.
The coefficient of x in the equation for Company A is
, and

for Company B. For each

100 invitations from Company A, the rate of change is
. For each 1 invitation, the rate of change
is

. For each 100 invitations from

Company B, the rate of change is
invitation, the rate of change is

436

. For each 1
.
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5. The line graph for Company A has a greater slope than the one for
Company B. Explain why. __________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________

6. For which company is the y-intercept (0, 0)? ___________________
How does this show up in the equation?______________________
_________________________________________________________
_________________________________________________________
The table? ________________________________________________
_________________________________________________________
The graph? _______________________________________________
_________________________________________________________
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7. For which company is the y-intercept (0, 50)? __________________
How does this show up in the equation?______________________
_________________________________________________________
_________________________________________________________
The table? ________________________________________________
_________________________________________________________
The graph? _______________________________________________
_________________________________________________________

8. The two lines intersect (meet) at (100, 300). Explain why this is true.
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________
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Practice
Complete the following.
The number of times a cricket chirps in a minute depends on the
temperature. The formula is
y = 4x – 160.
when y represents the number of chirps and x represents the temperature
in degrees Fahrenheit (F).
Remember: We are using the equation of the form
y = mx + b.
1. If a table of values is made, the values for y should increase
for each increase of 1 in the values of x.

Complete the following table to verify your answer.
Temperature and Number
of Times a Cricket Chirps
y
x
(Temperature (Number of
in Degrees
Chirps)
Fahrenheit)
0° F
20° F
40° F
60° F
80° F
100° F
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2. In the real world, a cricket chirps or does not chirp. There is no such
thing as a negative number of chirps. The y-intercept for this
equation has little meaning when applied to the context of the
problem, but it does have meaning when we compare the equation to
the table of values and to the graph.
If we graphed the relationship of chirps to temperature, the
y-intercept would be

. For each increase of 20

degrees F in temperature (above 40), the number of chirps increases
by

. For each increase of 1 degree F temperature (above

40), the number of chirps increases by

.

3. How does the y-intercept show up in the equation? ____________
_________________________________________________________
_________________________________________________________
The table? ________________________________________________
_________________________________________________________
How would it show up in the graph? ________________________
_________________________________________________________
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4. How does the constant rate of change show up in the equation?
_________________________________________________________
_________________________________________________________
The table? ________________________________________________
_________________________________________________________
How would it show up in the graph? ________________________
_________________________________________________________

5. When you graph this relationship, follow these steps:
• Title your graph.
• Label your axes.
• Using the values from the table as a guide, the scale for
your x-axis will likely number from 0-100 counting by
20s. The scale for your y-axis will likely number from
(-160) to 240 counting by 40s.
• Plot the point for the y-intercept, (0,

).

• From that point, increase the x-value by 20 moving
horizontally ( ) to the right, and then increase the
y-value by 40 moving vertically ( ) upward. Plot your
second point at this location.
• Repeat the last step by movement from the 2nd point
plotted. Your points should lie in a straight line.
• You could continue doing this or you could confidently
connect the three points with a line. The values for each
and every point through which the line passes would
make the equation true.
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Graphs and Linear Relationships
You have practiced more than one way to make a graph for a linear
relationship.
• One way is to make a table of at least three values for x
and the corresponding values for y and to plot points
represented by those ordered pairs.
• Another way is to determine the y-intercept by
determining the value for y when the value for x is 0. You
can now plot the point where the graph will cross the yaxis.
When the equation is in the form of y = mx + b, you know the coefficient of
the x term represents the constant rate of change.
• From the y-intercept,
horizontal movement can represent the change in the x-value
followed by vertical movement to represent the
corresponding change in the y-value.

vertical movement
change in y-value

y
6
5
4
3

horizontal
movement
1 change in x-value
2

-3 -2 -1 0
-1

1

2

3

4

5

x

slope of a line

The steepness of a line is called its slope. The vertical ( )
change is called the change in y and the horizontal ( )
change is called the change in x.
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Examine the following equation.
y = 2x + 6
The coefficient of x is 2, which is equivalent to 21 . The first number in this
special ratio (2) represents the vertical change and the second number (1)
represents the horizontal change. This is often referred to as rise
run .

y = 2x + 6
coefficent of x is equivalent to

2
1

=

represents the
vertical ( ) change
=
represents the
horizontal ( ) change

rise
run

Table of
Values
y = 2x + 6
x

Consider the table to the right.

y

0

6

1

8

2

10

For the equation y = 2x + 6, you might make a graph
either of the following ways.

Graph of y = 2x + 6

or

Graph of y = 2x + 6

y

y

12

y-intercept:
y = mx + b
(0, b)
(0, 6)

11
10
9
8

slope or
rate of change
y = mx + b
y = 2x + 6

7
6
5
4
3
2
1
0

1

2

3

Graph 1
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x

For each
increase of 1 in
x there will be
an increase of
2 in y.

12
11
10

1

9

2

8

(1, 8)

1

7
6

y-intercept:
y = mx + b
(2, 10)
(0, b)
(0, 6)

2

slope or
rate of change
y = mx + b
y = 2x + 6

2

(6, 0)

1

5
4
3
2
1
0

1

2

3

x

For each
increase of 1 in
x there will be
an increase of
2 in y.

Graph 2
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Practice
Complete the following.
For each of the following equations, do the following.
• Determine the slope.
• Determine the y-intercept.
• Use the slope and y-intercept to make a graph for each equation.
1. y = 3x + 7
For each increase of 1 in the value of x (horizontal change
will be an increase of

), there

for the corresponding value of

y (vertical change ).
The slope is represented by the coefficient of x in the equation which
is 3. The special ratio is therefore 31 . For each horizontal increase of 1,
there will be a vertical increase of 3.
The y-intercept is (0,

.)
Graph of y = 3x + 7

y

0
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x
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2. y = 2x – 5
For each increase of 1 in the value of x, there will be an increase of
for the corresponding value of y.
The y-intercept is (0,

.)
Graph of y = 2x – 5

y

0

446

x
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3. y = 4x
For each increase of 1 in the value of x, there will be an increase of
for the corresponding value of y.
The y-intercept is (0,

.)
Graph of y = 4x

y

0
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______ 1. to meet or cross at one point

A. formula

______ 2. a way of expressing a relationship
using variables or symbols that
represent numbers

B. horizontal

______ 3. the value of y at the point where a
line or graph intersects the y-axis;
the value of x is zero (0) at this
point
______ 4. at right angles to the horizon;
straight up and down
______ 5. the ratio of change in the vertical
axis (y-axis) to each unit change
in the horizontal axis (x-axis) in
the form

rise
run

or

∆y
∆x

______ 6. numbers less than zero

C. intersect

D. negative
numbers

E. ratio

F. slope

G. vertical

______ 7. the comparison of two quantities
______ 8. parallel to or in the same plane of
the horizon

448

H. y-intercept
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Lesson Four Purpose
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Using a rectangular coordinate system (graph), apply
and algebraically verify properties of two-dimensional
figures, including distance, midpoint, slope, parallelism,
and perpendicularity. (MA.C.3.4.2)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)
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Slope of Parallel and Perpendicular Lines
In this section we will explore slopes of parallel lines and perpendicular
lines. Lines with positive slopes and negative slopes will also be explored.
Finding the Slope of a Line
One way to determine the slope of a line is to do the following:
• find the vertical ( ) change by finding the difference in
y-values for two designated points on the line
• find the horizontal ( ) change by finding the difference in
corresponding x-values for those two designated points.
The formula is often presented as
slope (m) =

rise
run

=

y2 – y1
x2 – x1

Figure 1 below allows us to examine the slopes of the three sides as well as
the altitude, or height (h), of an isosceles triangle drawn on a coordinate
grid.
Remember: An isosceles triangle is a triangle with two
congruent ( ~
= ) sides and two congruent angles.
Figure 1
y

B

8

(4, 8)

6
altitude or
height (h)

4

2A

0

450

D (4, 2)

(0, 2)

2

4

(8, 2)

6

C

8

x
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The slope of line segment (—) AB (AB ) can be found using the formula
slope (m) =

rise
run

=

y2 – y1
x2 – x1

Remember: A line segment is a part of a line. It can be referred to
either as a line segment or a segment. A line segment has two
endpoints and includes all points between those two endpoints.
To name a line segment, use its endpoints.
• Use the symbol (—) over the two endpoints—

AB .
• You can write—line segment AB.
• Or you can write—segment AB.
All three mean the distance between point A and point B.
In the formula
slope (m) =

rise
run

=

y2 – y1
x2 – x1

,

the little numbers under the y’s and the x’s above, (x1, y1) and (x2, y2), are
called subscripts. The subscripts are a way of letting us know that we are
talking about point 1 and point 2 and that they are different points. The
subscripts mean that these are two distinct points of the form (x, y).
Note: The subscripts are not exponents.
The coordinates for point A will represent the first ordered pair and the
coordinates for point B will represent the second ordered pair.
point A (0, 2)
slope (m) =

rise
run

point B (4, 8)
=

y2 – y1
x2 – x1

=

8–2
4–0
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=

6
4

or

3
2
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The slope for segment BC is as follows.
point B (4, 8)
slope (m) =

point C (8, 2)
rise
run

=

y2 – y1
x2 – x1

=

2–8
8–4

=

-3
2

-6
4

or

-0
-8

or 0

The slope for segment CA is as follows.
point C (8, 2)
slope (m) =

point A (0, 2)
rise
run

=

y2 – y1
x2 – x1

=

2–2
0–8

=

The slope for segment BD is as follows.
point B (4, 8)
slope (m) =

point D (4, 2)
rise
run

=

y2 – y1
x2 – x1

=

2–8
4–4

=

-6
0

-6

Since 0 , or division by zero, is undefined in mathematics, segment
BD is said to have no slope.
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Findings about the Slopes
Look at Figure 1 from page 450, redrawn below. The slope of each segment
has been marked as follows:
Figure 1
y

B

8

no slope

sit
po

pe

slope of zero

2
A (0, 2)

0

slo

4

ve

ive

6

ti
ga
ne

slo
pe

(4, 8)

(8, 2) C

D (4, 2)

2

4

6

8

x

• Segment CA has a slope of zero.
All horizontal lines have a slope of zero.
• Segment BD has no slope.
A vertical line has no slope.
• Segment AB has a slope of

3
2

, which is positive.

All lines that rise from left to right have positive slopes.
• Segment BC has a slope of

-3
2

, which is negative.

All lines that rise from right to left have negative slopes.
or
All lines that fall from left to right have negative slopes.
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Practice
Complete the following.
Figure 2 allows you to examine slopes of the four sides of a parallelogram
drawn on a coordinate grid.
Remember: A parallelogram is a quadrilateral with two pairs of
parallel sides.

Figure 2
C
(14, 11)
10

8
B
(5, 7)
(13, 6)
D

6

4

(4, 2)
A

2

0

2

4

6

8

10

12

14

1. Find the slope of each of the four sides of the parallelograms.
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a. The slope of segment AB is

.

b. The slope of segment BC is

.

c. The slope of segment CD is

.

d. The slope of segment DA is

.
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2. All four sides of parallelogram ABCD rise from left to right and all
four have

(positive/negative) slopes.

3. Sides AB and DC are opposite each other. We know that
opposite sides of a parallelogram are parallel. The slope of each side
is

. Slopes of parallel lines

(are, are not)

equal.

4. Sides BC and DA are opposite each other. We know that
opposite sides of a parallelogram are parallel. The slope of each side
is

. Slopes of parallel lines

(are, are not)

equal.

5. Sides AB and BC intersect each other. Their slopes
(are, are not) the same. Slopes of intersecting lines
(are, are not) equal.
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Complete the following.
Figure 3 allows you to examine slopes of the four sides of square EFGH
drawn on a coordinate grid.
Figure 3
12
F
(7, 11)
10

8

G
(14, 8)

6

(4, 4)
E

4

2
(11, 1)
H
0

2

4

6

8

10

12

14

6. Find the slope of each of the four sides of square EFGH.
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a. The slope of segment EF is

.

b. The slope of segment FG is

.

c. The slope of segment GH is

.

d. The slope of segment HE is

.
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7. Sides EF and GH are opposite each other. We know that
opposite sides of a square are parallel. The slope of each side is
. Slopes of parallel lines

(are, are not)

equal.

8. Sides FG and HE are opposite each other. We know that
opposite sides of a square are parallel. The slope of each side is
. Slopes of parallel lines

(are, are not)

equal.

9. Sides EF and FG intersect each other. Their slopes
are not) equal.

(are,

10. Sides EF and FG intersect each other at right angles since the figure
is a square. You know that adjacent sides of a square are
perpendicular ( ) to each other. The slope of segment EF is
and the slope of segment FG is
product of their slopes

. The

(is, is not) -1.

11. Sides EF and HG rise from left to right. Their slopes
(are, are not) positive.

12. Sides GF and HE rise from right to left. Their slopes
(are, are not) positive.

Unit 7: Discoveries about Linear Relationships

457

Findings about Lines and Their Slopes
The findings made in this lesson about lines and their slopes are
important. They will be applied often in your later study of geometry.
Review the following statements; you will need the information for future
reference.
• Parallel lines have the same slope.
• Vertical lines have no slope and are known to be
parallel.
• The slopes of two lines that are perpendicular to each
other will have a product of -1.
• Two lines in the same plane having different slopes
will intersect.
• Lines rising from left to right will have positive slopes.
• Lines rising from right to left will have negative slopes
or
Lines falling from left to right will have negative slopes.
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Practice
Use the list below to write the correct term for each definition on the line provided.

adjacent sides
endpoint
isosceles triangle

line segment (—)
opposite sides
parallel lines

parallelogram
perpendicular lines
side

____________________

1.

two lines in the same plane that are a
constant distance apart; lines with equal
slopes

____________________

2.

a portion of a line that consists of two
defined endpoints and all the points in
between

____________________

3.

either of two points marking the end of a
line segment

____________________

4.

two lines that intersect to form right angles

____________________

5.

sides that are next to each other and share a
common vertex

____________________

6.

sides that are directly across from each
other

____________________

7.

the edge of a polygon

____________________

8.

a triangle with two congruent sides and
two congruent angles

____________________

9.

a quadrilateral with two pairs of parallel
sides
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Lesson Five Purpose
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Use concrete and graphic models to derive formulas for
finding rate, distance, time, and angle measurements.
(MA.B.1.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
• Using a rectangular coordinate system (graph), apply
and algebraically verify properties of two-dimensional
figures, including distance, midpoint, slope, parallelism,
and perpendicularity. (MA.C.3.4.2)
• Describe, analyze, and generalize relationships, patterns,
and functions using words, symbols, variables, tables,
and graphs. (MA.D.1.4.1)
• Determine the impact when changing parameters of
given functions. (MA.D.1.4.2)
• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)
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Midpoints
You will use Figure 1 on page 450, Figure 2 on page 454, and Figure 3 on
page 456 as you explore finding the midpoint of a line segment and
finding the distance between two points on a coordinate grid. These
procedures will be applied many times in your future study of
mathematics.
• In triangle ( ) ABC of Figure 1 (see below), the midpoint
of segment AC could easily be found since it is a
horizontal line segment.
You could find it by counting.
Figure 1
y

B

8

(4, 8)

6

4

2
A (0, 2)

D (4, 2)
1

0

2

3

2

C

(8, 2)

4
5
midpoint

6

4

7

8

6

8

x

finding midpoint by counting

You could also fold the segment so that the two
endpoints were exactly on top of each other and the fold
would be at the midpoint.
y

y
B

8
6
4

B

8
6
4

fold line

2 A

D

fold line
D

2

C

midpoint
0

2

4

6

8

x

0

2

4

6

A&C
8

x

finding midpoint by folding
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• Another way is to find the mean of the x coordinates for
points A and C and the mean of their y-coordinates.
Finding the midpoint of segment AC.

point A (0, 2)

point C (8, 2)

(0 + 8)
2

= 8 = 4 mean of x-coordinate

(2 + 2)
2

= 4 = 2 mean of y-coordinate

2

2

The coordinates for the midpoint of segment AC will be (4, 2). This can be
verified by visual inspection.
Find the midpoint of segment AB.

point A (0, 2)

point B (4, 8)

(0 + 4)
2

= 4 = 2 mean of x-coordinate

(2 + 8)
2

= 10 = 5 mean of y-coordinate

2

2

The coordinates for the midpoint of segment AB will be (2, 5). This can be
verified by visual inspection.
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Practice
Complete the following.
Figure 1
y

B

8

(4, 8)

6

4

2
A (0, 2)

0

D (4, 2)

2

4

(8, 2)

6

8

C

x

1. Find the midpoint of segment BC.
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Figure 2
C
(14, 11)
10

8
B
(5, 7)
(13, 6)
D

6

4

(4, 2)
A

2

0

2

4

6

8

10

12

14

2. Find the midpoint of each side of the parallelogram.
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a. The midpoint of segment AB is

.

b. The midpoint of segment BC is

.

c. The midpoint of segment CD is

.

d. The midpoint of segment DA is

.
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Figure 3
12
F
(7, 11)
10

8

G
(14, 8)

6

(4, 4)
E

4

2
(11, 1)
H
0

2

4

6

8

10

12

14

3. Find the midpoint of each side of the parallelogram.
a. The midpoint of segment EF is

.

b. The midpoint of segment FG is

.

c. The midpoint of segment GH is

.

d. The midpoint of segment HE is

.
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Finding the Distance between Two Points
Consider again, triangle ABC below. The distance from point A to point C
could easily be found by counting since this segment is horizontal.
Figure 1
y

B

8

(4, 8)

ten

us

e

6

hy

po

leg

4

leg

2
A (0, 2)

D (4, 2)
1

0

2

2

3

4
5
midpoint
4

C

(8, 2)
6

6

7

8

8

x

finding midpoint by counting

The distance between points A and B is a bit more challenging to
determine, especially if we are not using a straightedge with appropriate
unit markings.
If you let segment AB represent the hypotenuse of a right triangle, the
two legs could be sketched. One would extend from (4, 2) to (4, 8) and it
would have length of 6 units. The other would extend from (0, 2) to (4, 2)
and it would have length of 4 units.
We know

a2 + b2

Therefore

62 + 4 2 = c 2
36 + 16 = c2
52
= c2
If
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c2
c

= c2.

= 52, the c = the square root of 52.
= 52
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There is a formula for determining the distance (d) between two points on
a coordinate grid and it is as follows:

2
2
d = (x2 – x1) + (y2 – y1)

As you use the formula, consider its relationship to the use of the
Pythagorean theorem (c2 = a2 + b2).
To use this formula to find the length of segment AB in triangle ABC, you
would do the following:
2
2
d = (x2 – x1) + (y2 – y1)
2
2
d = (4 – 0) + (8 – 2)

d = 16 + 36
d = 52
d = 2 13 or 7.21 (to the nearest hundredth)
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Practice
Complete the following.
Figure 1
y

B

8

(4, 8)

6

4

2A

0

D (4, 2)

(0, 2)

2

4

(8, 2)

6

C

8

x

1. Find the distance between points B and C (the length of side BC).
Show your work.
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Figure 2
C
(14, 11)
10

8
B
(5, 7)
(13, 6)
D

6

4

(4, 2)
A

2

0

2

4

6

8

10

12

14

2. Find the distance between points A and B in parallelogram ABCD.
Show your work.

3. Find the distance between points B and C in parallelogram ABCD.
Show your work.
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Figure 3
12
F
(7, 11)
10

8

G
(14, 8)

6

(4, 4)
E

4

2
(11, 1)
H
0

2

4

6

8

10

12

14

4. You previously verified that adjacent sides of Figure EFGH were
perpendicular. You did this by determining the slope of each
segment and verifying that the product of the slopes was -1. You
will now verify that the sides are equal in measure by determining
the length of each.
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a. The length of side EF is

. Show your work.

b. The length of side FG is

. Show your work.

c. The length of side GH is

. Show your work.

d. The length of side HE is

. Show your work.
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Practice
Use the list below to write the correct term for each definition on the line provided.
coefficient
hypotenuse
intersect
leg

midpoint
parallel ( )
perpendicular ( )
right triangle

slope
square root (of a number)
y-intercept

____________________

1.

the point on a line segment equidistant from
the endpoints

____________________

2.

a triangle with one right angle

____________________

3.

a numerical factor in a term of an algebraic
expression

____________________

4.

in a right triangle, one of the two sides that
form the right angle

____________________

5.

one of two equal factors of a number

____________________

6.

the longest side of a right triangle; the side
opposite the right angle

____________________

7.

being an equal distance at every point so as
to never intersect

____________________

8.

the value of y at the point where a line or
graph intersects the y-axis

____________________

9.

the ratio of change in the vertical axis
(y-axis) to each unit change in the horizontal
axis (x-axis) in the form rise
run

____________________ 10.

to meet or cross at one point

____________________ 11.

two lines that intersect to form a right angle
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Unit 8: Working with Ratios and Proportions
This unit emphasizes the use of ratio and proportion in a variety of ways
and provides a review of scientific notation.

Unit Focus
Number Sense, Concepts, and Operations
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
Measurement
• Relate the concepts of measurement to similarity and
proportionality in real-world situations. (MA.B.1.4.3)
• Select and use direct (measured) and indirect (not
measured) methods of measurement as appropriate.
(MA.B.2.4.1)

• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors on
calculations. (MA.B.3.4.1)
Geometry and Spatial Sense
• Understand geometric concepts such as perpendicularity,
parallelism, congruency, similarity, and symmetry.
(MA.C.2.4.1)
Algebraic Thinking
• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)

Vocabulary

ra

angle ( ) .......................................... two rays extending from a
common endpoint called
the vertex; measures of
angles are described
vertex
in degrees (°)

y

Use the vocabulary words and definitions below as a reference for this unit.

ray

area (A) ............................................ the measure, in square units, of the
inside region of a two-dimensional
figure
Example: A rectangle with sides of 4
units by 6 units contains 24 square units
or has an area of 24 square units.
congruent ( ~
= ) ................................. figures or objects that are the same
shape and size
corresponding
angles and sides ............................ the matching angles and sides in similar
figures
cross product .................................. the product of one numerator and the
opposite denominator in a pair of
fractions
Example:
Is

2
5

equal to

6
15

?

2 ? 6
= 15
5
?

2 x 15 = 5 x 6 The cross products are
2 x 15 and 5 x 6.

30 = 30
Yes,
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2
5

6 .
= 15

Both cross products equal 30.
The cross products of
equivalent fractions are equal.
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decimal number ............................ any number written with a decimal
point in the number
Example: A decimal number falls
between two whole numbers, such as 1.5
falls between 1 and 2. Decimal numbers
smaller than 1 are sometimes called
decimal fractions, such as
five-tenths is written 0.5.
degree (°) ......................................... common unit used in measuring angles
denominator ................................... the bottom number of a fraction,
indicating the number of equal parts a
whole was divided into
Example: In the fraction 32 the
denominator is 3, meaning the whole
was divided into 3 equal parts.
endpoint ......................................... either of two points
marking the end of a line
segment

S

P
S and P are
endpoints

equation .......................................... a mathematical sentence in which two
expressions are connected by an equality
symbol
Example: 2x = 10
equilateral triangle ....................... a triangle with three
congruent sides
equivalent
(forms of a number) ...................... the same number expressed in different
forms
Example:
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3
4

, 0.75, and 75%
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exponent (exponential form) ...... the number of times the base occurs as a
factor
Example: 23 is the exponential form of
2 x 2 x 2. The numeral two (2) is called
the base, and the numeral three (3) is
called the exponent.
factor ................................................ a number or expression that divides
evenly into another number
Example: 1, 2, 4, 5, 10, and 20 are factors
of 20 and (x + 1) is one of the factors of
(x2 – 1).
fraction ............................................ any part of a whole
Example: One-half written in
fractional form is 12 .
height (h)......................................... a line segment extending from the
vertex or apex (highest point) of a figure
to its base and forming a right angle
with the base or plane that contains the
base
height (h)
base (b)

height (h)
base (b)

height (h)
base (b)

hexagon ........................................... a polygon with six sides
least common multiple
(LCM) .............................................. the smallest of the common multiples of
two or more numbers
Example: For 4 and 6, 12 is the least
common multiple.
length (l) ......................................... a one-dimensional measure that is the
measurable property of line segments
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line segment (—) ........................... a portion of a line that consists of two
defined endpoints and all the points in
between
A
B
Example: The line segment
AB is between point A and point B and
includes point A and point B.
multiplicative identity ................. the number one (1); the product of a
number and the multiplicative identity
is the number itself
Example: 5 x 1 = 5
multiplicative
property of equality ..................... if a = b, then ac = bc; if you multiply (or
divide) by the same number on both
sides of an equation, the equation
continues to be true
numerator ....................................... the top number of a fraction, indicating
the number of equal parts being
considered
Example: In the fraction 23 , the
numerator is 2.
pentagon ......................................... a polygon with five sides
percent (%) ..................................... a special-case ratio which
compares numbers to 100 (the second
term)
Example: 25% means the ratio of 25 to
100.
perimeter (P) .................................. the distance around a polygon
perpendicular ( ) ......................... two lines, two line segments, or two
planes that intersect to form a right
angle

478

Unit 8: Working with Ratios and Proportions

polygon ........................................... a closed-plane figure, having at least
three sides that are line segments and
are connected at their endpoints
Example: triangle (3 sides),
quadrilateral (4 sides),
pentagon (5 sides), hexagon (6 sides),
heptagon (7 sides), octagon (8 sides);
concave, convex

power (of a number) ..................... an exponent; the number that tells how
many times a number is used as a factor
Example: In 23, 3 is the power.
prime factorization ....................... writing a number as the product of
prime numbers
Example: 24 = 2 x 2 x 2 x 3 = 23 x 3
prime number ................................ any whole number with only two whole
number factors, 1 and itself
Example: 2, 3, 5, 7, 11, etc.
product ............................................ the result of multiplying numbers
together
Example: In 6 x 8 = 48,
48 is the product.
proportion ...................................... a mathematical sentence stating that two
ratios are equal
Example: The ratio of 1 to 4 equals
1
25
25 to 100, that is 4 = 100 .
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proportional ................................... having the same or constant ratio
Example: Two quantities that have the
same ratio are considered directly
proportional.
If y = kx, then y is said to be directly
proportional to x and the constant of
proportionality is k.
quotient ........................................... the result of dividing two numbers
Example: In 42 ÷ 7 = 6,
6 is the quotient.
ratio .................................................. the comparison of two quantities
Example: The ratio of a and b is a:b or
where b ≠ 0.

a
b

,

rectangle ......................................... a parallelogram with
four right angles
regular polygon ............................. a polygon that is both equilateral (all
sides congruent) and equiangular (all
angles congruent)
right angle ...................................... an angle whose measure is
exactly 90°
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rounded number ........................... a number approximated to a specified
place
Example: A commonly used rule to round
a number is as follows.
• If the digit in the first place after the
specified place is 5 or more, round up
by adding 1 to the digit in the specified
place ( 461 rounded to the nearest
hundred is 500).
• If the digit in the first place after the
specified place is less than 5,
round down by not changing the digit in
the specified place ( 441 rounded to the
nearest hundred is 400).
scale ................................................. the relationship between the measures on
a drawing or model and the real object
scale factor ...................................... the constant that is multiplied by the
lengths of each side of a figure that
produces an image that is the same shape
as the original figure
scientific notation ......................... a shorthand method of writing very large
or very small numbers using exponents
in which a number is expressed as
the product of a power of 10 and a
number that is greater than or equal to
one (1) and less than 10
Example: 7.59 x 105 = 759,000

side
edge of a polygon
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e
si
d

side

e

sid

si
de

side ................................................... the edge of a polygon, the face of a
polyhedron, or one of the rays that make
up an angle
Example: A triangle has three sides.

side

face of a polyhedron

ray of an angle

481

similar figures (~) ......................... figures that are the same shape, have
corresponding, congruent angles, and
have corresponding sides that are
proportional in length
solution ........................................... any value for a variable that makes an
equation or inequality a true statement
Example: In y = 8 + 9
y = 17 17 is the solution.
solve ................................................. to find all numbers that make an
equation or inequality true
square .............................................. a rectangle with four sides the
same length
standard form ................................ a method of writing the common
symbol for a numeral
Example: The standard numeral for five
is 5.
sum .................................................. the result of adding numbers together
Example: In 6 + 8 = 14,
14 is the sum.
value (of a variable) ...................... any of the numbers represented by the
variable
width (w) ........................................ a one-dimensional measure of
something side to side
w
l
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l

w
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Unit 8: Ratios and Proportions
Introduction
Ratios are used to help keep things in proportion. What might you need to
keep in proportion?
• You might need to double your Aunt Selma’s cookie
recipe for tonight’s dinner. By using twice as much of
each ingredient, you would be making twice as many
cookies, while keeping everything in proportion.
• You might need to figure out who was the best hitter in
the last baseball season. Since some batters may get more
chances to hit than others, using ratios and percents will
help you make fair comparisons.
You can do more than change recipe amounts and make fair comparisons.
By using ratios and percents in proportions, you can also make models
and drawings.

Lesson One Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
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• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Relate the concepts of measurement to similarity and
proportionality in real-world situations. (MA.B.1.4.3)
• Select and use direct (measured) and indirect (not
measured) methods of measurement as appropriate.
(MA.B.2.4.1)
• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors on
calculations. (MA.B.3.4.1)
• Understand geometric concepts such as perpendicularity,
parallelism, congruency, similarity, and symmetry.
(MA.C.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)
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Ratios
A ratio is a comparison of two quantities that shows the scale, or
relationship, between the measures. Ratios may be expressed as quotients,
fractions, decimals, or percents, or in the form a:b.
Think about This!
Sales tax is an example of ratio. In Tallahassee, Florida, residents paid 7.5
cents sales tax for 100 cents, or dollar, spent on goods that were subject to
sales tax at the time this book was written. The ratio of sales tax to price of
item is 7.5 to 100 or 0.075 to 1.00.
7.5:100
or
0.075:1.00

7.5 to 100
or
0.075 to 1.00

7.5
100

0.075

or 1.00

ratio of sales tax to price expressed three different ways

Scale Factor
A scale factor between an original figure and its image is another example
of ratio. For every 2 inches in the length (l) of side AB in the original
figure, there will be 5 inches in the length of side A’B’ in the image. The
scale factor is said to be 2.5, while the ratio from original to image is 2 to 5.
2’’
B

A
original figure

ratio from original figure to image = 2 to 5
scale factor = 2.5
5’’
B’

A’
image

When you write an equation stating that two ratios are equal, you are
writing a proportion. You will explore several ways to solve such
equations.
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Practice
To complete the following, we will examine three different methods to solve
ratios and proportions.
1. A wallet costs $12. Sales tax of 7.5% is to be charged. To determine
the amount of sales tax, a proportion can be written as follows:
0.075
1.00

=

x
12.00

Method One
a. Think about these as two equivalent fractions. What must the
denominator (bottom number of the fraction) of 1.00 be
multiplied by to get 12.00?

b. If the numerator (top number of the fraction) 0.075 is
multiplied by that same amount, the value of x is

.

This method is based on the identity property for multiplication.
One (1) is the multiplicative identity.
We multiply the left side of the equation by a fraction equivalent
to 1 that results in a solution for x.
0.075
1.00

12
=
• 12
0.90
12

=

x
12.00
x
12

x = 0.90
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Solve the following using Method One.
2. A figure is to be enlarged. For each 2 inches in the side length of the
original, there will be 5 inches in the corresponding side (or
matching sides in a similar figure) of the image. If one of the side
lengths in the image is 13 inches, what was the length of the
corresponding side in the original?
2
5

=

x
13

a. Use Method One to solve the problem. Show all your work.
Hint: If you can’t mentally calculate what number to multiply 5
by to get 13, use a calculator or paper and pencil.
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Method Two
Let’s solve number 1 again, this time using Method Two.
1. A wallet costs $12. Sales tax of 7.5% is to be charged. To determine
the amount of sales tax, a proportion can be written as follows:
0.075
1.00

=

x
12.00

c. The least common multiple (LCM) of 1.00 and 12.00 is
.
Remember: The least common multiple (LCM) is the
smallest of the common multiples of two or more
numbers. For example, the LCM of 4 and 6 is 12.

d. Using the multiplicative property of equality, each side of the
equation can be multiplied by this least common multiple.
Remember: The multiplicative property of equality
states that if a = b, then ac = bc. Therefore, you can
multiply (or divide) by the same number on both
sides of an equation and the equation remains true.

12.00 •

0.075
1.00

x
= 12.00

0.075
1.00

x
= 12.00 • 12.00

=x
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Let’s solve number 2 again, this time using Method Two.
2. A figure is to be enlarged. For each 2 inches in the side length of the
original, there will be 5 inches in the corresponding side (or
matching sides in a similar figure) of the image. If one of the side
lengths in the image is 13 inches, what was the length of the
corresponding side in the original?
2
5

=

x
13

b. Use Method Two to solve the problem. Show all your work.
Hint: When two numbers have no common factor—a number
that divides into both of them with no remainder—greater
than 1, the least common multiple is their product.
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Now let’s solve number 1 again, this time using Method Three.

Method Three
1. A wallet costs $12. Sales tax of 7.5% is to be charged. To determine
the amount of sales tax, a proportion can be written as follows:
0.075
1.00

=

x
12.00

e. You have likely used the fact that if two fractions are equal to
each other, then their cross products are equal. To find the cross
products,
1.00 is multiplied by
and 0.075 is multiplied by

.

Remember: Cross products are the product of one
numerator and the opposite denominator in a pair of
fractions.

0.075
1.00

1(

=

x
12.00

) = 0.075(

f. The result is that x =
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.
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Now we’ll solve number 2 using Method Three.
2. A figure is to be enlarged. For each 2 inches in the side length of the
original, there will be 5 inches in the corresponding side (or
matching sides in a similar figure) of the image. If one of the side
lengths in the image is 13 inches, what was the length of the
corresponding side in the original?
2
5

=

x
13

c. Use Method Three to solve the problem. Show all your work.

3. The minivan driven by the writer of this problem used 5.5 gallons of
gas after going 132 miles. At this rate, how much gas should be
required for a distance of 330 miles?
Your proportion could be as follows:
5.5
132

=

x
330

a. Use Method One to solve the problem. Show all your work.
Hint: If you can’t mentally calculate what number to multiply
the number 132 by to get 330, use a calculator or paper and
pencil.
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b. Use Method Two to solve the problem. Show all your work.
Hint: The prime factorization—writing a number as the
product of prime numbers—of 132 is 2 x 2 x 3 x 11. The prime
factorization for 330 is 2 x 3 x 5 x 11.
132 = 2 x 2 x 3 x 11
330 = 2 x 3 x 5 x 11
LCM = 2 x 2 x 3 x 5 x 11

The LCM for 132 and 330 will be 2 x 2 x 3 x 5 x 11,
which is

.)

c. Use Method Three to solve the problem. Show all your work.
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Practice
Complete the following using the method of your choice from the previous
practice.
1. A news report in August 2003 reported that 5,000 school buses
traveled 363,000 miles a day to provide transportation to and from
school for students in the Atlanta metro area. The average distance
for each bus could be obtained by dividing 363,000 by 5,000 or by
solving a proportion as follows:
363,000
5,000

=

x
1

Find the average distance for a school bus in the Atlanta metro area.

2. The news report stated that the 363,000 miles traveled each day by
the school buses was far enough to circle the Earth more than 14
times.
If this is true, the distance to circle the Earth once must be at least
miles. Show all your work or explain how you solved
the problem.
Explanation: ______________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________

Unit 8: Working with Ratios and Proportions

493

3. The news report also stated that the 363,000 miles was enough to go
to the moon and halfway back. If this is true, what is the distance to
the moon? Show all your work or explain how you solved the
problem.
Explanation: ______________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________

4. The number of students in metro Atlanta public schools was
reported to be more than 675,000. Of that number, 400,000 eat school
lunches. What percent of students eat school lunches?

5. Metro Atlanta public schools dish up 400,000 meals each day. A
chain of fast food restaurants in metro Atlanta estimate they serve
150,000 customers each day. For each 100 meals served by the
restaurant chain, how many are served by public schools? A
proportion could be used to solve this problem is as follows:
x
100
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=

400,000
150,000
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6. Virginia Tech’s Metropolitan Institute reported a 2001-02 survey that
found the ratio of drivers to vehicles in the United States to be 1.8 to
1.9. The survey reported that the typical American family has more
vehicles than licensed drivers. The reporter covering the story made
the following statement: “That equals 204 million vehicles and 191
million drivers.” Compare these two ratios and determine whether
or not the reporter’s statement supported the findings. Justify your
response.
Response and justification: _________________________________
_________________________________________________________
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______ 1. a one-dimensional measure that is the
measurable property of line segments
______ 2. the result of dividing two numbers
______ 3. any number written with a decimal
point in the number
______ 4. the constant that is multiplied by the
lengths of each side of a figure that
produces an image that is the same
shape as the original figure

A. decimal
number
B. equation
C. fraction
D. length (l)
E. percent (%)

______ 5. any part of a whole
______ 6. the comparison of two quantities

F. proportion

______ 7. a mathematical sentence stating that
two ratios are equal

G. quotient

______ 8. a special-case ratio which compares
numbers to 100 (the second term)

H. ratio

______ 9. any of the numbers represented by the
variable

I. scale

______ 10. to find all numbers that make an
equation or inequality true

J. scale factor

______ 11. a mathematical sentence in which two
expressions are connected by an
equality symbol

K. side
L. solve

______ 12. the edge of a polygon
______ 13. the relationship between the measures
on a drawing or model and the real
object
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M. value (of a
variable)
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Practice
Use the list below to write the correct term for each definition on the line provided.
corresponding sides
cross product
equivalent (forms of a number)
factor
least common multiple (LCM)

multiplicative identity
multiplicative property of equality
prime factorization
prime number
similar figures

____________________

1.

the smallest of the common multiples of
two or more numbers

____________________

2.

the same number expressed in different
forms

____________________

3.

figures that have the same shape, have
corresponding, congruent angles, and have
corresponding sides that are proportional
in length

____________________

4.

the product of one numerator and the
opposite denominator in a pair of fractions

____________________

5.

the matching sides in similar figures

____________________

6.

if a = b, then ac = bc; if you multiply (or
divide) by the same number on both sides
of an equation, the equation continues to be
true

____________________

7.

a number or expression that divides evenly
into another number

____________________

8.

any whole number with only two whole
number factors, 1 and itself

____________________

9.

writing a number as the product of prime
numbers

____________________ 10.

the number one (1)
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Lesson Two Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)
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Problem Solving
Suppose you are living away from home for the first time and find that
you are gaining weight. You believe an increase in your intake of fast food
and a decrease in your activities are contributing to this. You are
considering setting up a program of activities that would burn a minimum
of 1,800 calories each week. In a health newsletter, you saw the following
information:
Activities to Burn Calories
Number of
Minutes

Number of Calories
Burned

Aerobics

30

214

Basketball

60

572

Biking (leisurely)

30

214

Biking (moderate)

30

286

Dancing

60

322

Football

60

572

Jogging

30

250

Racquetball

60

716

Running (5 mph)

20

190

Stationary bike

30

214

Tennis

60

501

Walking (2 mph)

60

250

Walking (4.5 mph)

30

161

Weightlifting

30

143

Activity
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Think about This!
If you chose aerobics for your activity, you could use several methods to
determine how many minutes of aerobics each week would be required to
burn a minimum of 1,800 calories per week.
• You might use a proportion like the following:
30
214

=

x
1,800

54,000= 214x
252.3 = x
You would need to do aerobics at least 253 minutes (4 hours, 13 minutes)
each week to burn at least 1,800 calories. You can see that 252 minutes
would result in slightly less than 1,800 burned calories.
You might determine the calories burned per minute this way:
214
30

= 7.13

If 7.13 calories are burned for each minute you participate in aerobics, then
your 1,800 calorie goal can be divided by 7.13 to determine the number of
required minutes.
1,800
7.13

= 252.4 = 253

Note: Instead of rounding, change tenths
of a minute to the next whole minute.

Based on changing any tenths of a minute to the next whole minute, you
would need to do aerobics at least 253 minutes each week to burn a
minimum of 1,800 calories.
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• You might divide your goal of burning 1,800 a week by
the 214 burned in 30 minutes to find how many
30-minute periods would be needed per week.
1,800
214

= 8.41

Thus, 8.41 periods of 30 minutes each are needed per week. In addition,
8.41 times 30 minutes equals 252.3 minutes.
Changing any tenths of a minute to the next whole minute, you would
need to do aerobics at least 253 minutes each week to burn at least 1,800
calories.
If you use a calculator to check the above calculations, you will note that
some rounding of numbers took place. All numbers were changed to the
next whole minute. This contributes to the one-tenth of a minute
difference in answers.
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Practice
Use the table on page 499 to answer the following.
For each problem choose a different activity of interest to you. For your
chosen activity, determine how long each week you would need to engage
in it to burn at least 1,800 calories each week, changing tenths to the next
whole minute. Show all your work or explain how you got your answer.
1. Activity:
minutes each week
would be required to burn at least 1,800 calories.
Explanation: ______________________________________________
_________________________________________________________
_________________________________________________________

2. Activity:
minutes each week
would be required to burn at least 1,800 calories.
Explanation: ______________________________________________
_________________________________________________________
_________________________________________________________
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3. Activity:
minutes each week
would be required to burn at least 1,800 calories.
Explanation: ______________________________________________
_________________________________________________________
_________________________________________________________

4. Activity:
minutes each week
would be required to burn at least 1,800 calories.
Explanation: ______________________________________________
_________________________________________________________
_________________________________________________________

5. Activity:
minutes each week
would be required to burn at least 1,800 calories.
Explanation: ______________________________________________
_________________________________________________________
_________________________________________________________
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Complete the following.
6. Create a plan to burn at least 1,800 calories each week that involves
participating in more than one activity. Write which activities you
chose and how long you would need to participate in each. Show
your work or explain how you got your answer.
Explanation: ______________________________________________
_________________________________________________________
_________________________________________________________
_________________________________________________________
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Lesson Three Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Relate the concepts of measurement to similarity and
proportionality in real-world situations. (MA.B.1.4.3)
• Select and use direct (measured) and indirect (not
measured) methods of measurement as appropriate.
(MA.B.2.4.1)
• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors on
calculations. (MA.B.3.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)
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Scientific Notation
Standard form is a method of writing the common symbol for a numeral.
For example, the standard form for ten is 10. Scientific notation is a
shorthand method of writing very large or very small numbers using
exponents in which a number is expressed as the product of a power of 10
and a number that is greater than one (1) and less than 10. For example
7.59 x 105 is the same as 759,000. Another example, 2.3 x 10-4 is the same as
0.00023.
It is based on the idea that it is easier to read exponents than it is to count
zeros. If a number is already a power of 10, it is simply written as 107 rather
than 1 x 107.
Scientific calculators often have their own shorthand way such as 7.59e5
for 759,000 or 7.59e-5 for 0.0000759.
• Find the product of 234,000,000 x 4,560,000 to discover
the notation used by your calculator.
• Find the product of 0.0000456 x 0.0000095 to discover the
notation your calculator uses for very small numbers.
Calculators that do not have scientific notation in their memory will likely
produce a message saying “Error.”
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Practice
Solve the following.
1. The first automated teller machine in the United States was installed
at Citizens and Southern National Bank in Atlanta in 1971. In 2003,
approximately 352,000 ATMs handled approximately 13.9 billion
transactions. In 1993, the number of ATMs had dropped to 94,822
and made 7.7 billion transactions. How many more transactions
were handled in 2003? Express your answer in scientific notation.
_________________________________________________________

2. A news article reported that the U.S. government would sell and
donate dry milk powder to reduce the amount it had in storage. In
late 2002, the amount in storage would have made 1.7 billion gallons
of skim milk. If there are 4 eight-ounce cups in a quart and 4 quarts
in a gallon, how many cups of skim milk would the stored dry
powder have made? Express your answer in scientific notation.
_________________________________________________________

Unit 8: Working with Ratios and Proportions

507

3. Workers spent 1.5 million working hours during 261 days removing
the debris at the World Trade Center site. What was the mean
number of working hours per day rounded to the nearest hundred?
Express your answer in scientific notation.
_________________________________________________________

4. By the end of 2002, $900 million was raised from the Department of
Transportation’s $2.50 passenger ticket fee to help pay for aviation
security. How many of these ticket fees were necessary to produce
that amount? Express your answer in scientific notation.
_________________________________________________________

5. In 2001, Broadway shows grossed $9.6 million for the week ending
September 9, and $3.5 million for the week ending September 16.
What was the amount of decrease? Express your answer in scientific
notation.
_________________________________________________________
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Lesson Four Purpose
• Associate verbal names, written word names, and
standard numerals with integers, rational numbers,
irrational numbers, and real numbers. (MA.A.1.4.1)
• Understand concrete and symbolic representations of real
numbers in real-world situations. (MA.A.1.4.3)
• Understand that numbers can be represented in a variety
of equivalent forms, including integers, fractions,
decimals, percents, scientific notation, exponents,
radicals, and absolute value. (MA.A.1.4.4)
• Understand and use the real number system.
(MA.A.2.4.2)
• Add, subtract, multiply, and divide real numbers,
including square roots and exponents, using appropriate
methods of computing, such as mental mathematics,
paper and pencil, and calculator. (MA.A.3.4.3)
• Use estimation strategies in complex situations to predict
results and to check the reasonableness of results.
(MA.A.4.4.1)
• Relate the concepts of measurement to similarity and
proportionality in real-world situations. (MA.B.1.4.3)
• Select and use direct (measured) and indirect (not
measured) methods of measurement as appropriate.
(MA.B.2.4.1)
• Solve real-world problems involving rated measures
(miles per hour, feet per second). (MA.B.2.4.2)
• Solve real-world and mathematical problems involving
estimates of measurements, including length, time,
weight/mass, temperature, money, perimeter, area, and
volume and estimate the effects of measurement errors
on calculations. (MA.B.3.4.1)
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• Understand geometric concepts such as perpendicularity,
parallelism, congruency, similarity, and symmetry.
(MA.C.2.4.1)
• Represent real-world problem situations using finite
graphs. (MA.D.2.4.1)
• Use equations and inequalities to solve real-world
problems graphically and algebraically. (MA.D.2.4.2)

Applications of Ratio and Proportion in Similar Figures
You know that all the angles ( ) in a square are right angles, each
measuring 90 degrees (°). You also know that all the side lengths in a
square are equal in length.
Suppose you have a square with a side length of 4 inches and another
square with a side length of 9 inches. Corresponding (or matching) angles
are congruent ( ~
= ) (the same shape and size) because they are all right
angles. Corresponding sides are proportional because 94 = 94 . They have the
same or constant ratio.
Comparing Two Similar Squares
• The squares have corresponding angles
and are congruent.

4”
16

in.2

• The squares have proportional sides.
4
= 94
9

4”

• The ratio for the corresponding lengths
= 4 to 9.
The ratio for the corresponding widths
= 4 to 9.

9”

• The scale factor from the small square
to the large square = 2.25.

81 in.2

9”

• The perimeter of the large square =
2.25 times that of the small square.
• The area of the larger square = (2.25)2
or 5.0625 times that of the smaller
square.
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The ratio for corresponding lengths (l) is 4 to 9, while the ratio for
corresponding widths (w) is 4 to 9. Likewise, the ratio for length to width
in the smaller square is 4 to 4, and the ratio for length to width in the
larger square is 9 to 9.
The scale factor from the small square to the large square is 2.25 because the
side length in the larger square is 2.25 times the length of the side length
in the smaller square. The perimeter (P) (or distance around) of the large
square will be 2.25 times the perimeter of the small square.
You know the area (A) (or region inside) of the small square is 16 square
inches, and the area of the large square is 81 square inches. Area increases
by the square of the scale factor and (2.25)2 = 5.0625. The area of the larger
square should be 5.0625 times the area of the smaller square. Does
16(5.0625) = 81? Yes!
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Practice
Match each definition with the correct term. Write the letter on the line provided.
______ 1. figures or objects that are the
same shape and size

A. angle ( )

______ 2. the distance around a polygon

B. area (A)

______ 3. a one-dimensional measure of
something side to side

C. congruent (~
=)

______ 4. a rectangle with four sides the
same length
______ 5. rays extending from a common
endpoint called the vertex

E. degree (°)

______ 6. common unit used in measuring
angles

F. perimeter (P)

______ 7. an angle whose measure is
exactly 90°

G. proportional

______ 8. the measure, in square units, of
the inside region of a twodimensional figure
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D. corresponding
angles

H. right angle

______ 9. the matching angles in similar
figures

I. square

______ 10. having the same or constant
ratio

J. width (w)
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Working with Other Polygons
Polygons are closed-plane figures having at least three sides that are line
segments (—) connected at their endpoints. Similar figures (~) have
corresponding, congruent angles, and corresponding sides that are
proportional in length. All equilateral triangles will be similar. The same
will be true for regular pentagons, regular hexagons, and so on because all
regular polygons are equilateral (all sides congruent) and equiangular (all
angles congruent). The sum of the angles in any pentagon is 540 degrees
and the angles in a regular pentagon are congruent. Side lengths in regular
pentagons are congruent so we have the same situation as we did in the
square.
If the side lengths of a regular hexagon are 6 cm and the side lengths of
another regular hexagon are 9 cm, the scale factor is 1.5. The perimeter of
the large hexagon will be 1.5 times the perimeter of the small hexagon. Is
36 x 1.5 = 54? Yes. Area should increase by the square of that scale factor,
(1.5)2 or 2.25.

Comparing Two Similar Hexagons
A regular hexagon is equilateral (all sides the same length)
and equiangular (all angles the same measure).
• The sum of the angles of a hexagon = 540°
• The side lengths and angles are congruent.
9 cm
6 cm

• The scale factor of the larger
regular hexagon = 1.5.
• The perimeter of the larger
regular hexagon = 1.5 times
that of the smaller hexagon.
• The area of the larger
hexagon = (1.5)2 or 2.25
times that of the smaller
hexagon.

Rectangles that are not squares may or may not be similar. Their
corresponding angles will be congruent but they will be similar only if
their corresponding sides are proportional.
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Practice
Solve the following.
1. The dimensions of rectangle ABCD are 5 inches by 9 inches. If
rectangle EFGH is to be similar and its short side is 17.5 inches, what
should the length of the long side be?
inches

2. The scale for a map of the state of New York indicates that 1 inch =
11 miles. When a line segment (—) is drawn from Syracuse to Utica,
its length is 4.5 inches. What is the distance from Syracuse to Utica
in miles?
miles

3. The scale for a smaller map of New York is not provided but the
map shows the distance in miles from Buffalo to Syracuse as 161
miles. When a segment is drawn between the two cities, its length is
6.4 centimeters. To the nearest mile, what does each centimeter
represent on the map?
miles
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4. The scale for a map of the state of Florida indicates that 1 inch = 16.5
miles. A segment drawn from Delray Beach to Vero Beach has a
length of 5 inches. What is the distance in miles?
miles

5. The scale for a smaller map of Florida is not provided but the map
shows the distance in miles from Pensacola to Jacksonville as 364
miles. When a segment is drawn on the map between the two cities,
its length is 7.1 centimeters. To the nearest mile, what does each
centimeter represent on the map?
miles

6. A basketball backboard and its supporting pole cast a shadow 120
centimeters long. A meter stick is held upright and perpendicular
( ) to the ground nearby at the same time. The shadow of the stick
measures 30 centimeters. What is the height (h) of the basketball
pole?
Remember: 100 centimeters = 1 meter
centimeters or
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meters
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7. A bank robbery was recorded on a surveillance camera. The robber
is seen standing on one side of a counter. The height of the counter
is known to be 45 inches. On the developed picture, the height of the
counter is 2.5 inches. If the height of the robber on the developed
picture is 4 inches, what is the actual height of the robber?
inches

8. A photocopy machine is being used to enlarge a verse written by a
calligrapher on paper measuring 4 inches by 6 inches. If the 125%
option is used on the machine, each of the dimensions will be 125%
as long as the original.
The dimensions of this enlargement will be
inches by
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inches.
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9. The dimensions for four rectangles are provided below. Two of the
rectangles are similar. Which two are similar?

Dimensions of Four Rectangles
rectangle

length of rectangle
in inches

width of rectangle
in inches

A

4

5

B

9

10

C

3

3. 75

D

5

6. 5

Circle the letter of the correct answer.
a.
b.
c.
d.

rectangles A and B are similar
rectangles A and C are similar
rectangles B and C are similar
rectangles B and D are similar

10. The area of one square is 16 square feet and the area of a larger
square is 400 square feet. What is the scale factor between the two
squares?
scale factor =
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Practice
Use the list below to write the correct term for each definition on the line provided.
equilateral triangle
hexagon
pentagon
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perpendicular ( )
polygon
regular polygon

scientific notation
similar figures (~)
standard form

____________________

1.

a method of writing the common symbol
for a numeral

____________________

2.

a polygon with five sides

____________________

3.

a polygon that is both equilateral (all sides
congruent) and equiangular (all angles
congruent)

____________________

4.

a polygon with six sides

____________________

5.

two lines, two line segments, or two planes
that intersect to form a right angle

____________________

6.

figures that are the same shape, have
corresponding, congruent angles, and have
corresponding sides that are proportional
in length

____________________

7.

a triangle with three congruent sides

____________________

8.

a closed-plane figure having at least three
sides that are line segments and are
connected at their endpoints

____________________

9.

a shorthand method of writing very large
or very small numbers using exponents in
which a number is expressed as the product
of a power of 10
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Appendices

Table of Squares and Approximate Square Roots

Appendix A

n

n2

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

1
4
9
16
25
36
49
64
81
100
121
144
169
196
225
256
289
324
361
400
441
484
529
576
625
676
729
784
841
900
961
1,024
1,089
1,156
1,225
1,296
1,369
1,444
1,521
1,600
1,681
1,764
1,849
1,936
2,025
2,116
2,209
2,304
2,401
2,500

n

n

1.000
1.414
1.732
2.000
2.236
2.449
2.646
2.828
3.000
3.162
3.317
3.464
3.606
3.742
3.873
4.000
4.123
4.243
4.359
4.472
4.583
4.690
4.796
4.899
5.00
5.099
5.196
5.292
5.385
5.477
5.568
5.657
5.745
5.831
5.916
6.000
6.083
6.164
6.245
6.325
6.403
6.481
6.557
6.633
6.708
6.782
6.856
6.928
7.000
7.071

51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100

n2
2,601
2,704
2,809
2,916
3,025
3,136
3,249
3,364
3,481
3,600
3,721
3,844
3,969
4,096
4,225
4,356
4,489
4,624
4,761
4,900
5,041
5,184
5,329
5,476
5,625
5,776
5,929
6,084
6,241
6,400
6,561
6,724
6,889
7,056
7,225
7,396
7,569
7,744
7,921
8,100
8,281
8,464
8,649
8,836
9,025
9,216
9,409
9,604
9,801
10,000

n
7.141
7.211
7.280
7.348
7.416
7.483
7.550
7.616
7.681
7.746
7.810
7.874
7.937
8.000
8.062
8.124
8.185
8.246
8.307
8.367
8.426
8.485
8.544
8.602
8.660
8.718
8.775
8.832
8.888
8.944
9.000
9.055
9.110
9.165
9.220
9.274
9.327
9.381
9.434
9.487
9.539
9.592
9.644
9.695
9.747
9.798
9.849
9.899
9.950
10.000
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Mathematical Symbols
÷ or /

divide

x or •

times

~

is approximately equal to

=

is equal to

~
=

is congruent to

–

negative

~

is similar to

+

positive

±

positive or negative

%

percent

≠

is not equal to

π

pi

>

is greater than

AB

line AB

<

is less than

AB

line segment AB

>

is not greater than

AB

ray AB

<

is not less than

≥

is greater than or equal to

≤

is less than or equal to

mAB

measure of line segment AB

°

degrees

m ABC

measure of angle ABC

is parallel to

nonnegative square root

ABC
ABC

triangle ABC
angle ABC

is perpendicular to
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FCAT Mathematics Reference Sheet

Key
b = base

Formulas
triangle

rectangle

h = height
l = length

A = 12 bh

w = width
= slant height

A = lw

S.A. = surface area
trapezoid

d = diameter

A = 12 h(b1 + b2)

r = radius
parallelogram

A = area

A = bh

C = circumference
circle

A = π r2

V = volume
Use 3.14 or 22
7 for π.
circumference
C = πd or C = 2πr

Volume

Total Surface Area

right circular
cone

V = 13 πr2h

S.A. = 12 (2πr) + πr2

or

S.A. = πr + πr2

square pyramid

V = 13 lwh

S.A. = 4( 12 l

or

S.A. = 2l + l2

sphere

V = 3 πr3

4

S.A. = 4πr2

right circular
cylinder

V = πr2h

S.A. = 2πrh + 2πr2

rectangular solid

V = lwh

S.A. = 2(lw) + 2(hw) + 2(lh)

) + l2

In the following formulas, n represents the number or sides.
• In a polygon, the sum of the measures of the interior angles is equal to 180(n – 2).
• In a regular polygon, the measure of an interior angle is equal to

Appendix C

180(n – 2)
n

.
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Pythagorean theorem:
a

c

a 2 + b2 = c 2

Distance between two points
P1 (x 1 , y1 ) and P2 (x2 , y2 ):
(x2 – x1 )2 + (y2 – y1 )2

b
Slope-intercept form of an
equation of a line:
y = mx + b
where m = slope and
b = the y-intercept.
Distance, rate, time formula:

Midpoint between two points
P1 (x 1 , y1 ) and P2 (x2 , y2 ):

( x 2+ x
2

y2 + y1

, 2

)

Simple interest formula:
I = prt

d = rt
where d = distance, r = rate,
t = time.

1

where p = principal, r = rate,
t = time.

Conversions
1 yard = 3 feet = 36 inches
1 mile = 1,760 yards = 5,280 feet
1 acre = 43,560 square feet
1 hour = 60 minutes
1 minute = 60 seconds

1 cup = 8 fluid ounces
1 pint = 2 cups
1 quart = 2 pints
1 gallon = 4 quarts

1 liter = 1000 milliliters = 1000 cubic centimeters
1 meter = 100 centimeters = 1000 millimeters
1 kilometer = 1000 meters
1 gram = 1000 milligrams
1 kilogram = 1000 gram

1 pound = 16 ounces
1 ton = 2,000 pounds

Metric numbers with four digits are presented without a comma
(e.g., 9960 kilometers). For metric numbers greater than four
digits, a space is used instead of a comma (e.g., 12 500 liters)
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Appendix D

Index
A

D

absolute value ...................................... 79, 89
acute angle ........................................ 261, 293
acute triangle .................................... 261, 295
addend ............................. 261, 274, 343, 369
addition property of equality ......... 79, 100,
.................................................... 261, 274
additive identity .............................. 343, 373
additive inverse property ................... 79, 87
additive inverses ................. 79, 87, 261, 274
adjacent sides ................................... 401, 457
alternate angles ................................ 262, 328
altitude .............................................. 401, 450
angle ( ) .......................... 193, 213, 262, 289,
................... 343, 361, 401, 450, 475, 510
area (A) .............................. 343, 362, 475, 511
axes (of a graph) ... 3, 35, 193, 204, 401, 420

data ......................................... 4, 13, 402, 421
data displays/graphs............................ 4, 12
decagon ............................................. 138, 166
decimal number ............................... 476, 485
decrease ............................................... 79, 105
degree (°) ............... 4, 34, 194, 212, 263, 289,
.................................. 344, 361, 476, 510
denominator ..................................... 476, 486
diameter (d) ..................... 138, 180, 344, 362
difference ........................... 80, 105, 402, 450
distributive property ....................... 138, 158
division property of equality ......... 263, 275
divisor ............................................... 344, 384
double bar graph ................................... 4, 35

B

endpoint ........................... 138, 166, 194, 211,
................................... 402, 451, 476, 513
equation ........ 4, 13, 138, 149, 194, 228, 264,
........................... 272, 402, 410, 476, 485
equiangular triangle ........................ 264, 295
equidistant ........................................ 194, 215
equilateral triangle ........ 138, 166, 264, 296,
.................................................... 476, 513
equivalent (forms of a number) ... 344, 360,
.................................... 402, 411, 476, 486
estimate ............................................. 344, 389
even number .................................... 264, 327
exponent (exponential form) ........ 138, 154,
................................... 345, 352, 477, 506
expression ........ 139, 149, 264, 338, 345, 353

bar graph ................................................. 3, 35
base (b) (geometric) ............... 137, 185, 262,
........................................... 300, 343, 362
bisect .................................................. 193, 215

C
center (of a circle) ................. 3, 34, 137, 180
central angle (of a circle) ...................... 3, 34
circle ........................................ 3, 34, 137, 180
circle graph ............................................. 3, 34
circumference (C) ............ 137, 180, 343, 362
coefficient ......... 137, 149, 193, 249, 401, 432
commutative property .......... 138, 154, 262,
........................................... 274, 344, 369
complementary angles .................... 263, 322
congruent ( ~
= ) ....... 138, 158, 216, 263, 290,
................................... 401, 450, 475, 510
consecutive ...................... 263, 298, 401, 416
coordinate ............................................. 79, 85
coordinate grid or plane ...................... 4, 46,
................................... 193, 204, 402, 419
coordinate plane ................... 4, 53, 194, 204
coordinates ............ 4, 48, 194, 204, 402, 420
corresponding angles ...................... 263, 315
corresponding angles and sides ... 263, 315,
........................................... 475, 487, 510
cross products .................................. 475, 490
cylinder ............................................. 344, 362
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F
factor ................... 80, 120, 345, 362, 477, 489
flip ...................................................... 194, 211
formula .................. 5, 27, 139, 147, 194, 233,
................................... 345, 362, 402, 439
fraction ................................... 5, 41, 477, 485

G
graph ...................... 5, 12, 194, 220, 403, 410
graph of a number ............................... 80, 85
graph of an equation ....................... 194, 230
graph of a point .................... 5, 48, 194, 207
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H
height (h) ......................... 139, 185, 195, 245,
.................. 345, 362, 403, 450, 477, 515
heptagon ........................................... 139, 166
hexagon ............ 139, 166, 264, 312, 477, 513
horizontal .......................................... 403, 441
hypotenuse ...................... 139, 184, 403, 466

I
increase ............................... 80, 105, 403, 412
infinite ............................................... 195, 228
integers ................................. 80, 85, 264, 338
intersect ............................ 195, 204, 403, 438
intersection ............ 5, 48, 195, 204, 403, 420
isosceles trapezoid ........................... 264, 316
isosceles triangle ............ 139, 166, 264, 296,
.................................................... 403, 450

L
labels (for a graph) ............... 5, 35, 403, 420
least common multiple (LCM) ...... 477, 488
leg ...................................... 139, 184, 403, 466
length (l) .......................... 140, 147, 195, 231,
... 265, 289, 345, 362, 404, 411, 477, 485
like terms ......... 140, 154, 265, 274, 345, 393
line (
) ........ 195, 215, 265, 290, 404, 410
linear equation ...... 5, 60, 195, 231, 404, 410
linear relationship ................................. 5, 46
line graph ............................... 5, 13, 404, 419
line of reflection ............................... 195, 215
line of symmetry .............................. 195, 216
line segment (—) .................. 6, 13, 140, 166,
... 196, 215, 265, 289, 404, 451, 478, 513

M
maximum ................................................ 6, 48
mean (or average) ................. 6, 14, 404, 462
measure (m) an angle ( ) ..............196, 213,
.................................................... 265, 289
measures of central tendency .............. 6, 14
median ..................................................... 6, 14
midpoint (of a line segment) ......... 404, 461
minimum ............................... 6, 48, 404, 420
mode ........................................................ 6, 14
multiples ........................................... 265, 298
multiplication property of
equality ...................................... 265, 288
multiplicative identity ... 346, 373, 478, 486
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multiplicative inverse
(reciprocal) ................. 80, 127, 265, 274
multiplicative property of
equality ...................................... 478, 487
multiplicative property of zero ..... 346, 370

N
natural numbers .................................. 80, 84
negative numbers .............. 80, 84, 196, 205,
.................................................... 405, 440
nonagon ........................... 140, 166, 346, 361
nonlinear equation ................................ 6, 60
number line .......................................... 80, 84
numerator ......................................... 478, 486

O
obtuse angle ...................................... 266, 293
obtuse triangle ................................. 266, 295
octagon .............................................. 140, 166
odd number ...................................... 266, 327
opposites .............................. 80, 85, 266, 274
opposite sides ................................... 405, 455
ordered pair ........... 6, 48, 196, 205, 405, 420
order of operations ............... 7, 18, 346, 352
origin .......... 7, 48, 81, 85, 196, 204, 405, 420

P
parallel ( ) ............................. 7, 48, 140, 184,
................... 196, 206, 266, 328, 405, 420
parallel lines .......... 7, 56, 266, 328, 405, 450
parallelogram .. 140, 184, 266, 317, 405, 454
pattern (relationship) ..... 196, 233, 405, 410
pentagon .......................... 140, 166, 478, 513
percent (%) ............................. 7, 34, 478, 485
perfect square ................................... 346, 388
perimeter (P) .......... 140, 146, 197, 233, 266,
........................... 338, 346, 378, 478, 511
perpendicular ( ) ... 197, 215, 406, 478, 515
perpendicular bisector
of a segment ............................. 197, 215
perpendicular lines ........ 197, 215, 406, 450
pi ......................................................... 140, 181
plane ................................. 197, 204, 266, 289
point ........... 7, 48, 81, 85, 141, 180, 197, 205,
.................................. 266, 290, 406, 410
polygon ............ 141, 146, 267, 289, 479, 513
positive numbers ..... 7, 47, 81, 84, 197, 205,
................................... 346, 390, 406, 419
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power (of a number) ........... 7, 22, 346, 352,
.................................................... 479, 506
prime factorization .......................... 479, 492
prime number .................................. 479, 492
product .................... 8, 20, 81, 120, 141, 197,
.. 243, 267, 347, 358, 406, 457, 479, 490
proportion ........................ 267, 315, 479, 485
proportional ..................................... 480, 510
protractor ............... 8, 34, 197, 213, 267, 291
Pythagorean theorem ..... 141, 184, 406, 467

Q
quadrant ................. 8, 47, 198, 204, 406, 419
quadrilateral .... 141, 184, 267, 312, 406, 454
quotient .................. 8, 20, 81, 124, 198, 235,
................................... 347, 363, 480, 485

R
radical ................................................ 347, 388
radical sign ....................................... 347, 388
radicand ............................................ 347, 388
radius (r) .......................... 141, 180, 347, 362
range ........................................................ 8, 14
rate/distance ......................... 8, 27, 348, 361
rate of change ........ 8, 53, 198, 233, 406, 410
ratio ................... 198, 235, 407, 444, 480, 485
ray ( ) ............................ 198, 213, 267, 290
real numbers ..................................... 267, 275
reciprocals ......................................... 268, 274
rectangle .......................... 142, 146, 268, 338,
................................... 348, 362, 480, 513
reflection ........................................... 198, 211
reflectional symmetry ..................... 198, 217
reflexive property of equality ........ 348, 374
regular polygon .............................. 142, 167,
................................... 268, 312, 480, 513
relationship (relation) .... 198, 233, 407, 410
rhombus ............................................ 268, 317
right angle ........ 198, 215, 268, 293, 480, 510
right triangle .... 142, 184, 268, 295, 407, 466
root .......................................... 9, 23, 348, 352
rotation .............................................. 199, 211
rotational symmetry ........................ 199, 217
rounded number .................. 9, 17, 142, 182,
................................... 348, 388, 481, 500

S
scale ........................ 9, 35, 407, 420, 481, 485
scale factor ....................... 348, 362, 481, 485
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scalene triangle ............... 142, 166, 268, 296
scientific notation ............................ 481, 506
sector ........................................................ 9, 34
side ................... 142, 166, 199, 217, 268, 289,
................... 349, 361, 407, 450, 481, 485
similar figures (~) ........... 268, 315, 482, 513
simplify an expression ................... 143, 154,
................................... 269, 274, 349, 353
slide .................................................... 199, 211
slope ........................ 9, 53, 199, 235, 407, 433
solution................ 10, 59, 200, 228, 269, 282,
................................... 407, 410, 482, 486
solve ................................... 81, 101, 200, 228,
................................... 269, 272, 482, 485
square .............. 143, 166, 200, 233, 269, 312,
................... 349, 388, 407, 456, 482, 510
square (of a number) ....................... 349, 359
square root (of a number) ............. 349, 383,
.................................................... 408, 466
square units ...................................... 349, 385
standard form ..................... 10, 72, 482, 506
stem-and-leaf plot ............................... 10, 13
straight angle .................................... 269, 293
substitute ......... 143, 156, 200, 231, 408, 410
substitution property of
equality ...................................... 349, 374
subtraction property of
equality ....................... 81, 101, 269, 275
sum .......................... 10, 14, 81, 87, 143, 147,
................... 269, 273, 349, 358, 482, 513
supplementary angles..................... 269, 322
surface area (S.A.) ............................ 350, 362
symmetric property of equality .... 350, 374
symmetry .......................................... 200, 216

T
table (or chart) ..... 10, 12, 200, 229, 408, 410
tessellation ........................................ 269, 312
transformation ................................. 200, 211
transitive property .......................... 143, 154
transitive property of equality ...... 350, 374
translation ......................................... 200, 211
translational symmetry .................. 201, 217
transversal ........................................ 270, 328
trapezoid .......................... 143, 168, 270, 316
triangle ............ 143, 166, 201, 212, 270, 289,
................................... 350, 362, 408, 450
turn .................................................... 201, 211
two-dimensional .............................. 144, 167
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U
unit ..................................................... 350, 388

V
value (of a variable) ....................... 144, 147,
.................. 201, 228, 270, 334, 350, 381,
................................... 408, 410, 482, 486
variable ................................ 10, 46, 144, 147,
... 201, 228, 270, 274, 350, 376, 408, 410
vertex ................................ 201, 213, 270, 290
vertex angle ...................................... 270, 300
vertical ............................................... 408, 441
vertical angles .................................. 270, 322

W
whole number ........................ 10, 17, 81, 85,
................................... 144, 158, 350, 388
width (w) .......... 144, 147, 350, 378, 482, 511

X
x-axis ..................... 10, 47, 201, 204, 408, 420
x-coordinate ......... 10, 48, 201, 205, 408, 410
x-intercept ......................................... 201, 205

Y
y-axis ..................... 10, 47, 202, 204, 408, 420
y-coordinate ......... 10, 48, 202, 205, 408, 410
y-intercept ........................ 202, 205, 408, 432
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